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Abstract:

The notion of linear place-invariants for coloured nets is extended to sums of non-linear func-
tions. The extension applies to such places where all tokens are removed by the occurrence of
an output transition. It is shown how this covers the case of variable assignments and invariants
in traditional programs. The result helps in understanding the relation of place-invariants of co-
loured nets in comparison with traditional Floyd-invariants of programs. In the second part the
property of token clearing is introduced to the occurrence rule, showing that the results of the
first part are still valid. Such types of nets are important for the modelling of fault tolerant ap-
plications.
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1. Introduction

Invariants have been well studied for ALGOL-like programs [Floyd 67, Hoare 69,
Gries 81) and for Petri nets (place-invariants) {Jensen 81]. In formal verification tech-
niques such invariants are used to prove properties that hold invariant over an infinity
of possible system states.

On the other hand rather less is known on the relation between these two types of
invariants. Floyd-invariants allow formulation of very general properties, but there are
no general procedures to compute them. (For a given ALGOL-like program partial
correctness is undecidable.) Place-invariants of Petri nets are computable (even in
polynomial time for ordinary place/transition nets) but are required to have a linear

form.
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Program ODD-SUM

input m : INT g

var s,i,odd : INT ; step| m s 1 iodd

(s,i,odd ) :=(0,1,1)

while [i < m+1] do
begin

Gs=(i-1)2 A 2% -1 =oddD

(s.1,0dd) := (s+odd,i+1,0dd+2)
end;
output (m,s) ;

{s=m?2)

iOINIO
IO =i O
NG a0 NI
N=HU N (R ¥ SRS HE

—

Fig. 1.1: Program ODD-SUM with assertions and a trace

In this paper we will start to bridge the gap between these two formalisms. To be-
gin with, consider the program of fig. 1.1. It computes the square of a given integer m
by successive addition of odd numbers. Traditionally this property is proved by the
given pre- and post-conditions and the invariant assertion at the beginning of the
while loop. There is also shown a trace including the first four steps.

In section 2 we will formulate this program as a coloured Petri net. Since the giv-
en invariant assertion is not linear, it does not fit into the classical place-invariance
calculus of coloured nets. But we will prove a general and sufficient condition for
computing such invariants from the incidence matrix. The problem has been studied
in [Vautherin 85] for a restricted class of nets.

We will give a sufficient local condition for such places, for which the invariant
equation contains a non-linear term. This allows us to formulate two theorems that
cover (traditional) linear place-invariants and their non-linear extensions and to clarify
the different nature of place-invariants of nets on the one hand and of non-linear in-
variants of programs on the other hand. Moreover by this approach we are able to
consider an extended class of coloured nets that is very useful for the modelling of
systems requiring the removal of all objects under certain circumstances, e.g. fault tol-
erant modelling or transitions with preemptive priority. We will show in section 4 that
the classical place-invariance calculus as well as the extensions of section 3 still hold

for this class of selfmodifying coloured nets.
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2. Coloured Nets

In this section the technical definition of a coloured net is given. First we recall

the notion of a multi-set and of a marking.

Definition 2.1 : A multi-set m, over a non-empty set S, is a function m: S — IN,

sometimes denoted as a formal sum Zm(s) s . Sus is the set of all multi-sets over S.
Extending set union to Sy we define the operation of sum (+) and difference (-).

Since in this paper this can lead to confusion, addition and difference in the sets Z of

integers and in the subset of non-negative integers IN will be denoted by + and -,
respectively, and £ is used for general summation.
If m, m1 and m9 are multisets over S, then we define :

my +my = Es(ml(s) +my(s))'s

my<my & VseS: m1(s) < mo(s),

and if my <mq then mij-my = E,s(ml(s) - mz(s))‘s.

Iml := %s m(s) is the size of m and @ denotes the empty multi-set (when imi=0).

If S ¢ Z isasetof integers, then #m := %5 m(s)*s is the sum of S, in particu-
lar #0 = 0.

Definition 2.2 Let P be a finite set of places. To each place pe P we associate a col-
our set C(p). A marking M is a mapping defined on P such that M(p)e C(p))sg. If P
= {p1.Pg,-+Pp} is a totally ordered set, then M can be written asa vector :

M@;)
M(p,)
2 | € CopwsxCosx X Copus = Gp = ICONs

MG,

Cp denotes the set of all possible markings.

