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representation in RENEW
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execution step in RENEW
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Slowness Effects

This motion proceeds fastest if there is just one gap in front. 

Otherwise, we define SLOWNESS  w  as the quotient

The concept of slowness is a key to understanding repetitive 
GROUP behaviour. It can be applied to Organization, to Work 
Flow ( Just-in-time Production ), and to Physical Systems. 

gaps – cars 
gaps + carsw := / v (cars)         sec/m 

w :=
8 – 4               
8 + 4 / v   sec/m =  1/3 sec/m

car gap



w :=
4 – 4               
4 + 4 / v   sec/m =  0 sec/m

7

Slowness Effects

car gap
1

gaps

w(gaps)

w :=
6 – 2               
6 + 2 / v   sec/m =  0,5 sec/m
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8

Little‘s law: / v   sec/m =  0,5 sec/mpopulation =  throughput × sojourn time

gaps – cars 
gaps + carsw :=

The long-term average number of customers in a stable system L 
                  is equal to 

the long-term average effective arrival rate, λ, 

            multiplied by

the average time a customer spends in the system, W; 

L = λ . W

L = λ × W

λ λL
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9

growing slowness w
implies
growing sojourn time W

f = L

Little‘s law: / v   sec/m =  0,5 sec/mpopulation =  throughput × sojourn time
L = λ × W

� =
L

W
=

1
m + 1

m =
1
�
� 1

gaps – cars 
gaps + carsw :=

for m gaps we have:

W =
2 · L

1� w

w =
m� 1
m + 1

=
1
� � 1� 1
1
� � 1 + 1

=
1
� � 2

1
�

= 1� 2 · �

= 1� 2 · L

W
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cars

gaps

t

w = 0

x

from

Minkowski Space

to

Petri‘s 
„natural coordinates“
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cars

gaps

t

x

w = 0.5
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folding
in

time
cyclic system

folding
in

space

finite system
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Osci!ator !
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The plane can  
be covered by 
TILES of  equal 
shape. We use 
parallelograms  
as fundamental 
shapes for tiling.

tile-parameter
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Group
. -

Repetitive Group 
Behaviour istile-parameter

(  5,2,3,2 )



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK

a

b

c

d

a

a

a

1

2

3

4

5

6

7

8

8

7

(2,1,2,1)
↵ = 2

� = 1

� = 2

� = 1

spring summer

fallwinter

4 seasons
Osci!ator !

a

b

c

d

1

23

4

7

88

7

56 56

19



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK 20

representaion by the RENEW-tool
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special tool for generation in RENEW  by U. Fenske
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execution in RENEW 
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export #om RENEW  to the Lola-tool
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Uwe Fenske:  Petri‘s Cycloids and its Extensions, Diploma Thesis 2008

computation of cycloid aera

ξ

η

δ

β
α

︷

︸
︸

︷

α
︷

︸
︸

︷

γ

︷

︸
︸

︷ δ︷

︸
︸

︷
β

︷

︸
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︷

α

︷

︸
︸

︷

γ

︷

︸
︸

︷δ
︷

︸
︸

︷

β B

B

C
CA

A = (α + γ)(β + δ) − 2B − 2C

= (αβ + αδ + βγ + γδ) − 2(αβ/2)− 2(γδ/2)

= αδ + βγ

Abbildung 3.12: Flächenberechnung für
ein Fundamentalparallelogramm
(dargestellt mit den Parametern des Bei-
spiels aus Bild 3.11; A = 2 · 2 + 4 · 3 = 16)

A = 2 · 2 + 4 · 3 = 16
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http://de.wikipedia.org/wiki/Hermann_Minkowski
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#om: R. Carnap: Symbolische Logik, Berlin 1973
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The Universe as a big Net
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� = 6

� = 6

↵ = 6

� = 6

(↵,�, �, �) = (6, 6, 6, 6)

A = ↵� + �� = 72
(12,0)

(0,12)

t

x

(15,15)

(-5,5)

(-10,10)

(15,-15)

(5,5)

(10,10)
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cone of light
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�0 = 4

�0 = 9

velocity =

displacement
time taken = v =

�0��0

�0+�0 = 9�4
9+4 = 5

13
·c [

m

sec
]

 v   is measured in meters (gained) per second

cone of light



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK

(12,0)

(0,12)

t

x

t0 = tx

0 = x� v · t

v =
5
13

(5,13)

Galilei-Transformation (GT)

x0 = 5

x

0 = x� 5
13

· t

(-5,5)
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(5,5)

(10,10)

(-5,5)
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Lorentz-Transformation (LT)

(18,18)

(-8,8)

observer B observes the same speed of light

Michelson–Morley experiment
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(0,?) ?

