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iAbstract
This rep o rt studies the dynamical p rop erties of Hop�eld-Ga rdner neural net w o rks, with the object

of phase-space ga rdening.

It intro duces the new concept of local stability lea rning rules that sp ecify the stabilit y of each

pattern at each neuron individually .

Simulations of the net w o rks sho w that these lea rning rules allo w to adjust the size and shap e the

basins of attraction of the sto red patterns as desired.Zusammenfassung
Dieser Bericht untersucht die M• oglichk eiten, die dynamischen Eigenschaften von neuronalen Netz-

w erk en des Hop�eld-Ga rdner T yps gezielt zu mo di�zieren | das sogenannte 'Phase-Space Ga r-

dening'. Dazu wird das neue Konzept von local stability Lernregeln vo rgestellt. Idee dieser

Lernregeln ist es, f• ur jedes Neuron und zu lernende Muster die Stabilit• at einzeln vo rzugeb en.

Umfangreiche Simulationen zeigen, da� durch die V erw endung dieser Lernregeln tats• achlich die

Gr• o�e und Gestalt der Einzugsb ereiche der Muster in w eiten Grenzen frei eingestellt w erden

k• onnen.
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11 Introduction
Hop�eld-Ga rdner neural net w o rks a re b oth simple and very p o w erful mo dels of asso ciative memo ry .

Because of their analogy to Ising-spin systems, many p rop erties of the net w o rks can b e studied

using the metho ds of statistical physics. Probably most imp o rtant is the replica calculation of

the maximum sto rage capacit y b y [Ga rdner 87 ]. Ho w ever, the dynamics of the net w o rks is very

complex and still out of reach of the theo retical metho ds.

This rep o rt fo cuses on a study of the basins of attraction in Hop�eld-Ga rdner net w o rks. While

p revious studies used net w o rks nea r saturation, where all patterns have basins of attraction of

app ro ximately the same size, the object of this rep o rt a re techniques to adjust size and shap e

of the basins of attraction fo r each pattern|techniq ue s also called phase space gardening fo r

obvious reasons.

T o this end, a new class of local stability learning rules is p resented. These lea rning rules allo w

to set the desired stabilit y of a pattern at each neuron. Extensive simulations of the resulting

net w o rks sho w that the lo cal stabilit y lea rning rules allo w to set the size and shap e of the basins

of attraction of the memo ry patterns.

Main contributions of this rep o rt a re as follo ws:

� Section 2 intro duces the concept of local stability learning rules . Tw o lo cal stabilit y lea rning

rules a re p resented in detail:

A lo cal stabilit y lea rning rule fo r the integer couplings net w o rk (spherical mo del) is derived

as a generalization of the Minover algo rithm. This algo rithm allo ws to reach the optimal

stabilities fo r given patterns.

Also, a new lea rning algo rithm fo r the bina ry couplings net w o rk is p resented. The algo-

rithm combines a greedy optimization (energy-minimization) strategy with the Minover

cost-function and can b e adapted fo r lo cal stabilit y lea rning. It reaches a sto rage capacit y

of � � 0 :4 in the bina ry couplings net w o rk.

� The simulation strategy used in this rep o rt, based up on [F o rrest 88], is explained in section 3.

A new three pa rameter scaling la w fo r the mf ( m
0

) mean �nal overlap as a function of initial

overlap data is p resented. It p rovides very accurate �ts to the mf ( m
0

) data and allo ws to

derive the size of the basin of attraction mc fo r a given pattern.

� In section 4 the lo cal stabilit y lea rning rules a re used to set the size of the basins of attraction.

Simulations of b oth the integer and the bina ry couplings net w o rks sho w that the size of the

basin of attraction of a pattern co rrelates with the pattern stabilit y . In the same net w o rk,



2 1. INTRODUCTION
some patterns ma y have very la rge basins of attraction, while other patterns have small

basins of attraction.

� An attempt to control the shap e of the basins of attraction is p resented in section 5.

A left/right (LR) anisotrop y in the stabilit y distributions is used during lea rning. The

simulations sho w that this simple strategy su�ces to install a LR anisotrop y in the basins

of attraction.

Put together, the results from section 4 and section 5 p rove that the lo cal stabilit y lea rning rules

allo w to set b oth the size and the shap e of the basins of attraction|they allo w full phase space

ga rdening. T o the b est of our kno wledge, this rep o rt is the most complete study of the dynamics

of Hop�eld-Ga rdner net w o rks so fa r and it is the �rst w o rk to study in detail the dep enden ce of

the basins of attraction on pattern stabilities.

This intro duction p resents the basic de�nitions and terminology used in the later sections. First,

section 1.1 describ es the o riginal Hop�eld memo ry neural net w o rk with Hebb lea rning rule and

explains autoasso ciative sto rage. Then the Ga rdner calculation of the maximum sto rage capacit y

is p resented. Third, the p roblems encountered in the theo retical understandin g of the dynamics

of the net w o rks a re sk etched in section 1.3.

Finally , section 1.4 summa rizes the scop e of this w o rk, namely the analysis of lo cal stabilit y

lea rning rules and their use to adjust the size and shap e of the basins of attraction of the sto red

memo ry patterns.

1.1 The Hop�eld-Ga rdner neural net w o rk mo del

Since the 1982 seminal pap er [Hop�eld 82], spin-glass neural net w o rks have attracted considerable

attention. The net w o rks sho w collective computational p rop erties which mak e them a pa radigm

fo r fault-tolerant massive-pa rallel computation.