To define coloured Petri nets we follow the formalism of [Jensen 87]in the form of a
"CP-matrix".
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Definition 2.3 A coloured Petri net (CPN) N= (P, T,C,2,I I +'Mo) is given by
- a finite set P of places,
« a finite set T of transitions, disjoint withP: PNnT=0
s aset Y of colour sets,
» a colour function C:PUT —> X, where
C(p) is called the colour set of p and
C(t) is said to be the colour set (or occurrence modes) of t
«1, and I_are the positive and negative incidence functions on PxT:
V (pt) e PXT: L(p.), 1 (p.Y) € [C(O\s = COIMs]L
(As usual, for sets of multisets A and B [A — B]; denotes the set of linear
functions, cf. [Jensen 87])

* M, is a marking on P, called the initial marking.

Definition 2.4 For P = [pl,pz,...,pn}, te T and be C(t) we will use the following no-
tions of vectors I (-,t) and I (-,t)(b) :

I+(p1 7t) [+(p1 at)(b)

I+(p2:l) I+(P2,t)(b)
L0 = . and I,(-0)(b)= .

L(ppt) Ly (p)(b)

I, (-,t)(b) is extended to hold for multisets be C(t)ys. The corresponding definitions
for I (-,t) and I (-,t)(b) arc omitted.

Example 2.1. Fig. 2.1 gives the incidence functions of the CPN 0DD_SUM in the
form of a common matrix. The values of I_ are placed in left upper corners of the en-
tries and are represented in negative form. The corresponding lower right corners give
the values of I_. The colours of places and transitions are also given. The entries in
the incidence matrix refer to the corresponding projections, e.g.: 1,(p1,t2) = s+odd =
prc(pz)(C(Q)) + prc(podd)(C(tZ)), where prC(pz)(C(a)) is the projection on the
first component of C(t2), i.e. on C(p2). To avoid confusion, the function

s+odd : C(t2) — C(p1) is explicitly defined by (s+odd)(s,i,0dd) := s + odd.

The initial marking is given in the first column :

M, = (Mg(®1), My(®2).M, (i) M (pm), M, (podd) Mo(03) =
(1'0,0,1°1,1°4,1°1,9)
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va:":,';"o'gd; '"I‘N ; p1 t1/C(t1) |t2/C(t2) {t3/C(13)

pl/IN |- -s

1°0 +s+odd
p2/IN -s

4] +5

pi/IN |4 -i -

I'1 + +i+1 +i
pm/IN J-m -m

14 +m +m
podd/IN -odd

I'1 +odd+2
p3/IN 5

N 0 +

C(t1) = { (s;m,i) € CPL)XCPm)XC(pi) li<m + 1}
C(2) = { (s,i,0dd) € C(P2)XCPi)xC(podd) | true }
C(t3) = { (s;m,i) € CPLXC(Pm)XC(pi) li=m + 1

Fig. 2.1: Coloured net 0DD_sSUM with incidence functions I and I and colours.

Fig. 2.1 also shows the same CPN in graphical form. For the generation of this
form sec [Jensen 87].) The conditions in the transitions of this graph are represented
as restricted domains in the matrix representation. Arrows with two heads stand for
two arcs in opposite orientation, but with the same inscription (like "side condition").
Readers familiar with coloured Petri nets will recognize that it has been constructed

in a straight forward way from the program of the introduction.  End of Example 2.1
Using I, and I_as matrices, the occurrence rule is defined as follows.

Definition 2.5 + A transition t is enabled at a marking M with binding (colour)
be C)ifM2I*Xand X=(t,b) I *(tb) is the vector L (-,t)(b)). We
write M [X> in this case.

« If tis enabled in M, then the follower marking relation M[t,b>M' or M[X>M'
is defined by the follower marking M' :== (M - I *X) +1 *X
(I,*X'= I,* (t,b) is defined in the same way as I * (1,b) )

* Asusual, the relation M[X>M' is extended to words u over Z ={(t,b)lte T,
be C(t)} and the reachability setis RN) := { M13ueZ* : M [u>M } ¢ ..
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3. Extended place-invariants

In the CPN N = 0D0D_sUM the following equations hold for all reachable markings:

(A1) VMe R(N): IM(p1)l+ IM(@2)l +M(p3)i = 1

(A2) VMe RN): IM(pi)l =1

(A3) ¥V Me R(N): IM(podd)l = 1

(Ad) VMe RN): #M(pL)+ #M(p2) + #M(p3) = &M(pi) — 1)
(AS) V Me R(N): #M(podd) = 2* #M(pi) — 1

The first three equations count the number of objects in the places. The fourth
equation relates the values of tokens in pl, p2 or p3 (if any) to the token in the place
pi. The fifth equation says that the place podd always contains the i-th odd number.
Invariant equations (A4) and (AS) correspond to the loop invariant of the program
ODD-SUM.

