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Abstract

Usually, topology is formalised on the basis of set-theoretic notions. But
mereology, the formal theory of ‘part-of’ and related concepts, is a suitable
alternative to set theory for this purpose. Thus, formal approaches interrelat-
ing mereological and topological notions (‘mereotopological approaches’) also
have a long tradition.

In this paper, a mereotopological definition of ‘point’ is introduced, based
on the topological primitive of ‘region’. It is shown that this definition is
general enough, such that it allows definitions of all the usual separation
properties. In contrast to other proposals in similar frameworks, the relation
between points and regions is assumed to be the mereological relation of part-
of. In this framework a topological treatment of granularity is possible, in
which points at a coarser level of granularity are topologically structured,
when analysed on a finer level.

Thus, mereotopology turns out not to be a mere terminological variant of
point-set topology but to contribute to the foundations of theories of several
domains of interest in cognitive science which exhibit topological structure.

1 Introduction

Motivated by the interest in basically spatial concepts such as ‘self-connectedness’,
‘separation’, ‘boundary’, ‘exterior’ and ‘interior’, point-set topology investigates the
properties of sets of points, functions between sets of points, their properties and
relations etc. This leads to questions such as whether space is a (structured) set
of points or whether its structure can be adequately represented in terms of sets
of points. Since there are at least epistemological reasons to give a negative an-
swer to the former question, one might search for an alternative framework for
studying topological concepts. The framework should both allow the definition of

*Thanks to Christopher Habel, Barry Smith, Laure Vieu, and the participants at the workshop
on ‘Topological Foundations of Cognitive Science’ for comments on earlier versions of this paper.
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topological structures without points and not require topological entities to be sets.
Classical Mereology, the formal theory of ‘part-of’ and related concepts, is a sound
and suitable basis for this (cf. Tarski 1956, Smith 1993, Varzi 1993, Eschenbach
and Heydrich (to appear)). We will call approaches interrelating mereological and
topological notions ‘mereotopological” and those interrelating mereological and geo-
metrical notions ‘mereogeometrical approaches’. The family of such approaches has
a long tradition in discussions of the foundations of mathematics (cf. Huntington
1913, de Laguna 1922, Whitehead 1929, Menger 1940, Clarke 1981, 1985).

Although point-set topology is based on the assumption of the existence of points
it is not able to contribute to the elucidation of the notion of ‘point’. Taking points
for granted, it allows for the study of the structure of families of sets of points built
up on higher levels. In contrast to this, mereotopological approaches are able to
study both the notion of ‘point’ and topological structures not based on points.
Table 1 gives a classification of mereotopological and mereogeometrical approaches
with respect to the definition of the notion of ‘point’.

Points are individuals classes of sequences of | classes of sets
Definition is individuals individuals of individuals

mereological | Euclid

Smith 1993
topological | Eschenbach de Laguna 1922 | Menger 1940 | Whitehead 1929
Clarke 1985
geometrical | Huntington 1913 | Tarski 1956

Table 1: Classification of mereotopological definitions of ‘point’.

The outline of the paper is as follows: The next two sections will give a brief
introduction to Classical Mereology and to the region-based approach of mereotopol-
ogy. After this, a short discussion concerning the nature of points will prepare the
region-based definition of ‘point’ proposed in section 4. Two sorts of consequence
of this definition will be discussed. First, it will be shown that the definition does
not restrict the topological structure to topological spaces enjoying certain separa-
tion properties only.! Second, the discussion of topological structure is related to
the discussion of distinguishing different levels of granularity (Hobbs 1985, Habel
1991, 1993) for the representation of space. It will be argued that the approach pre-
sented here allows for modelling space in a way, such that an object—on one level
of granularity—can be modelled as a point (without any internal topological struc-
ture) and—on another level of granularity—as a region with an internal topological
structure. Finally, this definition will be contrasted with region-set definitions of
‘point’ to be found in the literature.

!Thus, based on this definition it is possible to differentiate between topological structures
without points and topological structures in which points are not separated from each other.
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2 Classical Mereology

As argued by Eschenbach and Heydrich (to appear), Classical Mereology (CM) is
a formal theory of the relation of ‘part-of’ and its conceptual relatives ‘overlap’,
‘discreteness’ and ‘sum’, and does not give rise to any concept of integrity or being
a whole. CM as introduced by Les$niewski (1916, 1927-30, 1983) is applicable in
each and every domain, while concepts of integrity are dependent on the particular
features of the structure exhibited by a specific domain. The enrichment of CM by
topological notions is an elementary possibility of introducing means for establishing
notions of integrity. The concept of self-connectedness, e.g., is a fundamental concept
of integrity specifiable on the basis of topological notions. The interrelation of
mereological and topological concepts will thus allow for approaching a genuine
theory of ‘part-whole-relations’.