Lorentz-Transformation (LT)Lorentz-Transformation (LT)

observer B observes the same speed of light
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b =?

cone of light
r=13

r
=

13

(12,0)

(0,12)

x

(15,15)

(-5,5)

(-10,10)

(15,-15)

(5,5)

(10,10)

(13,5)
x'

(5,13)

t'
(18,18)

(-8,8)

(↵0, �0, �0, �0) = (9, 4, 9, 4)

(↵,�, �, �) = (6, 6, 6, 6)

(18,0)(-8,0) u = 5

b =
p

r2 � u2 =
p

132 � 52 = 12

38
?(0,12)

major      minor
axis

e!ipse
a=13 b=?

a



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK

(12,0)

(0,12)

x

(15,15)

(-5,5)

(-10,10)

(15,-15)

(5,5)

(10,10)

(13,5)
x'

(5,13)

t'
(18,18)

(-8,8)

(↵0, �0, �0, �0) = (9, 4, 9, 4)

(↵,�, �, �) = (6, 6, 6, 6)

(18,0)(-8,0)

b =?r
=

13

u = 5
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p
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LT by tile-parameters

�0= 4

�0= 9

r = �0 + �0 u = �0 � �0

b =
p

(�0 + �0)2 � (�0 � �0)2

=
p

[(�0 + �0) + (�0 � �0)] · [(�0 + �0)� (�0 � �0)]

=
p

2 · �0 · 2 · �0 = 2 ·
p

�0 · �0

L =
13
12

= 2 ·
p

9 · 4 = 12

L =
�0 + �0

2 ·
p

�0 · �0
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Diplomarbeit 1993

40



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK

(12,0)

(0,12)

t

x

(↵,�, �, �) = (6, 6, 6, 6)

(13,5)
x'

(5,13)

t'

↵0 = 9
�0 = 4

�0 = 4

�0 = 9

(15,15)

(-5,5)

(-10,10)

(15,-15)

(5,5)

(10,10)�0 = 9

(↵0, �0, �0, �0) = (9, 4, 9, 4)

L =
1�

1� v2

c2

Lorentz-Transformation (LT)

y� = y z� = z
Lorentz-Transformation

w =
v

c2

slowness

x
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t

0 = L(t� v

c

2
· x) = L(t� w · x)

x

0 =
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c
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2
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x
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no mention of  c !

These results pertain also to macroscopic levels!
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LT by tile-parameters

velocity =

displacement
time taken = v =

�0��0

�0+�0 ·c [
m

sec
]= 9�4

9+4 = 5
13

L =
1q

1� v2

c2

=
1q

1� (�0��0)2

(�0+�0)2
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�0 + �0

2
· 1p

�0 · �0 =
9 + 4
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9 · 4
=
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2
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=
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 v   is measured in meters (gained) per second

 w   is measured in seconds (lost) per meter
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displacement

= w =

↵

0��

0

↵

0+�

0 = 9�4
9+4 = 5

13 ·1
c

[
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m
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Alpha Centauri
4.37 light years from the Sun,
the closest star system 
to the Solar System

http://en.wikipedia.org/wiki/Light_years
http://en.wikipedia.org/wiki/Light_years
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http://de.wikipedia.org/wiki/Doppelstern
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travelling at a        
fixed distance,       
sending signals                
to each other          
in every time 
unit



61



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK

(0,0)

(1,0)(0,1)

(1,1)

(-1,1)

(-1,0)

(-1,-1)

(0,-1)

(1,-1)

(3.5,0)

(0,-3.5)(-3.5,0)

(0,3.5)

space

time xy

62

Formal Definition of Petri‘s Standard Grid 

Olaf Kummer: Axiomatic Systems in Concurrency Theory, 
Logos Verlag Berlin, 2001

⌘ ⇠
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http://cycloids.adventas.de

app by Peter Langner:

http://cycloids.adventas.de
http://cycloids.adventas.de
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http://cycloids.adventas.de
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Contents:

1. Slowness: introduction and examples
2. From Physics to cycloids
3. Lorentz-transformation and slowness
4. Characterisation of cycloids
5. Slowness: looking back
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Olaf Kummer: Axiomatic Systems in Concurrency Theory, 
Logos Verlag Berlin, 2001

Definition 3.46 [Cycloid]
For any ↵,�, �, � � 1 the structure

is called the cycloid (↵,�, �, �).

The folding is to be understood as the elements of standard grid onto the

equivalence classes of ⌘

Olaf Kummer: Axiomatic Systems in Concurrency Theory, 
Logos Verlag Berlin, 2001



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK 68

ξ

η at

at

x1

y1

y′

1

F+
1 [x1]

ar

at

︷

︸
︸

︷

α

︷

︸
︸

︷

γ

︷

︸
︸

︷δ
︷

︸
︸

︷

β

Abbildung 3.13:



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK

x

y

(0, 0)

(6, 0)

(0, 2)

(0,�2)

(6,�2)

69

� = 2

↵ = 6

� = 2 active transitions

2 · � = 4 active tokens

↵ + � � 2 · � = ↵� � = 4 passive tokens

↵� � = 4 passive transitions

↵ + � = 8 tokens↵ �



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK 70

x

y

(0, 0)