A Hop�eld net w o rk consists of a highly interconneted system of N Ising spins (called neurons)Si = � 1 with couplings Jij from neuron j to neuron i.

The basic idea is to sto re P = � � N bina ry patterns ��i = � 1 , � = 1 : : :P , i = 1 : : :N as the

�xed p oints of the dynamics of the net w o rk.

T o compute the state Si at time step t + 1 b oth a pa rallel dynamicsSi ( t + 1) = sgn

�

jj Jij jj

� 1

Xj 6= i JijSj ( t)

�

= sgn

� hi ( t)

� ; (1)

o r serial dynamics (one spin up date after another) can b e used. A pattern is sto red as the �xed

p oint of this dynamics if ��i = sgn( jj Jij jj

� 1

P j 6= i Jij��j ) . The patterns a re then memo rized b y

the net w o rk in a content-address able (auto-asso ciative) w a y: sta rting from an initial state which
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pa rtially resembles one of the patterns, the system will rapidly evolve into the nea rest attracto r|

the pattern.

Hop�eld p rop osed to set the synaptic couplings acco rding to the Hebb lea rning rule [Hop�eld 82 ],Jij =

1N P
X�=1

��i ��j : (2)

With the Hebb-rule, the lo cal �eld hi� at neuron Si fo r pattern ��i b ecomeshi� =

1N Xj 6= i P
X� =1

��i ��j ��j =

1N �

( N � 1) ��i +

Xj 6= i X� 6= � ��i ��j ��j � : (3)

The �rst term stabilizes the pattern, b ecause ��i = sgn ( ��i ) . F o r unco rrelated patterns (that is,

P j ��i ��j = 0 ), the sum

P j 6= i P � 6= � ��i ��j ��j consists of P � N unco rrelated terms � 1 =N , with

mean 0 and va riance

p P=N . Therefo re, the patterns will b e �xed p oints of the dynamics as long

as � = P=N < 1 .

F rom simulations Hop�eld found that the patterns a re �xed p oints and attracto rs of the dynamics

as long as � < 0 :15 .

Many asp ects of the Hop�eld net w o rks a re quite w ell understo o d b y no w. F o r example,

[Amit et. al. 85] and [Amit et. al. 87 ] w ere able to calculate the mean-�eld theo ry of the Hop�eld

mo del fo r b oth �nite and in�nite numb er of patterns in the replica-app ro ximation.

1.2 Sto rage capacit y and stabilitie s

Sho rtly after the publication of the Hop�eld mo del, the sea rch fo r lea rning rules with b etter

sto rage capacit y �c than the Hebb rule sta rted. Given P patterns ��i , is there a choice of the Jij
so that the patterns a re sto red?

In 1987, [Ga rdner 87 ] succeeded to calculate the optimal sto rage capacit y of attracto r net w o rks,

applying the replica metho d to the space of interactions Jij . T o ensure �nite basins of attractions

a round the patterns, a p ositive 'stabilit y' � is intro duced and the synaptic couplings Jij a re chosen

to ful�l the constraints �i� = hi� � ��i � � > 0 : (4)

Obviously , all patterns a re sto red co rrectly , if (the symb ol �( x) denotes the Heavyside function)

Y�;i �( hi� � ��i � � ) = 1 : (5)
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Ga rdner w as able to calculate the volume of the subspace of all couplings Jij that ful�l the ab ove

condition as a function of the stabilit y �. With the spherical no rm jj Jij jj =

P j J 2ij = N , one hasVT =

R

Q i6= j dJij Q �;i �( hi� � ��i � � ) � (

P j J 2ij � N )

R

Q i6= j dJij Q i � (

P j J 2ij � N )

: (6)

If this subspace VT shrinks to a single p oint, the net w o rk has reached its optimal sto rage capaci-

t y . The very complicated calculation gives (in the replica-symmetric app ro ximation) the sto rage

capacit y � as a function the of minimum stabilit y � as�c ( �) =

�

1

p

2 � Z

1

� � dt e� t2 =2

( t + �)

2

�

� 1 ; (7)

so that �c (0) = 2 [Ga rdner 87]. This function is sk etched in �gure 1.

 -1.00   0.00   1.00   2.00   3.00   4.00 

  0.00

  0.40

  0.80

  1.20

  1.60

  2.00

k

a

Figure 1: Sto rage capacit y �( �) as a function of minimum stabilit y in the spherical mo del

A simila r calculation is also p ossible if the couplings a re restricted to bina ry values o r integer

values with a �nite range [Ga rdner & Derrida 88], [Gutfreund & Stein 90 ]. The e�ects of replica

b reaking, ho w ever, a re very la rge. The current b est estimation fo r the optimal sto rage capacit y

of the bina ry couplings mo del is �c;B = 0 :83 , in excellent agreement with the zero-entrop y

calculation and simulations [Krauth & Opp er 89 ], [Krauth & M � eza rd 89 ].

1.3 Basins of attraction analysis

Despite several e�o rts, no simple analytical mo del exists fo r the description of the dy-

namical p rop erties of the Hop�eld-Ga rdner net w o rks [Krauth et. al. 88 ], [Kepler & Abb ott 88 ],

[Opp er et. al. 89 ], [Na rdulli & P asqua riello 90]. Some of the di�culties encountered a re obvious:
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� The Hamiltonian (the matrix of couplings Jij ) is kno wn explicitly only fo r the simple case

of the Hop�eld mo del, but not fo r the b etter net w o rks with iterative lea rning.