As usual these invariants are used to prove the partial correctness of the net: in a
terminating marking Mg, there is an object q in p3 (and by (A1) only one) and from
the guard [i=m+1] of 13 we have Mg(pm) = M(pi) -1. By equation (A1) pl and p2
are empty, hence by (Ad) : q = #Mg(p3) = BMg(@i) — 1)% = Mp@Em)? = m? ie,
the net computes the square of the "input” m.

Ordinary place-invariants can be deduced directly from the incidence functions.
This is a very important property since they can be checked by inspection of the static
description of the net. Hence it is not necessary to compute the reachability set, which
is very complex in most cases. This property strongly depends on the linearity of ordi-
nary place-invariants and on an invariance of weighted flow for each transition.

Different to this situation equation (A4) is not linear as in numerous similar cases.
Therefore the technique mentioned does not apply in general. However, case studies
have shown that for many coloured nets modelling classical sequential programs, the
invariance of weighted flow is fulfilled.

To prove the invariant equation (A4) by induction, the fifth equation (AS5) is also
used, as will be shown at the end of this section. Opposite to this fact, classical place
invariants can be independently verified. In the following, we will give a number of
sufficient conditions for also including non-linear equations into the invariance calcu-

1us of coloured Petri nets.
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Definition 3.1 A pair (p,t)e PXT of a CPN is a clearing arc if

V MeR(N) V beC(t) : M[(t,b)> = I1(p,0)(b) = M(p). A place pePisa clearing
place if for all te T and ce C(t) either I (p,))(b) = L (p,)(b) = B or (p.t) is a clear-
ing arc. If p does not have this property, it is called non-clearing.

By this definition an occurring transition removes all tokens from input clearing
places. Obviously, this definition is not "static” in the sense mentioned above, but can
be easily checked by formal computation in many examples, e.g. in the net
O0DD_SUM place pi obviously has this property.

Equations (A1) to (AS) have the form p%WP(M(p)) =c¢ where Wp(M(p)) has

values in an additive group A and ce A is a constant.

Definition 3.2 Let (A ,+) be an (additively written) commutative group. For a place p
a function Wp :CP)mg— A s linear if Wp((b) =0 and

Wp(x+y) = Wp(x) +Wp(y) forall x,y € C(p)Mms.

For a marking M the weight function Wp . Cp — A is defined by Wp(M) :=

Er Wp(M(p)) . "Wp(M) = c" for a constant ¢ € A is called a weighted equation.
The weighted equation is called an invariant equation of a CPN N if Wp(M)=c
for all reachable markings M € R(N).

Remark 3.1: IM! and #M, as introduced in definition 2.1 , are examples of linear
functions. Note that the definition of a clearing arc (definition 3.1) also covers the
case where I_(p,t)(b) = M(p) = @.

Theorem 3.3 Let Wp be a weight function for a CPN N = (P,T,C.3,II,,M,), such
that Wp is linear on all non-clearing places peP.

If WP(M0 )=cand Wopll +(-,t)(b)] = WP[I_(-,t)(b)] forallte Tand be C(t), then
Wp(M) = ¢ is an invariant equation of N. The theorem remains true if "=c" is re-
placed by "< c¢" or "2 ¢".

Proof (by induction on the reachability set R(N) ) :

a) Wp(M,)) = ¢ (or <c, 2c, resp.) by assumption.

b) Let Wp(M) = ¢ (or <c, 2c, resp.) and M[(t,b)>M° be an occurrence of X = (t,b)
such that not I_(p,H(b) = L (p,t)(b) = @. We have to prove Wp(M) =c.