There have been several approaches to topological or geometrical structures
which are not formulated in the framework of point-set topology. Although most
of them involve some notion of ‘parthood’, ‘containment’ or ‘inclusion’, most of
them are not based on CM. The interrelation of mereological and topological no-
tions can be accomplished in different ways (see Varzi 1993). In several cases, the
mereological apparatus needed is gained on the basis of a topological primitive (see
de Laguna 1922, Whitehead 1929, Clarke 1981). Consequently, the mereological
structure involved in these formalisms need not obey the laws of CM.

Here we will proceed by introducing CM first and using its notion as a basis for
defining topological notions (cf. Tarski 1956, Smith 1993, Eschenbach and Heydrich
(to appear)). The mereological primitive employed is the binary relation of ‘dis-
creteness’. The axiomatisation is close to the one given by Leonard and Goodman

(1940).2

Primitive notion: discreteness (1)
Definitions:

[D1]  ais part of y iff x is discrete from everything y is discrete from.
(r <y=aVz[zly Dzlz])
[D2]  xis a proper part of y iff x is part of y and y is not part of x.
(r <y =arr <y A-=(y<az))
[D3]  x and y overlap iff they have a common part. (xoy =g Iz [z < A z < y])
[D4]  x is the sum of some entities iff x is discrete from exactly those entities
which are discrete from each of them.
(02 [®(2)] =ar w2 [Vy[yla =Vz[0(z) Dyl oty =aroz[z =2 V 2 =y])
[D5]  x is the product of some entities iff & is the sum of all their common parts.
(rz[®(2)] =ar oy [V2[P(2) Dy < z]],x-y =aroz[z < a Az<y])
[D6]  xis an atom iff it has no proper part. (At(x) =4 -3y [y < 2])
[D7]  The (mereological) complement of x is the sum of all entities discrete from
z. (z7" =ar oy [y 1 a])

?The logical framework needed for this axiomtisation is that of second order logic with de-
scriptions and identity, including some means for treating non-referring expressions. Plural
quantification—as discused by Lewis (1991) with respect to its ontological advantages—is a usefull
alternative to quantification over predicates.
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[D8] A mereological structure is atom-free iff there is no atom.

(Atom-free =4 ~Jx [At(2)])
Axioms:

[Al] 2 and y are discrete iff # and y do not overlap. (x ly = -z oy)

[A2]  If 2 is part of y and y is part of z, then = and y are identical.
(r<yAhy<azDx=y)

[A3]  For any entities, their sum exists. (Jz [®(2)] D Jy [y = ox [®(2)]])

Since the topic of this paper is not CM, details of the structure defined by [Al-
3] are here left aside.? For the sake of the discussion of points, four lemmata on
properties of atoms should however be mentioned.

zoy)l)

Lemma 1: Atom x is part of y iff « overlaps y. (Va,y[At(z) D (x <y

Lemma 2: x is an atom iff x is the product of all entities it overlaps.

(Ve [At(z) = 2 =7y [z oy]])
Lemma 3: Atoms are equal iff they overlap. (Va, y[At(z) A At(y) D (@ =y = zoy)])

Lemma 4: A mereological structure is atom-free iff every entity overlaps two discrete
entites.
(Atom-free = Va [Jy,z[roy Az oz Aylz]])

3 Region-based topology

Based on the primitive notion of ‘region’, fundamental topological notions such as
‘boundary’, ‘open region’, ‘closed region’, ‘closure’, ‘interior’, ‘exterior’, ‘separation’,
‘self-connectedness’ etc. can be defined. ‘Region’ is a unary predicate, not to be
understood as implying any specific dimensionality. Thus, it can be true of entities
of the highest dimension of the topological structure under consideration. E.g., in
studying the topological structure of space, ‘region’ can be true of three-dimensional
entities, and in the case of time, it can be true of one-dimensional ones. Notice that
point-set topology has no notion of region.* As shall become clear by the following
definitions, region-based topology deals with regions and their parts only.?

3The structure is a Boolean algebra which is complete with the exception that there is not
anything discrete from everything, nothing which is the sum of no entities, and no product of
discrete entities, in short: there 1s no empty individual. Those who are not familiar with CM
might, for the time being, imagine the structure defined to be the power-set of some set deprived
of the empty set; sum corresponding to union, product to intersection, part-of to subset, overlap to
having a non-empty intersection, discreteness to having no common non-empty subset, and atoms
to singleton sets. But be aware that CM is more general than this, since it allows for structures
without atoms (cf. e.g. Simons 1987), while the interpretation offered here brings atoms with it.
Lewis (1991) presents an elaborate discussion of the interrelation between CM and set-theory.

*Theorem 19 shows that regions correspond to point-sets which are subsets of the closure of
their interior. The union of an open set and a subset of its boundary can therefore be considered a
region. Based on the interpretation offered in footnote 3, standard topology can thus be thought
of as a specific case of mereotopology.