� Even in the Hop�eld mo del, the calculation of the �rst-time overlap m
1

of the net w o rk state

with a pattern after one step of the dynamics is extremely complicated [Bruce et. al. 87 ].

The calculation of m
2

, m
3

, etc. is (almost) hop eless.

� Several dynamical rules a re plausible and have to b e studied. F o r example, simulations sho w

that a dynamical rule with memo ry-terms [Kanter & Somp olinsky 87 ] ma y lead to b etter

recall than the simple pa rallel o r serial dynamics.

� The energy landscap e of the net w o rks is very complicated. Spurious attracto rs, e. g. resulting

from a mixture of patterns, w ere �rst observed in the Hop�eld mo del and ma y completely

dominate the dynamics. F o r example, ab ove � = 0 :051 the spurious states a re the global

energy minima in the Hop�eld mo del.

As sho wn in the p revious section, the analytical mo dels allo w to calculate whether the patterns�� a re sto red as �xp oints in the net w o rks. The main objective of an analysis of the dynamics of

the net w o rks is a mo del fo r the basins of attraction of the patterns. That is, what input patterns

will b e recalled b y the net w o rk under its dynamics?

Sta rting from a test pattern � 0

with initial overlap m
0

( � 0 ; �� ) = 1 =N P i � 0i��i with a memo ry

pattern �� , �rst the pattern is loaded into the net w o rk, so that Si (0) = � 0i . Then the dynamics

of the net w o rk is iterated, to give Si (1) = sgn( hi (0)) , then Si (2) = sgn( hi (1)) , : : : After some

steps of the dynamics, the net w o rk ma y reach a �xed p oint, Si ( tf ) = Si ( tf � 1) . The test pattern

is recalled co rrectly , if Si ( tf ) = ��i . Ho w ever, the net w o rk ma y recall another memo ry pattern,Si ( tf ) = ��i , o r evolve into a spurious attracto r o r cycle.

The basin of attraction of memo ry pattern �� is the set of all input patterns � 0

which ful�l

f � 0

j S (0) = � 0

) S ( tf ) = �� g . F o r example, if all test patterns with initial overlap m
0

> mc
with a given pattern �� a re recalled co rrectly b y the net w o rk, but test patterns with overlapm

0

< mc a re not recalled, then mc is the size of the basin of attraction of pattern �� .

A simple estimation is p ossible, if the patterns a re sto red with stabilit y �, so that ��i hi� > �. The

net w o rk will then recognize all test patterns that di�er in less than O ( �N � 1 =2

) p ositions from

pattern �� in one time step. Ho w ever, simulations sho w that the basins of attraction a round the

memo ry patterns a re much la rger, of o rder O (1) .

A t ypical example of a (very small) memo ry pattern and three input patterns with di�erent

overlap with this memo ry pattern is sho wn in �gure 2. The pattern � (�gure 2a) consists of 144

bit p ositions, with (almost) equal p robabilit y of � 1 (white) and +1 (black). The patterns sho wn

in �gure 2b, 2c, and 2d rep resent patterns � 0

with overlap m
0

= 0 :9 , 0 :8 and 0 :5 .

The size of the basins of attraction in Hop�eld-Ga rdner net w o rks ma y b e much la rger thanm
0

= 0 :5 . A net w o rk could therefo re easily recognize even the third test pattern.
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m0 = 1.0 m0 = 0.9 m0 = 0.8 m0 = 0.5

a) b) c) d)

Figure 2: Example memo ry pattern and three test patterns

Only in sp ecial cases it has b een p ossible to derive analytical mo dels fo r the dynamics of the

net w o rks, e. g. in spa rse connected Hop�eld net w o rks with less than O (ln N ) couplings p er

neuron [Derrida et. al. 87]. The calculation is also p ossible in the saturated, spa rse connected

Ga rdner net w o rk, where the basins of attraction a re found to b e optimal b elo w � � 0 :41 |all test

patterns with macroscopic overlap m
0

> 1 =p N a re recalled co rrectly [Ga rdner 89a].

A mo del fo r the basins of attraction in fully connected, saturated net w o rks w as p resented in

[Kepler & Abb ott 88]. F rom computer simulations they concluded that most patterns a re p er-

fectly recalled, if the overlap m
1

b et w een net w o rk state and memo ry pattern �� after one step of

the dynamics is la rger than the initial overlap m
0

of the test pattern ��;r . With an elab o rate repli-

ca calculation [Kepler & Abb ott 88 ] w ere able to calculate m
1

( m
0

) and could p redict the basins

of attraction. Ho w ever, the mo del is only app ro ximate and valid only fo r saturated net w o rks with� � �c ( �) .

Therefo re, so fa r most studies of the dynamics of the net w o rks used computer simulations

[F o rrest 88 ], [Hendrich 91 ], [Koscielny-Bunde 92 ]. The simulation strategy used in this rep o rt

is p resented in section 3.

1.4 Scop e of this w o rk

Phase-space ga rdening|the capabilit y to control the size and shap e of the basins of attraction

a round the sto red patterns|is very desirable fo r actual applications of la rge Hop�eld net w o rks as

asso ciative memo ries. This w ould also mak e Hop�eld net w o rks a much b etter mo del fo r asso ciative

recall in the human b rain, where obviously some patterns a re recalled much b etter than others.