In fact, Wp(M) = ZW,IM@)]= IW,[ Mp)-LOOO) + LEH®] O
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b1) If p is a non-clearing place, then Wp is linear :
Wl M@) - LEO®) + Le.H®) 1= W ME)- W), [LE.00)]+ W, 1L, e.00) ]

b2) If p is a clearing place, then since M[(t,b)> we have :

M) - L(p.0(b) =9 (%)
and  WpIM@)] - WyLp®)]=0 ()
By calculating

Wol M@)-LeH0) + LEH® 1= by ()

Wp [I+(p,t)(b) 1= by (440

Wp[M(p)] - Wp (Lp®)] + Wp [1,(p.tXb)] we obtain the same result as in case
b1). Now we are able to continue with line (I) :

WpOM) = ZW, IM@)] = Z W[ Mp)-LE.HG) + L (b)) = (byblandb2)

;%(Wp[ M) 1- Wl LEHmI+ Wil e.00)1) = (by commutativity in A)
ZWpl M@)1- ZWILeOOI+ IWILe00)] = (by definition)
WP(M) - WP(I_(-,t)(b)) + Wp(l +(-,t)(b)) =WP(M)= ¢ (or Zc, 2c, resp.)
(by assumption of WP[I +(-,t)(b)] =WP[I_(-,t)(b)] and by induction) . 0
3:':;,"':‘;",;“:; p1 /e e |Bree)
pl/IN |- s
1°0 +s+2*i-1
p2/IN -5
1] +5
pi/IN 4 - i
1"l +i +i+1 +i
pm/IN |-m -m
14 +m : +m
p3/IN
4] +5

Fig. 3.1: Coloured net O0DD_sUM -1 with incidence functions I and I and colours.

Example 3.1: The theorem does not allow the proof of the most interesting invariant
(A4). This is however the case for the following, slightly modified CPN 0DD_SUM-1,
where the place podd is omitted and the function I (p1,t2) is replaced by s+2*i-1. Sin-
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ce (A4) has the form V M € R(N) : #M(pl) + #M(p2) + #M(p3) - (#M(pi) -1)2 =
0, the functions Wp are defined as follows :Wpl(a) = sz(a) = Wp3(a) =#a, Wpi(a)
= - (-2 W @)= 0.

Condition Wp[I, (-.t)(b)] = WoplI_(-t)(b)] of the theorem is satisfied for t=t2 and b =

(si)e NG (we have to look to the nonempty entries of I_and I, only) :

left-hand side : W1 (L (GL2)(E0] + Wil pie2)s0)] =
Wigls + 2% -11 4 Wl +1] = s 42% -1 - ((+1) -1 =5 42% -1 - %
right-hand side : Wl (02.2)(s)] + Wiy (L (GLEY(s.D] = Wppls] + Wilil =

s-(i- 1)2 =g~ i2 +2*i - 1. The analogous calculations for t1 and t3 are simple, since

pi is only trivially involved. End of Example 3.1.

Example 3.2: Let us return to the example 2.1 with the CPN 0DD_SUM . The
analogous calculation as in the preceding example yields (observe that Wpodd(a)=0):
left-hand side : WplIIL, (-12)(b)] = Wpl[I +0L2)(sD1 + Wpi[I L(PLI2)(s,D)]
Wls + 0dd] + Wi +1] =5+ odd - (G +1)- 1= s+ odd - 2.
right-hand side : WpILG-2))] = Wil @2.2)s5)] + Wyl pi2)6i)]
Wiols] + Wi =5 - (-2 =s- 2 42% - 1.

Hence for b = (s,i,0dd) the difference WplI, (-12)(b)] - Wpll(-2)(b)]
odd - 2*i + 1 is not zero, and the condition Wpl[I_(-,2)(b)] = Wp[I_(-,2)(b)] of the
theorem is not satisfied. However, in this example we have the invariant equation

(AS) V Me RNN): #M(podd) - 2* #M(pi) + 1=0
In all reachable markings by (A2) and (A3) there is exactly one token in pi and podd,
having values i and odd, respectively. By (AS) they satisfy odd - 2*i + 1 = 0, hence

also (A4) is an invariant equation. On the other hand, (A5) can be verified by appli-
cation of theorem 3.3. This is done by defining Wpi(a) =1-2%4a, Wpodd(a) =4#a
and Wp(a) = 0 for p ¢ {pi,podd} and the calculation (¢.g. for t=1t2and b =
(s:.0dd): WpIL, (-2)(®)] - WplL(-2)(b)] = Wyli +11 + W q4l0dd+2] - (W]
+ Wpodd[odd]) =1-2*G+1D)+odd+ 2-((1-2*%)+0dd)=0. End of Example 3.2

This example is of particular interest, since different from the case of ordinary
and linear place-invariants, some equations cannot be verified by the incidence func-

tion independently from other equations. Note that (A4) can be transformed by substi-
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tuting #M(pi) by its value from (AS). Then the problem would not occur. Such trans-
formations, however, require special insight, and may lead to clumsy equations.

When formalizing the method we will use a property that is frequently satisfied
by coloured Petri-nets arising from practical applications, i.e. the colour sets C(t) of

transitions are subsets of products of place colours (c.f. example 2.1).