Parts of regions are called topological entities here. As will be obvious, region-based topology is
restricted to that part of the universe which consists of topological entities only. When necessary,
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Primitive notion: region (R)
Definitions:

[D9]  xis a topological entity iff x is part of a region. (7 (x) =q¢ Iy [R(y) A x < y])

[D10]  The topological universe is the sum of all regions. (Ur =ar oy [R(y)])

[D11]  Regions a and y are internally connected iff they have a common part which
is a region. (zxy =ar R(x) AR(y) AN TFz[R(z) ANz <a Az<y])

[D12]  Regions = and y are externally connected iff they overlap but are not inter-
nally connected. (z X y =ar R(x) A R(y) Nxoy A =(x*y))

[D13]  Region z is open iff it is not externally connected to any region.
(op(x) =ar R(z) A =Fy [z x y])

[D14]  The interior of z is the sum of the open regions which are part of z.
(2° =ar oy [op(y) Ay < z])

[D15]  y is adherent to x iff every open region which overlaps y overlaps x.
(y<ax =4 Vz[op(z) N zoy D zox])

[D16]  The closure of x is the sum of all topological entities adherent to .
(2 =ar oy [T(y) Ny <))

[D17]  The topological entity x is closed iff it is identical to its closure.
(cl(z) =ar (2 = 2°))

[D18]  The topological complement of x is the sum of all topological entities discrete
from z. (27" =ar oy [T(y) Ay lx])

[D19]  The boundary of x is the product of its closure and the closure of its topo-
logical complement. (z° =g ¢ - (7))

[D20] The topological entities x and y are separated iff = is discrete from the
closure of y and y is discrete from the closure of x.
(z ly=ar T(x) AT (y) Aty Axly)

[D21]  The topological entity z is self-connected iff it is not the sum of two separated
topological entities. (con(x) =qr 7 (x) A ~Jz,y[z+y=a Az | y])

[D22]  y is an inner part of the topological entity x iff y is part of an open region
z which is part of . (y <; x =ar T () A Jzfop(z) Ny <z Az < x))

[D23] If x is a topological entity, then y is a dangling part of x iff y is a proper
part of x, = has a topological complement z, and y is an inner part of the
closure of z. (y <ggv Z=arT(2) Ny << AJz[z=a"" ANy <, 29))

[D24] A topological space is grounded on closed entities iff every region is the sum
of the closed entities which are part of it.

(GoCE =4 Va [R(x) D x = oy [elly) Ay < z]])

Different restrictions on the primitive of ‘region’ lead to different topologies just
as different restrictions on ‘open set’, ‘neighbourhood’ or ‘closure’ in classical topol-
ogy do. The axioms [A4-6] seem to be essential if the structure is to be called
‘topological” at all.

Axioms:

[A4]  Every region has an open region as a part. (Va [R(x) D Jylop(y) Ay < z]])

quantification 1s restricted explicitly to allow for an easy embedding of topology into an more
comprehensive ontological framework.
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[A5]  For any regions their sum is a region. (Va [v = oy [R(y) Ay < 2] D R(x)])
[A6]  The product of any two overlapping open regions is an open region.
(Va, y [op(x) A op(y) Az oy D op(x-y)])

Example 1: Let a, b, ¢ be three mutually discrete entities and a, b, a+b,a+c¢,b+c, a4+
b+ c the regions. According to the definitions given above, a4 b+ ¢ is the topological
universe and any part of it is a topological entity. @ 4+ ¢ and b + ¢ are externally
connected, while ¢ + ¢ and a+ b are internally connected. a, b,a+ b, a+ b+ c are open
regions, and ¢, a+c¢,b+c¢,a+b+ ¢ are closed entities. @, b, a+ b+ ¢ are the interiors of
a+c,b+cand a+b+c, respectively. ¢ is adherent to a,b,¢,a+b,a4¢,b+¢c,a+b+c,
but has nothing but itself adherent to it. @ + ¢,b+ ¢,a + b + ¢ are the closures of
a,b and a + b, respectively. ¢ is the boundary of @, b,¢,a+ ¢, b+ ¢ and a + b, but not
of a + b4 c. a+ bis not self-connected, since a and b are separated. But neither
a and b+ ¢, nor b and a 4 ¢, nor ¢ and a + b are separated. Therefore a + b+ ¢ is
self-connected.

Figure 2: Example 2.

Example 2: Let a, b, ¢, d be four mutually discrete entities and a, b, a4 b, a+c, b+c¢, b+
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d,a4+b+c,b+c+d, a+b+c+d be the regions. a+ b+ c+d is the topological universe
and any part of it is a topological entity. a,b,a+b,b+d,a+b+d, a+b+c,a+b+c+d
are open regions and ¢, d, a+c¢, b+c+d, a+b+c+d are closed entities. a, b, b+d, a+b+c
are the interiors of @ + ¢,b+ ¢,b4+ d 4+ ¢ and a + b + ¢, respectively. ¢ is adherent
to a,b,c,a+b,a+ ¢, b+ ¢,a+ b+ ¢, but has nothing but itself adherent to it. d is,
e.g., adherent to b,d,a+ b,b+ ¢,a 4+ b+ ¢, but has nothing but itself adherent to it.
a+c,b4+c+d,a+ b+ c+d are the closures of a,b and a + b, respectively. ¢ is the
boundary of a,b+ d,c,a + ¢, b+ c+d and a + b+ d. d is the boundary of d and
a+ b+ c. ¢+ dis the boundary of b,a + b and b+ ¢. a and b are separated and,
thus, a + b is not self-connected. But neither ¢ and b+ ¢, nor b and a + ¢, nor ¢ and
a + b are separated. Therefore a 4+ b+ ¢ is self-connected. b and d are inner parts of

b+ d and d is a dangling part of a + d.