As a means to phase-space ga rdening (PSG) this rep o rt intro duces and studies the concept oflocal stability lea rning rules, b oth in the spherical mo del (unrestricted integer couplings) and the

bina ry couplings mo del. Extensive simulations of the resulting net w o rks study the size and shap e

of the basins of attraction a round the sto red patterns.

The results sho w that the size of the basins of attraction of a pattern �� can b e accurately

controlled b y the value of the minimum stabilit y of this pattern|in a wide range from tiny to
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very la rge basins of attraction. The shap e of the basins of attraction, ho w ever, can b e adjusted

to a much lesser extent.1.4.1 Local stability learning rules
The o riginal Hop�eld mo del with Hebb lea rning gives the same stabilities (a Gaussian distribution)

fo r all patterns. On the other hand, iterative lea rning rules allo w to select the minimum stabilities

fo r a given pattern. Since the �rst simulations of iterative lea rned net w o rks it has b een conjectured

that la rger stabilities imply la rger basins of attraction [F o rrest 88 ].

Ho w ever, most p revious simulations of iterative lea rned net w o rks used saturated net w o rks with

a global stabilit y � = �
max

( �) only , and did therefo re not study the e�ect of di�erent pattern

stabilities at given sto rage densit y �.

This rep o rt intro duces the concept of local stability lea rning rules, where the desired minimum

stabilit y is not a global constant, but rather chosen individually fo r each pattern and neuron.

That is, instead of one global stabilit y , hi���i > �, the lo cal stabilit y lea rning rules use P � N lo cal

stabilities �

�i with hi���i > �

�i .

This generalization is p ossible fo r b oth the iterative lea rning rules used in the spherical mo del

net w o rks and the energy-minimization lea rning rules p rop osed fo r the bina ry-couplings net w o rk.

In fact, the generalization of the iterative Minover [Krauth & M � eza rd 87 ] lea rning rule and it's

sp eed-optimized va riant [Abb ott & Kepler 89a] a re straightfo rw a rd.

Several initial distributions of the stabilities and the resulting distributions after lea rning a re studied

in this pap er.1.4.2 Size of the basins of attraction
The �rst set of exp eriments with the lo cal stabilit y lea rning rules is p resented in section 4. The

basins of attraction a re studied b oth in the spherical and the bina ry-couplings mo del fo r t w o

t ypical choices fo r the distribution of stabilities.

T o test whether la rger stabilities actually give la rger basins of attraction, a piece b y piece constant

interval function is chosen fo r the distribution of stabilities �( �) . That is, the patterns a re divided

into groups and each group of patterns is assigned a stabilit y � i b efo re lea rning. The simulations

sho w that the size of the basins of attraction co rrelates w ell with the stabilities fo r all sto rage

densities. In fact, it is p ossible to install very la rge basins of attraction fo r some of the patterns

even at relatively high sto rage ratio, at exp ense of the size of the basins of attraction of most

other patterns.

The second set of simulations p resents net w o rks with a linea r distribution of stabilities, that is,

the stabilit y of pattern �� is given b y � � = �=P � �

max

. The simulation data sho w that it is

p ossible to set the size of the basin of attraction individually fo r each pattern.
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x1 x2

x3 x4

x1 x2

x4

x1

x2x3x3

a) b) c)

a) All basins of attraction a re spherical and of same size (Hop�eld, saturated Ga rdner mo del) b)

Basins of attraction of di�erent size c) Anisotropic basins of attraction (full phase-space ga rdening)

Figure 3: Phase-space view of the basins of attraction1.4.3 Shape of the basins of attraction: Phase Space Gardening
The simulations p resented in section 5 try to install anisotropic basins of attraction a round the

patterns.

A simple mo del is intro duced to generate a left/right (LR) asymmetry in the distribution of

stabilities of the patterns. A pattern with a high stabilit y � h at the left half of neurons i =

1 : : :N=2 but lo w stabilit y � l at the right half of neurons i = N=2 + 1 : : :N should b e recalled

b etter from test patterns with noise at the left half of neurons.

The simulations sho w that it is p ossible to shap e the basins of attraction using this technique.

Ho w ever, b ecause small stabilites imply small basins of attraction, the left/right asymmetry is not

la rge fo r either patterns with very small o r very la rge basins of attraction.

Some of the implications of the phase-space ga rdening will b e p resented in the summa ry .
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This section p resents an overview of lea rning rules fo r the Hop�eld-Ga rdner net w o rks, based up on

the Hebb rule as used in the o riginal Hop�eld mo del. The p rop erties of some iterative lea rning

rules, namely the Minover rule which allo ws to attain the optimal sto rage capacit y of the Ga rdner

mo del, a re summa rized in section 2.1. The distributions of stabilities resulting from Hebb and

Minover lea rning a re p resented in section 2.2.

Section 2.3 intro duces the new concept of local stability learning rules, the main contribution of

this rep o rt. A lo cal stabilit y lea rning rule fo r the spherical mo del is p resented as a generalization

of the Minover rule. Finally , a lo cal stabilit y lea rning rule fo r the bina ry couplings net w o rk based

on the energy-minimization rule is given in section 2.4.

2.1 Iterative lea rning rules

Sho rtly after the p resentation of the o riginal Hop�eld mo del with Hebb lea rning, several groups

p rop osed iterative lea rning rules to imp rove the sto rage capacit y and the recall p rop erties of the

net w o rks. All of these lea rning rules a re based up on the iteration of Hebb lea rning steps, until no

further imp rovements a re p ossible [Diederich & Opp er 87 ].