Theorem 3.4 LetN=PTCX]I I My bea CPN, where ail transition colours C(t)
are subsets of Cartesian products of some place colours :
CH € Cp;)) X . X C(p; ), and let €1 WplM=c,
€ WpiM=c,
€) WpD=c,
be a set of weight functions (r>2) such that for each equation (Ci) (1<i<r) the follow-
ing holds :
. WPi is linear on all non-clearing places,
. WI;.i (M) = ¢; for the initial marking M = M, and
seither V1€ T V be C(1) : WL, (-O(0)] - WpllL (-H()] = 0
or [V 1teTV beC(t) : WpllL, (-(B)] - WL (-0(6)] = q(b) #0
and b= (xl, ,xv)
and all x; are inscriptions of clearing arcs
and V M e R(N): q(b):WPj(M)=0 for some j with 1 < <«i]
Then (C1) ... (Cr) are invariant equations of N,
Technical remark : q(b) = ij(M) =0 is supposed to be the zero mapping, and not a

constant.

Proof : Theorem 3.4 follows by successive verification of (C1), (C2), ......

IfVteTV beCQt): Wpl[l_,_(- t(b)] - Wpl[I (9] = 0 then (Ci) holds by theorem
33.If V teT vbeC(t) : WPI[I +-DO)] - WPI[I 1)1 = q) = 0, then q(b) =
WPJ(M) =0 for some j with 1 £j < i and theorem 3.3. can also be applied. This is
justified by the condition that all x; are inscriptions of clearing arcs. b = (xy, ... .x,) is
evaluated in such a way that x,, has the value of the token in the input place p,, of the
corresponding arc. Then q(b) = g(xy, ... .X) = WpuJ (M) =0 . (The evaluation may
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be a formal one, as in the following example). O

Example 3.3: Theorem 3.4 is illustrated by the equations of example 3.2 : take (AS)
as (C1) and (A4) as (C2). For t = 12 and b = (s,i,odd) € C(12) we have q(b) = odd-
2*i+1. By (C1) = (A5) we have #M(podd) - 2* #M(pi)+ 1=0 and odd-2*i+1 =0.

End of Example 3.3

Remark 3.2: The net 00D _SUM can be transformed in such a way that concurrent
behavior is possible. By changing the initial marking of place p1 (see fig. 2.1) to 3'0
three objects are created, each computing part of the sum to be calculated. Finally we
might have the end marking (M(p1),M(p2),M(pm)M(pd) .M(podd),M(p3)) =
(3,9,1°4,1°5,1'7,1' 1+1°8+1"7). This could be interpreted as three processes, each of
which is computing a part of 42-16 by sharing the places pm, pi and podd. Invariant
equations (A4) and (AS) are still valid, since the operator # collects the sum of all ob-
jects in a place. The end marking above stems from a trace where the first token re-
ceived the value of the first odd number (1), the second the sum of the second (3) and
the third (5) and the third token the value of the fourth odd number (7). (Obviously,

the loop exit control has to be changed for this extension.)

4. Clearing places by occurrence rule

The property of clearing places is frequently desirable in practical system model-
ling by coloured Petri nets. Often a situation appears, where all messages of a channel
have to be removed, but where the actual number of messages is unknown. Similar
situations occur if an indefinite number of resources needs an update. Furthermore, a
similar case appears in modelling fault tolerant applications. In such cases an ordinary
set of tasks or processes is stopped by a super-task with maximal priority. Then by
some preemptive scheduling rule all tokens representing ordinary tasks are substituted
by the priorized process.

In fig. 4.1 a node of a queuing network (called elementary waiting system) con-

tains a waiting pool where tasks a; are waiting to be processed by the functional unit
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functional
unit

t2 >

Fig. 4.1: Elementary waiting system with preemptive scheduling

t2. In the case of system failure the priorized super-task ¢ enters the pool and removes
all tasks by a preemptive scheduling rule. Then by the arc K all the tasks in the pool
have to be removed.

Fig. 4.2 shows a set of tasks or processes a; ... ,aypo in a processor pipeline, In ca-
se of a system failure all processes in the pools pl to p4 are set back to their initial po-
sition by the recovery transition t5. This is done by arc expressions 'pi', which are eva-
luated to the multi-sets of the places pi in the actual marking. The arc from t5 to po
adds the sum of all these multi-sets to the initial place p0.