The structure defined by these axioms is in many respects similar to classical
point-set topology, although, as standardly in approaches based on Classical Mere-
ology, there is nothing like an empty topological entity (the mereological structure
does not include an empty object). The mereotopological counterparts of well known
topological properties and interrelations are otherwise valid.

Theorem 5: The topological universe is open and closed. (op(Ur) A cl(Ur))
Theorem 6: The sum of open regions is open. (Ja[P(x)] A Va [®(z) D op(x)] D
op(ox [®(x)]))

Theorem 7: x is an open region iff x is identical to its interior. (Va [op(z) = x = 2°])

Theorem 8: The sum of two closed entities is closed. (Va,y[cl(x) A el(y) D cl(z+y)])

Theorem 9: If x is the product of closed entities, then = is closed.
(Fy [2(x)] AVy[2(y) D clly)] D Va [z = 7y [D(y)] D cllx)])

Theorem 10: The closure of x is the product of all closed topological entities z is
part of. (Va[2¢=my[clly) N x < y]])

Theorem 11: The interior of x is part of x. (Va,yly = 2° Dy < z])

Theorem 12: If x is part of the topological entity y, then x is adherent to y.
Ve, y[T(y) ANe <y Dadyl)

Theorem 13: If = is a topological entity, then x is part of the closure of z.

(Vo [T(x) D a < x)

Theorem 14: It x is a topological entity and y the topological complement of z, then
x 1s open iff y is closed, and x is closed iff y is open.

(Va,y [T(x) Ay = 27" D (op(x) = clly)) A (cl(x) = op(y))])
Theorem 15: If the topological space is grounded on closed entities, then y is adher-

ent to x iff no part of y is separated from .
(GoCE D Va,yly<az=-3z[z <y Az | z]])

Notice that regions need not be self-connected. The following theorems are meant
to shed some light on what can be conceived of as a region. In essence, a region is
an entity whose boundary is (entirely) adherent to its interior and is not too thick
(i.e. has no region as a part).
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Lemma 16: If there is a region, then the topological universe is a region.

(32 [R(2)] D R(Ur))

Lemma 17: x is a topological entity iff = is part of the topological universe.

(Vo [T(x) = 2 < Ur))
Lemma 18: Every region is a topological entity. (Va [R(x) D 7 (x))])

Theorem 19: If x is a region, then it has no dangling parts.

(Vo [R(x) D 3y [y <ay «]])

Theorem 20: 1f x is a region and y the boundary of x, then y has no region as a
part. (Vz,y[R(z) Ay =2" D =32[R(2) A z < y]])

4 Points

FEuclid’s definition (a point is that which has no (proper) part) is what first comes
to mind when we are asked what is a point.® This definition is a purely mereological
one, and there already is a place for this kind of entity in the above: they are atoms.
But although ‘point” should be defined in a way that is based on topological notions,
it is worth comparing atoms and their properties to points.

Atom are those entities which do not exhibit any structure at all: They do not
have any proper part and do not overlap another atom nor any entity they are not
a part of. Points are entities which do not exhibit any topological structure: They
do not have a proper part which is a region or a point, they do not overlap another
point nor overlap any region they are not in.

An alternative definition of ‘point’ is a (geo)metrical one: A point is what is not
extended. This definition is based on a metrical—and not a purely topological—
concept. Since geometrical and metrical structures are richer than topological ones
in the sense that topological concepts can be defined in (geo)metrical terms, it is
worth looking for a basically topological definition.”

A definition of ‘point’ is appropriate if it is in accordance with the intuitive
notion we have. An intuitively clear mereotopological definition of ‘point’ is one
which takes points to be regions which have no region as proper part. Such regions
do not exhibit any topological structure. A corresponding idea is expressed by
Huntington in the context of mereogeometry.® But there are topological structures
which do not involve such regions, and therefore it seems worth search for a more
general definition.

The relation between points and regions is often specified by the preposition
in. This relation can be understood as being the mereological relation of part-of,
which makes points topological entities. In addition, it seems to be sensible to

6Cf. Smith (1993), a recent approach in mereotopology along this line.

“Although at this stage of discussion it is not possible to show that the definition presented here
fulfils this requirement, it should be noted that an appropriate definition of ‘point’ should lead to
the validity of: If # is a point with respect to the topological structure arisen by a metrical space
(or induced by the metric), then x is not extended with respect to the underlying metric.

STaking sphere and containment as primitive notions, Huntington (1913) defines points to be
spheres which do not contain a(nother) sphere.
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assume that every point is in at least one region. This makes points ontologically
dependent on regions. An identity criterion for points can also be based on region:
Points which are in exactly the same regions are equal. As said before, although
points are topological entities, they do not exhibit any topological structure. These
requirements are met by definition [D25].