F o r the purp ose of this rep o rt, the Minover algo rithm [Krauth & M � eza rd 87] is of sp ecial interest.

Given a net w o rk with N neurons and a set of P patterns �� the Minover lea rning rule iteratively

mo di�es the couplings Jij to give the solution with optimal minimum stabilit y �. The idea of the

algo rithm is an iteration of Hebb lea rning steps. T o set the new value of synapse Jij , the patterns

a re so rted b y their stabilities, and the pattern �� with the lo w est stabilit y so fa r is used fo r the

Hebb lea rning,Jij ! Jij + N � 1

� �( �i� � �) � ��i ��j : (8)

This is iterated fo r all neurons and couplings, until all stabilities �i� > �. A pseudo co de description

of the Minover algo rithm, already mo di�ed fo r lo cal stabilit y lea rning, is given in �gure 4. The

o riginal Minover algo rithm uses the global stabilit y � instead of the lo cal stabilities �

�i .

T o imp rove the convergence, [Abb ott & Kepler 89a ] [Abb ott 90] p rop osed to scale the individual

Hebb steps with the no rm jj Jij jj of the coupling matrix. The optimal lea rning sp eed (minimum

numb er of iterations) is reached fo rJij ! Jij + N � 1

� �( �i� � �) � 2( � + � � �i� ) jj Jij jj � ��i ��j : (9)
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2.2 The distribution of stabilites

One criterion fo r the classi�cation of attracto r neural net w o rks is the distribution of stabilities �(�)

after lea rning, where �(�) d� is the no rmalized fraction of stabilities �

�i in the interval [� ; � + d�]

[Abb ott & Kepler 89b].

In the Hop�eld mo del a simple analysis of the lo cal �elds (see equation 3) gives�H (�) =

1

p

2 � exp

�

�

1

2

�

� �

1

p � �

2

� : (10)

That is, a Gaussian distribution centered a round 1 =p � and va riance 1 . Because the Gaussian

distribution is not zero fo r � < 0 , the patterns a re not sto red p erfectly in the Hop�eld mo del.

In saturated Ga rdner net w o rks with pa rameters �, �c ( �) the distribution of stabilities can b e

calculated as w ell. One has�(�) =

1

p

2 � exp( � �

2 =2)�(� � �c ) +

1

2

�

1 + erf ( �c=p

2)

� � (� � �c ) ; (11)

that is a � p eak at � = �c and an exp onential tail ab ove � � �c .

2.3 Lo cal stabilit y lea rning rules

The lea rning rules as p resented ab ove try to install the same stabilities fo r all patterns, to give

saturated net w o rks. Simulations sho w that this results in net w o rks where all patterns have simila r

and isotropic basins of attraction [F o rrest 88].

Under the assumption that the size of the basin of attraction of a pattern co rrelates with the

pattern stabilit y , it is obvious ho w to mo dify the ab ove iterative lea rning rules.

� If the basin of attraction of pattern �� should b e isotropic but of given size, the pattern is

lea rned until its stabilities �i� a re all ab ove a p reset value � � , indep enden t of neuron indexi. The value of � � will, ho w ever, dep end on the sto rage ratio � and the stabilities chosen

fo r the other patterns.

F o r example, to enla rge the basin of attraction of pattern � 1

in an otherwise saturated

net w o rk ( N , P ), the value �

2

� �c ( P=N ) � � is chosen fo r patterns � 2

to �P , but a la rger

value �

1

> �c ( P=N ) is chosen fo r pattern � 1

.

Tw o sets of exp eriments with this t yp e of lea rning rule a re p resented in section 4.

� If full phase-space ga rdening is desired, all individual stabilities �i� of pattern �� a re p reset

during lea rning.

If the pattern �� should b e recalled with la rge basin of attraction at some group of neuronsSi
1

;:::;i
n

, the resp ective desired stabilities �i
1

;� : : : �i
n

;� a re set to la rge values.

Simulations with this t yp e of lea rning rule a re p resented in section 5.
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The generalization of the o riginal Minover algo rithm into a lo cal stabilit y lea rning algo rithm is

straigtfo rw a rd|the global pa rameter � is split into individual values of �

�i fo r all patterns and

neurons. A pseudo co de description of the algo rithm is given in �gure 4.

Minover PSG lea rning( net w o rk N , patterns �� , desired stabilities �

�i ):

initialize the couplings Jij to random o r Hebb values

fo r all neurons Si do (pa rallel)

rep eat

calculate all pattern stabilities �i�
select the pattern �� with lo w est stabilit y �i�Jij ! Jij + N � 1

� �(�

�i � �i� ) � ��i ��j
until (all �i� > �

�i )

end fo r

calculate new no rm jj Jij jj

return Jij
Figure 4: Minover PSG lea rning algo rithm

2.4 Lo cal stabilit y lea rning in the bina ry couplings net w o rk

The Hop�eld-Ga rdner net w o rk with clipp ed bina ry couplings Jij = � 1 is of sp ecial theo retical

and p ractical interest. First, the bina ry couplings net w o rk has �nite info rmation content in the

limit N ! 1 . It sto res 0 :83 � N 2

bits using a coupling matrix of N 2

bits|whereas the standa rd

integer-coupled net w o rks have vanishing relative info rmation content (less than 2 � N 2

bits sto red

in a coupling matrix of N 2

� ln N bits). Second, the use of only bina ry couplings mak e this mo del

esp ecially attractive fo r electronic o r optical implementation.