The same system could be modelled as an ordinary coloured net by considering as
tokens the multi-sets of tasks in the pools pi (see [Valk 93]). Such a modelling, how-
ever, is felt to be rather artificial, since individual objects (tasks) are not represented
by individual tokens.

Arcs like (py.ts) in fig. 4.2 are clearing arcs as introduced in definition 3.1. But

color task = index a with 1.. 100;
var x : task.

- [tde -

pi p2 p3

‘1" + P2 + '3’ + P4

Fig. 4.2 : A process line with recovery
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here this property is no longer a dynamical changing one, but is permanently holding
by extension of the occurrence rule. This is an instance of selfmodifying coloured
nets, which have been studied for the subclass of place/transition nets [Valk 78, Valk
831.

In a selfmodifying net the value of arc inscriptions are allowed to depend on the
token content of some specified places. Hence, the structure of arcs between places
and transitions is no longer time independent, but may change with the behavior of the
net. This explains the name "selfmodifying net". Wellknown extensions like inhibitor
arcs, priority transitions and reset arcs are subclasses of selfmodifying nets.

Although in this paper only the feature of clearing places will be used, it is easier
in the definition to use selfmodifying coloured nets in general. Selfmodifying col-
oured nets (smCPN) differ from ordinary coloured nets (CPN, def. 2.3) only in the
definition of the incidence functions which may depend on the actual' marking. Later
on, in definition 4.3, we will introduce a notation for expressing this dependence by

arc inscriptions in the graphical representation of selfmodifying coloured nets.

Definition 4.1 A selfmodifying coloured Petri net (smCPN)
N= (P,T,C,Z,IM_,IM+,MO) is given by
« a finite set P of places,
» a finite set T of transitions, disjoint withP: PN T=0
easetY of colour sets,
s a colour function C:PUT — },, where
C(p) is called the colour set of p and
C(0 is said to be the colour set (or occurrence modes) of t
* for every markingM € (p Iyvi- andly 4+ are the positive and negative
incidence functions on PxT:
V(@1 e PxXT:Iy. @0, v+ @D € [COms — COMs]L,
* M, is a marking on P, called initial marking.

Definition 4.2 + A transition t is enabled ata marking M with binding (colour)
be CH)if M2Iy_*X and X = (t,b).
( Again, Iy _* (t,b) is the vector Iy (-,0(b).) We write M [X> in this case.
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s If tis enabled in M, then the follower marking relation M[t,b>M' or M[X>M' is
defined by the follower marking M’ := (M- Iyp-* X) + I+ * X
(Imy* X = Iy * (tb) is defined in the same way as Iy * (t,b) )

» As usual, the relation M[X>M' is extended to words u over Z ={(t,b)ite T,
be C(1)} and the reachability setis RIN) := { M3 ueZ* : M [w>M } ¢ Gp

While the definition of the "CP-matrix" of smCPN requires only few changes, for
the definitions of concrete marking-dependent functions some notations are useful.

Definition 4.3 + For a multi-set m : S — IN and se S let m[s] := m(s)’s be the
sub-multi-set of ocurrences of s.

* Let p be a place with colour set C(p) = (X s X (Xghms X .. XX )ms and M
a marking Me CP. Then for xe X we define
Mlp(xli)] := { (mpmy,..m) e Xpms X Kohus X . XX hvs) |
34y, - 4y € M) : qj=m for j i and m; = g;[x] # a13.
(M((p(x11)) is the set of all tuples in M(p) having a (positive) multiple of x as i-th
component.)

e For n=1 we write M[p(x)] := M[p(xI1)].

As an example, let Xjp:={aj,a5)}, Xq:={f},fr} and M(p):={(2'2;,3'fy),
(I"ap,2°f1),(1'a3,2 f1+1°15)}. Then M[p(fo12)]= {(2'a;,3'fy), (1"a3,1'fp)}

Definition 4.4 When using definition 4.3 as arc inscriptions of smCPN in graphical
form or as entries of the incidence functions, the explicit reference to the actual mark-
ing M is omitted: i.c. instead of M[p(xli )] we use p(xli), since there is no confusion.
In a similar way, we will use p() instead of M(p).

(This definition replaces the notion of K in fig. 4.1 and of 'pi' in fig. 4.2. The brackets distin-
guish p() from the name of the place p € P.

Example 4.1: Fig. 4.4 shows an instance of the problem of readers and writers as a
smCPN Rp# in graphical form.