Definitions:

[D25]  x is a point iff z is a topological entity, = is part of every region it overlaps,
and every topological entity which is part of any region = overlaps is part
of z.
(PT(z) =asr T(x) AV2[T(2) D (2 < =Vy[R(y) ANxzoy Dz <yl)])

[D26] « is in y iff « is a point, y a region, and « is part of y.
(IN(z,y) =Zac PT(x) A R(y) A <y)

[D27]  z is a neighbourhood of point x iff z is a topological entity and z is in an
open region y which is part of z.
(N(z,z) =ar PT(x) AT (2) A Ty lop(y) A IN(z,y) Ay < z])

[D28] A topological space is point-free iff there is no point in the topological uni-
verse. (Pfr =4¢ =Ja [PT(x) A IN(z,UR))])

[D29] A topological space is grounded on points iff every region is the sum of the
points in it. (GoP =4 Vy [R(y) Dy = ox [PT(x) A IN(x,y)]])

The topological structure defined by [A4-6] is not restricted in any way with
respect to the existence of points. The structure may allow for topological differ-
entiation without limit. Point-free topology is possible?, as well as topology which
includes points but is not grounded on them.

That points can have parts is shown in the following example.

Figure 3: Example 3.

Example 3: Let a,b, ¢, d, e be five mutually discrete entities, a,b+e,a+b+e,a+c+
d,b+c+d+e,a+b+c+d+e the regions. a,b+e,a+b+e,a+b+c+d+e are open

%A simple case of point-free topology is an atom-free mereological structure in which every
entity is a region.
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regions and a +c+d,b+c+d+e,a+ b+ c+d+ e the closures of a,b+e,a+ b+ e
respectively. ¢ 4+ d is the closure of ¢, d and itself and ¢ 4+ d is the boundary of
a,b+e,a+c+db+c+d+ e ,a+ b+ e In this structure, there are three points:
a,b+ e,c+d, and b, ¢, d, e are proper parts of points.

Theorems 21 and 22 show that Huntington’s (1913) definition of ‘point’ captures a
special case of the definition presented here.

Theorem 21: If x is a region which has no region as proper part, then z is a point.

(Vo [R(z) A ~Fy [R(y) Ay < z] D PT(x))])

Theorem 22: It x is a region which does not overlap any region it is not part of, then
x is a point. (Va [R(z) A =3y [R(y) Axoy A~z <y|] D PT(z)])

The lack of topological structure of points is expressed in theorems 23, 24, 28
and 29. The following theorems show the similarity of points and atoms and that
the definition meets the analysis of the intuitive notion of ‘point’.

Theorem 23: Point z is in region y iff  overlaps y.

(Vo,y [PT(z) A R(y) D (IMz,y) =z oy)])

Theorem 24: The topological entity x is a point iff = is the product of all regions it
overlaps. (Vo [PT(x) = (x = 7y [R(y) A x o y])])

Theorem 25: Points are equal iff they overlap.
(Va,y [PT(z) A PT(y) D (x =y = xoy)])

Theorem 26: A topological space is point-free iff every topological entity overlaps
two discrete regions. (Pfr =Va [7T(x) D dy,z[zroy AxozAylz]])

Theorem 27: Points are equal iff they are in exactly the same regions.

(Va,y [PT(x) AN PI(y) D (x =y =Vz[R(2) D (IN(z,z) = IN(y, 2))])])

Theorem 28: If x is a point and y part of =, then z is part of the closure of y.
(Vo,y [PT(x) Ny <z Dx <y

Theorem 29: Every point is self-connected. (Va [PT(x) D con(x))])

That no atoms are part of the topological universe does not mean that there
are no points in it. Just take any example given and assume that the basic, non-
analysed objects are infinitely dividable. On the other hand, that there are no points
in the topological universe means that there are no atoms which are part of it. The
validity of theorem 31 poses a serious restriction on the possibility of presenting
examples of point-free topological structures. First, topologies derived from finitely
many entities (atoms) are grounded on points. Second, if you think of the domain of
Classical Mereology as sketched in footnote 3, standard topology can be thought of
as mereotopology. But since singleton sets are atoms with respect to this structure,
in this domain one will always get atomic structures and, accordingly, topological
structures based on points.

Theorem 30: 1f the topological entity x is part of every region it overlaps, then z is
part of a point. (Va [T(x) AVz[R(z) AxozDa<z]DAy[PT(y) Az <yl])

Theorem 31: Every atom which is a topological entity is part of a point.

(Vo [T(x) AN At(x) D Jy [PT(y) Az < y]))
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Theorems 32 to 35 show that the relation between points and their neighbour-
hoods corresponds to the classical topological one.

Theorem 32: A point is inner part of every one of its neighbourhoods.

