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Logical Calculus?

e Formal language
@ Axioms

@ Inference rules
Examples:

@ Hilbert system, natural deduction
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Sequent Calculus
Logical Calculus
Sequent Calculus

Logical Calculus?

e Formal language
@ Axioms

@ Inference rules
Examples:

@ Hilbert system, natural deduction
@ (resolution, tableau method)
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(XV(YAZ))
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Objects aren't formulas, but sequents of formulas.
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Sequent Calculus

Objects aren't formulas, but sequents of formulas.
Sequent:
Fi,....,FaFGy,..., Gy
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Example: F&xv(Yaz)—(XVvY)r(XV2)

XEX XEX
XEXVY XEXVvZ
XEF((XVY)AN(XVZ))
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Sequent Calculus

Example: F&xv(Yaz)—(XVvY)r(XV2)

YFY ZFZ
XEX XEX YNZEY YNZFZ
XEXVY XFEXVvZ YNZEXVY YNZEXVZ
XEF((XVY)AN(XVZ)) YNZE((XVY)N(XVZ))

XV(YNZ)F(XVY)AN(XVZ))
FXV(YANZ)— (XVY)AN(XVZ))
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LK - logical rules (1)

Conjunction

NFEA NGEA
NEFAGEA NMEFAGEA
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LK - logical rules (1)

Conjunction

NFEA NGEA
NEFAGEA NMEFAGEA

Fr-F,A T'FG,A
LT EFAG AN

Disjunction
MFEA T,GRA
rr'FvGekAA
M= F,A =G, A
r-FvaG,A r-FvaG,A
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LK - logical rules (2)

Negation
rEF.A LFEA

-FFA TF-FA
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LK - logical rules (2)

Negation
rEF.A LFEA

M-FFA M=-F,A
Implication
NFEA T'HG A
rr"FrF—-GEFALA
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Sequent Calculus

LK - logical rules (2)

Negation
rEF.A LFEA

M-FFA M=-F,A
Implication
NFEA T'HG A
rr"FrF—-GEFALA

MFEG.A
[-F—G,A
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Sequent Calculus

LK - structural rules(1)

Exchange

NLFGOFA A F,G,0
G F,OFA '=A G, F,0©

Séren Glimm Linear Logics



Sequent Calculus
Logical Calculus

Sequent Calculus

LK - structural rules(1)

Exchange
F,G,OFA r-AF,G,©
G, F,OFA N'-AG,F,©
Cut ) )
r=AD D,I'+A

I R VANAN
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LK - structural rules(2)

Weakening
r=A r=A

FTFA TFAF
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Sequent Calculus
Logical Calculus
Sequent Calculus

LK - structural rules(2)

Weakening
r=A r=A

F.TEA r=A,F
Contraction
F.F.-TEA r-AF, F
F.THA r=A,F
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D “| have a dollar.”
M “I have a Mars.”
S “| have a Snickers.”

“For one dollar | can get a Mars.”
“For one dollar | can get a Snickers.”
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Linear Logic - “a resource conscious logic”

Resources
D “| have a dollar.”
M “I have a Mars.”
S “| have a Snickers.”

D — M? “For one dollar | can get a Mars.”
D — S?7  "For one dollar | can get a Snickers.”

Wrong, because D — M,D — SED — MAS.
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Linear Logic - “a resource conscious logic”

conjunctions

“This paradox arises out of the confusion in classical (and
intuitionistic) logic between two kinds of conjunction” 1]
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Linear Logic - “a resource conscious logic”

conjunctions

“This paradox arises out of the confusion in classical (and
intuitionistic) logic between two kinds of conjunction” 1]

Multiplicative: A® B ("l have both")
Additive: A&B (“l have a choice")
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Linear Logic - “a resource conscious logic”

Connectives

Multiplicative: A® B ("I have both™)
Additive: A&B ("l have a choice” )
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Linear Logic - “a resource conscious logic”

Connectives

Multiplicative: A® B ("I have both™)
Additive: A&B ("l have a choice” )

Multiplicative: A®B ("“if not A, then B")
Additive: A@® B (“someone else’s choice™)

Séren Glimm Linear Logics



Linear Logic - “a resource conscious logic”

Connectives I

Implication

A —o B ("B can be derived using A exactly once")
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Linear Logic - “a resource conscious logic”

Connectives I

Implication

A —o B ("B can be derived using A exactly once")

Negation
AJ_
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Linear Logic - “a resource conscious logic”

Exponentials
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Linear Logic - “a resource conscious logic”

Exponentials

7A
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Linear Logic - “a resource conscious logic”

Example
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Linear Logic - “a resource conscious logic”

Example

Menu: 5%
Hamburger

Coke
All-you-can-eat fries

Onion Soup or Salad

Pie or Ice Cream
(depending on availability)
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Example

Menu: 5%

Hamburger

Coke DeDeD®D®D
All-you-can-eat fries

Onion Soup or Salad

Pie or Ice Cream —
(depending on availability)
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Linear Logic - “a resource conscious logic”

Example

Menu: 5%

Hamburger
Coke DeDeD®D®D

All-you-can-eat fries

Onion Soup or Salad

Pie or Ice Cream —
(depending on availability)

HRCRIF(0&S)R(P®!)
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Appendix

For Further Reading |

[ P. Lincoln
Linear Logic
ACM SIGACT News, Volume 23, Issue 2: 29-37, 1992
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