There are a set of 5 tasks A = {a;,35,...,a5} and two files F = {f;,f5}. Tasks enter-
ing the critical region as writers (transition t3) have priority. They start immediately

with reading and writing a file y=f;. By preemptive scheduling all tasks reading the
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loc
4 ™
X (x,y)
read <'>7 write |[x
AxF read(yl2) AxF
(x,y)
A={ay,...as)

Fig. 4.3: RpW: readers and preemptive writers

same file in the place "read" are interrupted and set back to their initial state in loc.
Later they can try to repeat their action of reading. For instance, Ly, (oc,ty) =
pry(read(yl2)) = { al (ai’fj) € M(read) A fj=y } is the set of all tasks 3 € A that are
reading the file y in "read”. (Recall that by definition 4.4 pry(read(y!2)) stands for
pri(Mlread(y|2)]).

The smCPN RKpW satisfies the following place-invariant equations (B1), (B2)

and the inequality (B3):

(B1) VMe RIN): M(oc) + pri( M(read)) + pry( M(write)) = A
(B2) V M e R(N): M(files) + pr2( M(write)) =F
(B3) VMeR(N): prz( M(read)) + 5 pro( M(write)) < SF

It is easy to see that the following property can be verified by (B3): no task is read-
ing a file f in the place "read” that is also used in the place "write” ( in fact, 'f' in
pro(M(write)) implies pry(Mlread(fl2)]) =@).

To verify (B1) - (B3) we reformulate the theorem from section 3.

Definition 4.5 A pair (p,t)e PXT of a smCPN is a clearing arc if
V MeR(N) V be C(t) : M[(t,b)> = Ipv.(P.D() = M(p). A place pePisa clearing
place if for all te T and be C(t) either Iy (p,t)(b) = Iy4, (p.)(b) = B or (p,t) is a
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clearing arc. If p does not have this property, it is called non-clearing.

Theorem 4.6 Let Wp be a weight function for a smCPN

N=(@,T.C.E.Im., I+, M), such that Wp is linear on all non-clearing places.

If Wp(M, ) =c and Wplly . (-0(0)] = Wplly. (-)b)] forallte T and b e C(),
then Wp(M) = ¢ is an invariant equation of N. The theorem remains true if "=c" is
replaced by "<c¢" or "= ¢".

Proof: Replace I by Iy. and I by Iy, in the proof of theorem 3.3. a

Frequently, as in our example for a weight function Wp: (p — A, the set A is
a set of multi-sets. Since in our formalism A is supposed to be a commutative group,

we extend multi-sets to "extended multi-sets”, which have coefficients in Z.

Definition 4.7 An extended multi-set m, over a non-empty set S,isa function
m:S — Z into the set of integers Z. Syq is the set of all extended multi-sets over
S. The operation + and the relation < are defined as in definition 2.1. Moreover

my -my = ¥ (my(s) - my(s))'s is defined without the precondition my <mj.
seS

Example 4.1 (cont.): Applying the preceding theorem to the invariant equation

(B1) V' Me R(N): M(loc) + pry( M(read)) + pry( M(write)) = A
of the smCPN of example 4.1, the weight function Wp. (p — A is selected as
follows : A is the set of all extended multisets Ayqg over A.

Wiocm) :=m, Wpoq(m) = W . (m) := pry(m) and W (m) = 0.
Then Wp(M,, ) = A is satisfied and the equation Wp[ly + (-,t)(b)] =
Wpllv - (-:0(b)] is calculated for (e.g.) t = tzandb= (a,h) as follows. (The incidence
matrices are not given here. They are constructed in the same way as in section 2.)
left-hand side : Wloc[IM + (loc,t3)(a,f)] + Wread[IM + (read,t3)(a,t)] +
WaritelIM + (write,t3)(a,f)] + Weeshv + (files,i3)@f)] = pry(read(fi2)) + o +
pri(@.D) + @ = pry(read(fi2)) + I'a.
right-hand side : WiocIM- (loc,t3)(a,f)] + Wread[IM- (read,t3)(a,f)] +
Writelm - (write,t3)(@,0)] + W [hy - (files,t3)(a.f)] = 1"a + pry(read(fi2)) +@+0.

In this example we observe that by symbolic evaluation the equation
Wplly + (-0(0)] = Wpllv - ()]
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is verified without explicitly referring to all reachable markings M. Repeating the
same procedure for the inequality (B3) in
Wplly + ¢.13)(0)] = Wplly - (-t3)(b)]

we obtain the left-hand side 5°f and the right-hand side pr2(read(ﬂ2)) , which is dif-
ferent. The reason for this defect is some lack of information in the left-hand side of
(B3). As is known from the verification of Floyd-invariants, such difficulties are elim-
inated by the introduction of "auxiliary variables". These auxiliary variables are intro-
duced for the verification process and do not affect the working of the program.
Hence, they can be removed afterwards without influencing the validity of the correct-
ness proof.