(Ve,y [PT(z) AN (y,2) D a <iyl)

Theorem 33: Every topological entity which has a neighbourhood of point = as a
part is a neighbourhood of z. (Va,y [PT(z) A 3z [N (z,2) A z < y] D N(y,z)])

Theorem 34: The product of two neighbourhoods of a point x exists and is a neigh-

bourhood of z. (Va,y,z [PT(z) AN (y,z) AN (z,2) D Jw[w=1y-z A N(w,z)]])

Theorem 35: Every neighbourhood z of a point = has a neighbourhood y of = as a

part, such that z is neighbourhood of every point which is part of y.
(Va,z[PT(z) AN (z,2) D Fy[N(y,z) Ny <z AVw[PT(w) Aw <y D N(z,w)]]])

In the approach presented, the relation between points and regions or boundaries
is the mereological relation of part-of. But the definition of ‘point’ does not imply
that every point is, e.g., a part of at least one boundary. In addition, the question
whether every region or boundary is exclusively built up from points (i.e. is the sum
of the points which are part of it) might be discussed. Therefore, it is possible to
study whether a topological structure allows for something other than points (i.e. for
something not having any point as part or, even stronger, something not overlapping
any point).

5 Points and Separation

Theorem 27 suggests that points are always separated in a sense analogous to the
condition on Ty-spaces in point-set topology.!? From the definition of ‘point’ it might
be suspected that points are even separated according to the demands of T}-spaces.!!
To show that this is not the case, first the definitions of the separation properties
have to be transferred to region-based topology. It is important to notice that
the mereotopological analogue of the condition on normal spaces in region-based
topology is independent from what points are and whether any exist.

Definitions:

[D30] A topological space is a Ty-space iff for every two (distinct) points there is
an open region z such that exactly one of them is in z.
(To =ar Y,y [PT(x) A PT(y) A w #y D 3z [op(z) A (IN(x, z) # IN(y, 2))]])
[D31] A topological space is a Ty-space iff for every two (distinct) points x, y there
is an open region z such that x is in z and y is not in z.

(Ty =as Y,y [PT(x) N PT(y) AN x #y D 3z [op(z) A IN(xz,z) A =IN(y, z)]])

10A point-set topological space is a Ty-space iff for every two (distinct) points there is an open
set z such that exactly one of them is in z.

A point set topological space is a Ti-space iff for every two (distinct) points x,y there is an
open set z such that # is in z and y is not in z.
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[D32]

[D33]

[D34]

[D35]

[D36]

A topological space is a Ty- (or Hausdorff-)space iff for every two (distinct)
points z,y there are two discrete open regions u, z such that = is in z and y
is in u.

(Ty =as Va,y [PT(x) N PT(y) N #y D

Ju, z[op(z) A op(u) ANulz A IN(x,z) A IN(y,u)]])

A topological space is regular iff for every closed entity y and point = not in
y there are two discrete open regions u, z such that = is in z and y is part
of u.

(Regular =4¢ Va,y [PT(x) A cl(y) A =IN(x,y) D

Ju, z[op(z) A op(u) Aulz A IN(z,z) Ay < u]])

A topological space is a Ts-space iff it is a Ti-space and regular.

(T5 =as To N Regular)

A topological space is normal iff for any two discrete closed entities y,
there are two discrete open regions u, z such that x is part of z and y is part
of u.

(Normal =g¢ Va,y [cllz) A clly) Az ly D

Ju, z[op(z) A op(u) ANulz Az <z Ay <u]])

A topological space is a Ty-space iff it is a Tj-space and normal.

(T4 =as To A Normal)

Points need not be separated since they might be in exactly the same open regions
while there is a non-open region only one of them is in. Whether a topological
structure is a Ty- or Ti-space depends on whether or not we add the condition that
points are closed entities.

Theorem 36: There are mereotopological spaces which are not Ty-spaces.

Proof of 36: Let a, b, ¢, d be four mutually discrete entities, a,b,a+b,a+c,a+d,a+
c+d,b+c+d,a+ b+ ¢+ d the regions. In this structure, there are four points:
a,b,c,d. a4+ b+ ¢+ dis the only open region ¢ or d are in. Thus, ¢ and d are in
exactly the same open regions and therefore not separated. Q.E.D.

Figure 4: Proof of theorem 36.'2

12The figure might be misleading, since it suggests that the relation between a and ¢ and d is



A Mereotopological Definition of ‘Point’ 75

Theorem 37: If every point of a topological space is closed, then it is a T}-space.

(Va [PT(x) D cl(x)] D Ty)

Theorem 38: 1f a Ti-space is grounded on points, then every point is closed.