(6, 0)

(0, 2)

(0,�2)

(6,�2)

� = 2

↵ = 6

↵ + � = 8 tokens↵ �



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK 71

↵

�

↵
�



NPC-TUTORIALPETRI NETS 2013 PAGER.  VALK

active
transitions

1 1 5
2 2 4
3 3 3
4 4 2
5 5 1
6 6 0

72

↵ = 6

�

�

number of passive tokens = ↵ �-

passive
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Let be given a cycloid (↵, �, �, �) with min(↵, �, �, �) > 0 and:

1. c0 := |M0| the number of tokens in the initial marking,
as defined by C.A. Petri and formalized by O. Kummer

2. n the number tokens not involved in a maximal (initial) step

3. z the length of a maximal simple circuit

4. A := |T | the number of transitions

74

| |

Then we claim
1 Then we claim
↵ = 1

2(c0 + n) and � = 1
2(c0 � n) if ↵ � �

n = |↵� �|

c0 = ↵ + �

� = 1
2(c0 + n) and ↵ = 1

2(c0 � n) if ↵  �.

or
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((�, ⇥), (⇤, ⌅))
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((�, ⇥), (⇤, ⌅))

((4, 0), (0, 2))
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How  the Net constructs can be generated from the rough images
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� =?
� =?

Using A = ↵ · � + � · � and
� �

Let be given a cycloid (↵, �, �, �) with min(↵, �, �, �) > 0 and:

1. c0 := |M0| the number of tokens in the initial marking,
as defined by C.A. Petri and formalized by O. Kummer

2. n the number tokens not involved in a maximal (initial) step

3. z the length of a maximal simple circuit

4. A := |T | the number of transitions| |

Then we claim
1 Then we claim
↵ = 1

2(c0 + n) and � = 1
2(c0 � n) if ↵ � �

n = |↵� �|

c0 = ↵ + �

� = 1
2(c0 + n) and ↵ = 1

2(c0 � n) if ↵  �.� = 1
2(c0 + n) and ↵ = 1

2(c0 � n) if ↵  �.

or
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A
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D

82

p = [A! D] = � + � (4, 2, 6, 1)= 7

q = [B ! D] =
� + � + � � ↵ = 5
if ↵  �

= 5

p  q ,
� + �  � + � + � � ↵,
↵  �
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� = ↵(q+↵��)�A
↵��

83

n = |↵� �|

| |

Then we claim
1

c0 = ↵ + �

A = ↵ · � + � · �

Let be given a cycloid (↵, �, �, �) with min(↵, �, �, �) > 0 and:

1. c0 := |M0| the number of tokens in the initial marking,
as defined by C.A. Petri and formalized by O. Kummer

2. n the number tokens not involved in a maximal (initial) step

3. A := |T | the number of transitions

4. p or q the length of a minimal circuit

q = � + � + � � ↵
if ↵  �

p = � + �

· ·

� = A��(q+↵��)
↵��

� < ↵  �

Then we claim
↵ = 1

2(c0 + n) and � = 1
2(c0 � n) if ↵ � �

� = 1
2(c0 + n) and ↵ = 1

2(c0 � n) if ↵  �.

or

↵ < �
� = A�↵·p

��↵·

� = �·p�A
��↵ .
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cars

gaps

t

x

w = 0.5

gaps – cars 
gaps + carsw := / v (cars) sec/m

w =
n

c0
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(3,3,1,1) - slowness = 0

87

w =
n

c0

(4,2,1,1) - slowness = 1/3

in general:  
cycloids (m,n,1,1) with m+n=k=const have the same structure

have the same structure(6,2,6,2) (2,6,2,6) and

w =
0
6

= 0

w =
|m� n|

k

w =
2
6

=
1
3

w =
|6� 2|

8
=

1
2
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p1 = x1

p2 = x2

p3 = x3
t0 t1 t2 ...

p1 = x1

p2 = x2

p3 = x3
t0 t1 t2 ...

affine mapping
x

0 = x

t

0 =
2
5
(x +

4
5

· t)
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1. Slowness: introduction and examples
•   example of car flow
•   Little‘s Law

2. From Petri-coordinates  to cycloids
•   Petris „natural“ coordinates represent movement in space and time 
•   interpretation of finite systems by folding in space and time
•   tile parameters of cycloids

90

Summary and Conclusions:
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3. Lorentz-transformation and slowness
•   Petri‘s view of physical laws
•   #om Galilei- to Lorentz-transformation
•   the notions of velocity and slowness
•   the travel pradoxon
•   #om x-t-coordinates to ξ-η-coordinates

4. Characterisation of cycloids 
•   computation of slowness #om α and β
•  slowness by restricting concurrency

•   computation of α,β,γ,δ #om net properties
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5. Slowness: looking back
•   relating slowness of car-flow to net properties
•   Lorentz-transformation and simultaneity
•   general observation: 
       Petri‘s interpretation of phsical laws 
       by ordinary coordination  principles
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