Unfo rtunately , lea rning is much ha rder in the bina ry couplings net w o rk. No lea rning rules (except

exhaustive sea rch) a re kno wn that allo w to reach the critical sto rage ratio �B = 0 :83 .

The simple clipp ed Hebb rule, Jij = sgn (

P � ��i ��j ) gives a critical sto rage ratio b elo w � � 0 :1 ,

with la rge numb er of bit-erro rs in the patterns and small basins of attraction. Obviously , algo rithms

based on iteration of Hebb steps a re not p ossible in the bina ry couplings net w o rk.

Ho w ever, the lea rning can b e fo rmulated as an optimization p roblem and standa rd optimization

algo rithms ma y b e used. F o r example, [Ko ehler et. al. 89 ] de�ned a cost-function asE =

X i;� ( �i� � �)

2

(12)
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and used a simple gradient descent metho d to minimize this cost-function b y 
ipping the Jij . A

pseudo co de description of the algo rithm is sho wn in �gure 5. It gives a critical sto rage ratio of�b;K � 0 :4 .

A va riant of this algo rithm simila r to the Minover scheme w as used b y [Hendrich 92] in a simulation

of fault-tolerance in the bina ry-couplings net w o rk. The idea is to use the cost-functionE =

X i;� �( � � �i� ) (13)

in combination with the gradient-descent. This algo rithm, to o, gives �b;H � 0 :4 but is easier to

compute and b etter suited fo r actual ha rdw a re implementations.

Examples of the distribution of stabilities after lea rning with this algo rithm a re sho wn in �gure 7.

Both of the energy-minimization algo rithms can b e adapted fo r phase-space ga rdening. The idea,

again, is to select the individual stabilities a pattern �� should have at neuron Si after lea rning.

The mo di�cations to the algo rithms a re straightfo rw a rd, see �gure 6 fo r a pseudo co de description.
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Energy minimization lea rning( net w o rk N , patterns �� , stabilit y � ):

initialize the couplings Jij to random values

fo r all neurons Si do (pa rallel)

calculate initial energy , E =

P j;� ( �i� � �)

2

rep eat

select a random index k
calculate E

+

= E ( J 0ik = Jik ) and E
�

= E ( J 0ik = � Jik )

if ( E
�

< E
+

) then set Jik = � Jik
until (no further imp rovement in E )

end fo r

Figure 5: Energy minimization lea rning algo rithm [Ko ehler et. al. 89 ]

Energy minimization PSG lea rning(

net w o rk N , patterns �� , desired stabilities �

�i ):

initialize the couplings Jij to random values

fo r all neurons Si do (pa rallel)

calculate initial energy , E =

P j;� �(�

�i � �i� )

rep eat

select a random index k
calculate E

+

= E ( J 0ik = Jik ) and E
�

= E ( J 0ik = � Jik )

if ( E
�

< E
+

) then set Jik = � Jik
until (no further imp rovement in E )

end fo r

Figure 6: Energy minimization PSG lea rning algo rithm [Hendrich 93 ]
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F our examples of the distribution of stabilities �(�) in the bina ry couplings net w o rk after energy-

minimization lea rning ( N = 512). The diagrams sho w the fraction of pattern stabilities �(�)�� in the

interval [�; �+��].

Figure 7: Distribution of stabilities �( �) in the bina ry couplings net w o rk.
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The results p resented in this pap er w ere obtained using the simulation strategy �rst intro duced

b y [F o rrest 88]. This section describ es the simulation metho d in mo re detail.

First, the basic idea of the simulations is sk etched in section 3.1. Then the t ypical simulation data,

namely the mean �nal overlap mf and the fraction of p erfectly recalled patterns fp , is p resented.

In section 3.3 a new scaling la w fo r the mf ( m
0

) data is p rop osed that allo ws to determine the

size of the basins of attraction. Finally , the algo rithms fo r test pattern generation and pa rallel

dynamics a re discussed in section 3.4 and section 3.5.

3.1 Basic simulation algo rithm

As discussed ab ove, the analytical description of the complex dynamics of Hop�eld-Ga rdner net-

w o rks is still out of reach. Therefo re, a study of the dynamics of the net w o rks has to recur to

computer simulation.

The basic simulation metho d used in this pap er follo ws the ideas intro duced in [F o rrest 88 ]. Given

the net w o rk size N and sto rage densit y �, the net w o rk is initialized, a set of random patterns��i = � 1 , i = 1 : : :N and � = 1 : : :P ( P = � � N ) is generated and the desired lea rning rule

(Hebb, iterative, Minover, energy minimization, etc.) is applied.

T o study the basins of attraction a round a given pattern �� , random test patterns ��;r with

initial overlap m
0

= 1 =N P j ��j ��;rj with pattern �� a re generated and iterated to stabilit y under

the net w o rk dynamics. Then, the interesting statistical data is reco rded, including the �rst step

overlap m
1

after one step of the dynamics, the �nal overlap mf at the �xp oint, the fraction fp
of p erfectly recalled test patterns, etc.

A pseude-co de notation of the basic simulation algo rithm is sho wn in �gure 8.

In p revious simulations of saturated net w o rks, no phase-space ga rdening w as intended. Therefo re,

all patterns �� had the same stabilities and the simulations could average over all patterns �� . T o

study the e�ects of phase-space ga rdening, ho w ever, the simulations must reco rd data fo r each

pattern and a re therefo re computationally very exp ensive.