(Ty A GoP D Va [PT(x) D cl(x)])

Theorem 39: If every point of a topological space is closed, then the topological
space is a Ts-space iff it is regular. (Va [P1(x) D el(x)] D (15 = Regular))

Theorem 40: If every point of a topological space is closed, then the topological
space is a Ty-space iff it is normal. (Va [PT(x) D ¢l(z)] D (Ty = Normal))

6 Topological levels

In several areas of cognitive science it has been noted that there is a need to take
different levels of granularity or refinement into account (Hobbs 1985, Habel 1991,
1993). Knowledge and belief about several domains can be organised according
to which level of detail is needed for expressing it. To give an example from the
area of knowledge about space: Maps of countries present (smaller) cities as points
(without internal structure), while maps of these cities show a lot of structure, and,
in turn, present houses, blocks and (smaller) parks as unstructured. The question
addressed in this paragraph is, how mereotopological structures on different levels
of granularity can be interrelated. The introduction of different levels of granularity
should allow for topological entities which are points on the coarser level, while
exhibiting topological structure on the finer level.

The comparison of different topological structures of one domain can also be
done in the framework of point-set topology.!'® Although there might be immense
differences between different structures of one domain, all structures have the same
notion of point. This holds because what is a point in classical topology is only
dependent on what the domain is. In contrast to this, mereotopology allows for
topological entities which are points on the coarser level and structured regions on
a finer level of granularity.

The mereological structure assumed as basis for defining the topological structure
is domain independent and also independent of levels of granularity. If an entity
has parts, than it has these parts, independently of whether they are of interest on
the level of granularity under consideration or not. Different levels of granularity in
topologically structured domains must therefore be differentiated on the basis of the
topological notions. In the region-based approach to mereotopology proposed here,
one may get different sets of points by introducing different notions of ‘region’. (In
what follows, the subscripts . and ; are used to refer to the topological structures
imposed by R. and R;.)

There are different ways in which systems of regions can be interrelated. The
interrelation between different topological levels in one system of granularity should

the same as that between b and ¢ and d. That this is not the case should be clear from the explicit
definition.

13A topological structure is called ‘coarser’ than another, if every set which is open wrt. the
former is open wrt. the latter structure.
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obey axiom [AT], which forces the topological universe of the different levels of
granularity to be invariant, and axiom [A8], which motivates the terms ‘finer’ and
‘coarser’ level of granularity.

Axioms:

[AT]  The topological universe is the same on all levels of granularity. (Ur, = Ur,,
oy [Rs(y)] = oy [Re(y)])

[A8]  Any region at the coarser level is a region at the finer level.

(Va [Re(x) D Ry(x)])
As a consequence of these axioms, the following theorems are provable.

Theorem 41: Any topological entity on the finer level is a topological entity on the
coarser level and vice versa. (Va [T7(x) = T.(x)])

Theorem 42: It x is the topological complement of y on one level, then x is the
topological complement of y on the other level of granularity.

(Vo,yle =y ™ =a=y""])
Theorem 43: If x and y are internally connected on the coarser level, then they are
internally connected on the finer level. (Va,y [z %,y D @ %5 y])

Theorem 44: If x is a point on the finer level, then x is part of a point at the coarser

level. (Vo [PT¢(x) D Jy[PT.(y) Az <yl])

The topological granularity system allows for many different kinds of structures.
It is, e.g., not provable, that boundaries on the finer level are less (or ‘thinner’) than
those on the coarser level. It is also possible that an open region on the coarser level
is not open on the finer level. Thus, the relation between topological structures as
defined by [A7] and [A8] differs from the relation ‘finer—coarser’ as standardly defined
on the basis of classical topology. The relation corresponding to the classical one is
gained by the addition of one of the following statements, which are equivalent to
each other in the given context, as an axiom.

° Every open region on the coarser level is open on the finer level.
(Va [op.(x) D op(z)])

° Every closed entity on the coarser level is closed on the finer level.
(Ve el (x) > cly(x)])

° If y is the interior of x at the coarser level, then y is part of the interior of
x at the finer level. (Va,y,z[y =% A z=2a° Dy < z])

° If y is adherent to x at the finer level, then y is adherent to x at the coarser
level. (Va,y[y <z D y<.x])

° If y is the closure of x at the finer level, then y is part of the closure of x at

the coarser level. (Va,y,z[y =2 Az =2% Dy <z])
° If y is the boundary of x at the finer level, then y is part of the boundary
of z at the coarser level. (Va,y,z[y = 2% Az =2" Dy < 2])

As a consequence, one also gets the validity of the following statements:*

141f the topological structure at the coarser level is grounded on closed entity, these statements
are also equivalent to the preceding ones.
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° If  and y are separated on the coarser level, then x and y are separated on
the finer level. (Va,y[x || y D« ||f y])
° If x 1s self-connected on the finer level, then x is self-connected on the coarser

level. (Va [cons(x) D con.(x)])

The region-based approach to mereotopology thus allows for a more general re-
lation of comparison of topological structures than point-set topology. This relation
can be interpreted in terms of distinguishing between different level of granular-
ity. Since the definition of point proposed here is relative to the mereotopological
structure, points on one level of granularity need not to be points on another one.