In the remainder of this section we will extend the net Kp#W to nets KpW; and
RpW, in such a way that theorem 4.6 can be applied to verify an equation (B3b) (also
to be constructed). Then we will prove that (B3b) holds for RpW, if and only if (B3)
holds for RpW. Then all of the equations (B1), (B2) and (B3) will be verified by theo-
rem 4.6.

To start with, we introduce a place "co_read", which contains for every file f that
is not in the place "write" but is read by 0 < n < 5 tasks (in the place "read"), 5 - nin-
stances of f. The auxiliary place allows to transform (B3) into an equality :

(B3a) V Me R(N): pry( M(read)) + M(co_read) + 5 pry( M(write)) = SF
The corresponding sSmCPN  ®p?/; is shown in fig. 4.4. "co_read" behaves like an
ordinary complementary place, when "write" is empty :

VMe R(N): M(write)=@ = pry( M(read)) + M(co_read) = 5F
With an occurrence of t, however, all files y are removed from "co_read". Since
(B3a) implies (B3) it is sufficient to prove (B3a).

To use theorem 4.6, we introduce a place "deferred”, where all instances of files {
in "read" are collected while a task is writing on f. In the smCPN KpW, of fig 4.5 all
instances of y in the places "read” and "co_read" are moved to "deferred”, when 3 is
clearing them. The smCPN RpW, satisfies the following invariant equation :
(B3b) V Me R(N): pry( M(read)) + M(co_read) + M(deferred) = 5F
This is easily proved with theorem 4.6 by the corresponding incidence functions. (For
the definition of deferred() see Def. 4.4.)

Our goal now is to deduce (B3a) for Rp#;. To do this we use the fact that in
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loc
A
at,...,ab
4 . . ™
y Prl(read(y|2))
| t1 13
1.2 v
y \
S (x.y) fllFes x.y)
read .
AxF write §x
read(yi2) y AxF
(x,y) co_read(y) y x.9)
5y J
y |
co_read

F
Fig. 4.4: RpW), : readers and preemptive writers with place co_read

RKpWo, an occurrence of t3 in the colour (af) is clearing the places "read” and
"co_read" with respect to "f", hence after the occurrence of t3:

C1n M(read(f2)) =@ and M(co_read(f)) = @

This is holding up to the next occurrence of t4, which is the only possibility to move
token f. Therefore from (B3b) we conclude M{deferred(f)] = 5°f for such an interval,
where we also have pry(M[write(f)]) = {, hence foreach fe F:

(C2) Mldeferred(f)] = 5°f & pryMwrite())=f or

(C3) Mldeferred(f)] = 5'pro(M(write))

Since (C3) is true in RpW, we can omit the place "deferred” and replace the term
M(deferred) in (B3b) by 5“pr2(M(wn'te)) . By this operation we have reconstructed
the smCPN RKp#/; and the invariant equation (B3a). As mentioned above this implies
(B3) for Rpw), which ends the proof of (B3).

5. Conclusion and Ongoing Research

The subject of this paper has its origin in a student's question. We believe the

work allows a better understanding of how place-invariants of coloured nets relate to
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4 N
prread(yi3)
+co_read(y)
~
X
deferred
read
AxF x
deferred()
{4
y deferred()
co_read
F'

Fig. 4.5: RpW,: readers and preemptive writers with places "co_read" and "deferred”

Floyd-invariants of ALGOL-like programs. Since the extended form of invariant
equations, introduced in this paper, allows to relate internal values of tokens, we have
done a step towards an invariance calculus for coloured nets with complex objects as
tokens.

The extension of coloured nets, investigated in section 4, is very useful in many
system modelling applications, such as preemptive scheduling and systems reset, but
preserves the important property of place-invariant verification from the incidence
matrices.

The main theorem of this paper (theorem 3.3) has been extended to hold for a
broader class of equations. The extended theorem [Valk 93] proves weight functions,
where non-linear parts may depend on more than one place. Hence also equations can
be verified expressing non-linear relations between distinct variables. By this exten-
sion other types of applications are included, for instance a coloured net modelling a
distributed algorithm for computing the greatest common divisor of a set of natural

numbers.
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