3.2 T ypical simulation data mf(m0

)
As an example of the t ypical data reco rded in the simulations, �gure 9 sho ws the mean �nal

overlap mf of the test pattern ��;ri with a pattern ��i as a function of the initial overlap m
0

fo r

net w o rks of di�erent size.

It is obvious that the transition b et w een bad (almost none) and go o d (almost p erfect) recognition

of patterns b ecomes sha rp er in la rger net w o rks, indicating a phase transition b et w een no and

p erfect recognition in the limit N ! 1 .
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Basins of attraction simulation( net w o rk N ):

select global pa rameters and lea rning rule ( N , P = � � N )

fo r i = 1 to #simulations

create net w o rk and set of random patterns

apply lea rning rule

fo r � = 1 to P
select pattern ��i
fo r initial overlap m

0

= m
0 ;1

to m
0 ;K

fo r j = 1 to #test-patterns

generate test-pattern

iterate to stabilit y

reco rd statistical data (e.g. mf )

end fo r

end fo r

calculate pattern data (e.g. mf ( m
0

) )

end fo r

calculate net w o rk data (e.g. mc ( �) )

end fo r

average over net w o rks

Figure 8: Basic simulation algo rithm

3.3 Estimation of the basins of attraction

Given the simulation data fo r the �nal overlap mf ( m
0

) as a function of initial overlap at discrete

values of m
0

only , there remains the p roblem to get an accurate estimation fo r the size of the

basins of attraction. In the follo wing the 'critical initial overlap' mc is used fo r the size of the

basin of attraction. In an in�nite sized net w o rk, all patterns ��;ri with overlap m
0

> mc a re

recalled p erfertly as �� and test patterns with overlap m
0

< mc a re not recalled. Ho w ever, in

t ypical simulations small net w o rks a re used and �nite size e�ects have to b e studied.

In [F o rrest 88 ] a simple analytical mo del w as p rop osed fo r the fraction fp of p erfectly recalled

patterns as a function of m
0

, critical initial overlap mc and net w o rk size N . The function used

w as fp ( m
0

) =(1 � fp ( m
0

)) = a
1

exp( N a
2

( m
0

� mc )) (14)

which p rovided a very accurate �t to the observed simulation data. Examples fo r the fp ( m
0

)

simulation data a re sho wn in �gure 14 and �gure 15 fo r several memo ry patterns in the bina ry

couplings mo del.
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N = 2048N = 128

T ypical data fo r the mean �nal overlapmf as a function of initial test pattern

overlap m0 . The diagrams sho ws bina ry

couplings net w o rks with � = 0:20, N =128 and N = 2048.

Each data p oint (cross) is averaged over

1000 random test patterns with overlapm0 with a randomly selected pattern �� .

The lines sho w the linea r interp olation b e-

t w een the data p oints.

Note that the transition b et w een p erfect

( mf � 1) and no recognition b ecomes

very sha rp in la rger net w o rks.

Figure 9: Mean �nal overlap mf vs. initial overlap m
0

, �nite-size scaling

In this rep o rt, a simila r scaling hyp othesis is p resented fo r the function mf ( m
0

) , namely ,mf ( m
0

) =

a
1

m
0

+ exp( N a
2

( m
0

� mc ))

1 + exp( N a
2

( m
0

� mc ))

: (15)

T ypical �ts to the simulation data mf ( m
0

) fo r di�erent patterns with la rge and tiny basins of

attraction a re sho wn in �gure 10 fo r a bina ry-couplings net w o rk with � = 0 :15 and N = 512 .

F rom this �t it is p ossible to get an accurate estimation fo r mc fo r a given pattern.

Because the computational e�o rt fo r the non-linea r �t (equation 15) is very high, some of the

results p resented in sections 4 and 5 use a much simpler linea r interp olation to the values mf ( m
0

) .

The value of mc is tak en from mf ( mc ) = 0 :95 .

3.4 Random pattern generation

The basic algo rithm fo r random test pattern generation is simple. Given a pattern �� and desired

initial overlap m
0

, N random numb ers in the range [ � 1 ; 1] a re generated. If random numb er i is

less than m
0

, then ��;ri = ��i , else ��;ri = � ��i .

Note from �gure 9 that the transition b et w een almost p erfect and no recall as a function of

initial pattern overlap m
0

t ypically is very sha rp. This means that it is necessa ry to generate test

patterns with exactly overlap m
0

|otherwise the transition in the mf ( m
0

) data w ould 'smea r

out'.

Therefo re, the simple algo rithm sk etched ab ove cannot b e used fo r the small net w o rks in the

simulations, b ecause it leads to �nite-size 
uctuations of the o rder 1 =p N . F o r example, with
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Examples fo r the �t of the mo del (equation 15) with mf data from the simulations. The diagrams sho wmf (m0) data (crosses) and the �t (lines) fo r six di�erent patterns with high (top left) to lo w (b ottom

right) minimim stabilit y . The simulations a re fo r a bina ry couplings net w o rk with � = 0:15, N = 512 and

a linea r distribution of stabilities, see section 4.2.

Figure 10: Example fo r the �t of the mo del (equation 15) with mf ( m
0

) data
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uctuations of o rder 1 =p N co rresp ond to an erro r of ab out � m
0

� 0 :03 which is

clea rly to o la rge.

The solution is to use a b etter algo rithm that gives exactly the desired overlap. In the simulations

rep o rted here a t w o step app roach w as implemented. First, the simple algo rithm is run to get an

initial test pattern � 0

. Then the actual overlap b et w een � 0

and �� is calculated and compa red with

the desired overlap m
0

. If the overlap is to o high (lo w), additional random selected bit p ositions

a re 
ipp ed (
ipp ed back), until the overlap is co rrect. The pseudo co de is sho wn in �gure 3.4.