7 Region-set approaches to ‘point’

Several approaches to the definition of the notion of ‘point’ assume points to be
sequences or sets of regions or even sets of sets of regions (cf. de Laguna 1922,
Menger 1940, Whitehead 1929, Tarski 1956, Clarke 1985) and thereby introduce an
additional level into the ontological structure. We will call such definitions, which
are motivated by the idea that points are more abstract than regions, ‘region-set’
definitions. In contrast to this, the definition of ‘point’ given in section 4 leads
to points being as concrete as regions are. This allows assumptions such as cities
or other concrete objects to be points. A translation of Menger’s (1940, pp. 91)
definition to the nomenclature of region-based topology is presented here as an
example of region-set approaches to point definitions.

Definitions:

[D37]  Region x is completely contained in region y iff the closure of x is an inner
part of y. (¢ <y =ar R(x) A R(y) A 2° <; y)

[D38]  Region « is disjoint from region y iff there is no region completely contained
in both of them. (z Ty =ar R(2) A R(y) A~z [z < 2 A 2 <, y])

[D39] A sequence of regions, x1, 3,. .., is strictly decreasing iff 41 is completely
contained in xy for each k. (str-decr((x;)) =ar Vk [2r41 <i 2))

[D40]  An M-point is a strictly decreasing sequence of open regions, xy,xs,...,
such that for any open region y which does not completely contain any of
the x, and any open region z completely contained in y, z is disjoint from
almost all z. (M-PT((x;)) =ar str-decr((x;)) A Vk[op(ar)] A Yy, z[op(y) A
=3k [xr < y] A op(2) Az <y D Fk 27 k)

[D41]  An M-point, xq, 22, ..., is said to lie in region y iff y contains completely a
z), (and consequently almost all xy).

(M—[N((J}Z),y) =4r M—PT((J}Z)) A R(y) A dk [l’k < y])

[D42]  The M-points 1, x3,... and y1,¥s,... are called equal iff each x; contains
a y; (and consequently almost all y;) completely and each y; contains a xy
(and consequently almost all x;) completely.

((zi) =pm (yi) Zar M-PT((wi)) A M-PT((y:)) A Vi [3),k[y; <o A g <
yill)

As Menger explicitly states, the main motivation for giving this definition is to
build up an analogy between topology and arithmetic. This definition parallels a
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well known way of defining real numbers as sequences of rational intervals. But
the parallelism is only superficial. In addition to the acceptance of set-theory, the
ontological basis of defining reals in arithmetic is the existence of rationals. As a
consequence, there is a canonical embedding of the rationals in the set of reals. But
in the case M-points there seem to be no correlates for the rationals, and no idea of
how such correlates might look.

One problem facing Menger’s approach is that of identity of M-points. Menger
defines identity of M-points differently from identity of sequences ([D42]). In addi-
tion, if there are two different M-points, then there are two discrete open regions
such that exactly one of the points lies in either. This means that M-points are
separated according to the conditions of Ty-spaces (see definition [D32]). Therefore
definition [D40] restricts the range of structures which can be studied.

It seems to be more fruitful to distinguish between, on the one hand, points and
other topological entities and, on the other hand, sequences of topological entities
and their properties with respect to convergence. The definition proposed in section
4 allows for a rejection of the existence of points without denying the existence of
M-points. The distinction between these two levels corresponds to the distinction
between rational and real numbers.

In general, region-set approaches avoid the use of set theory for the discussion
of regions, but introduce set theory for the definition of ‘point’. The basic character
of points—they do not exhibit any structure—is not reflected by these definitions.
And finally, consequences of claims such as ‘there are (no) points with such and such
property’ are in combination with this kind of definition not easy to understand.!®

8 Conclusion

The region-based approach to mereotopology is one of the approaches interrelat-
ing topological and mereological notions in theories about regions, boundaries and
connection. As we have seen, it allows for a treatment of points as entities of the
same ontological level as regions. Thus, this approach gives rise to a pure topologi-
cal notion of ‘concrete points’ without requiring regions or boundaries to consist of
points (only). The definition does not restrict the range of possibilities concerning
the separation properties of points, since it allows for the existence of non-separated
points. Like other mereotopological approaches, this calculus can be enriched by a
definition of ‘abstract points’, which might be sets or sequences of regions, such that
the interrelation of concrete and abstract points can be studied.

Assuming points and boundaries to be parts of regions permits the formalization
of structural interrelations between different perspectives on a domain as discussed
here with respect to the possibility of different levels of granularity or refinement. As
we saw, the mereotopological approach presented generalizes the standard approach
in two respects. On the one hand, an object can be a point on the coarser level
while being a structured region on the finer level, which is excluded in the standard

15Tn Eschenbach (in preparation) the approach of Clarke (1985) is discussed. The main problem
of this approach (reduction of topology to Classical Mereology) can be claimed to result from the
difficulty of understanding such assumptions.
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approach by assuming points to be on another ontological level than open sets etc.
On the other hand, defining the relation of coarser and finer on the basis of the
new primitive ‘region’ yields a more general relation than is defined in the standard
approach on the basis of the primitive ‘open set’.

As this discussion has shown, mereotopology is not a mere terminological variant
of classical topology but may contribute to the foundations of the theory of space,
time and other domains of interest in cognitive science which exhibit mereological
and topological structures.
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