Random test pattern generation( pattern �� , overlap m
0

):

fo r i = 1 to N do

if ( random( � 1 ; 1) < m
0

) then � 0i = ��i
else � 0i = � ��i

end fo r

calculate overlap m0

b et w een � 0

and ��
if ( m0

= m
0

) return � 0

while( m0 > m
0

) do

�nd index i with � 0i = ��i

ip � 0i , up date m0

end while

while( m0 < m
0

) do

�nd index i with � 0i = � ��i

ip � 0i , up date m0

end while

return � 0

Figure 11: Random test pattern generation

3.5 P a rallel dynamics

T o imp rove the simulation sp eed, a slight optimization of the pa rallel dynamics is used. An a rra yhi is used to sto re the lo cal �elds of the neurons. If a new test pattern � is loaded into the

net w o rk, the lo cal �elds of all neurons a re calculated and sto red in this a rra y . F o r the next steps

of the dynamics, this a rra y is up dated only whenever a neuron 
ips its state, see �gure 12.

When the test pattern has a la rge overlap with an attracto r state, only a few neurons F << N
will 
ip and the algo rithm uses O ( F � N ) op erations instead of O ( N 2

) fo r the trivial calculation

of the pa rallel dynamics.
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F ast pa rallel dynamics( net w o rk N , initial pattern � )

fo r i = 1 to N calculate the lo cal �eld hi ( � )t = 0

rep eat t = t + 1

fo r i = 1 to N do Si ( t + 1) = sgn( hi ( t))

fo r i = 1 to N do

if ( Si ( t + 1) 6= Si ( t) ) then

fo r k = 1 to N do hk ( t + 1) = hk ( t) + 2 JkiSi ( t + 1)

end if

end fo r

until ( S ( t + 1) = S ( t) o r t > t
max

)

Figure 12: F ast pa rallel dynamics
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This section studies the basins of attraction fo r t w o di�erent mo dels in the spherical as w ell as

the bina ry couplings net w o rk.

The �rst mo del uses a piece b y piece constant distribution of stabilities. That is, the patterns

a re divided into groups f �
1

: : : �k g , f �k +1

: : : �l g , f �l+1

: : : �m g , : : : and each group is assigned a

di�erent stabilit y during lea rning. If the pattern stabilities co rrelate with the size of the basins

of attraction, then each group of patterns should have basins of attraction of app ro ximately the

same size|and the la rger the stabilities the la rger the basins of attraction.

The second mo del uses a linea r distribution of stabilites. The desired stabilit y of pattern �� is

�

�
= �

min

+ ( �=P ) � (�

max

� �

min

) . Therefo re, each pattern �� should have a slightly la rger

basin of attraction than pattern ��� 1

.

1 P

k min

maxk

k

k

k

1

2

n

1 P

k

m m

k

Figure 13: Piece b y piece constant and linea r distribution of desired stabilities �( �)

Both example distributions of desired stabilities a re sk etched in �gure 13. The follo wing sections

p resent the simulation results fo r b oth mo dels in detail.

4.1 Piece b y piece constant distribution of stabiliti es

The standa rd lea rning algo rithms give the same global stabilit y to all patterns. P erhaps the most

simple generalization is to divide the patterns into groups f �
1

: : : �k g , f �k +1

: : : �l g , f �l+1

: : : �m g ,

and to use a lea rning rule that gives the same stabilities fo r each pattern of a group but di�erent

stabilities fo r the di�erent groups. With lo cal stabilit y lea rning rules this is p ossible with a piece

b y piece constant function fo r the desired stabilities �

�i .
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T ypical simulation data is sho wn in �gure 14 fo r a bina ry couplings net w o rk with � = 0 :1 andN = 512 . The desired stabilities w ere set to � = 2 :3 and � = 1 :8 fo r the �rst 10% and the

second 10% of the patterns, while a lo w er value of � = 0 :9 w as used fo r the remaining 80% of

the patterns.

The resulting distribution of stabilities after lea rning is sho wn in �gure 14a. It sho ws the three

p eaks exp ected fo r a sup erp osition of the distributions from the three pattern groups. Ho w ever,

the lea rning rule did not reach the desired stabilities. The maxima a re at � � 1 :9 , 1 :4 and 0 :7 .

After lea rning the basins of attraction w ere estimated fo r each pattern group. That is, three

simulations w ere run. First, test patterns w ere generated and iterated to stabilit y fo r the patterns

with desired stabilit y � = 2 :3 , then fo r the second ( � = 1 :8 ), and �nally the third pattern group

( � = 0 :9 ).

The simulation data fo r the mean �nal overlap mf ( m
0

) and the fraction of p erfectly recalled

patterns fp ( m
0

) a re sho wn in �gure 14b and 14c. It is easy to see that the basins of attraction

a re very la rge, a round mc � 0 :2 fo r the patterns with high stabilit y (desired stabilit y � = 2 :3 ),

ab out mc � 0 :35 fo r the patterns with stabilit y � = 1 :8 , and smaller ( mc � 0 :65 ) fo r the

remaining patterns with � = 0 :9 .

A simila r exp eriment with �ve groups of patterns at sto rage densit y � = 0 :15 is sho wn in �gure 15.

The desired stabilities w ere � = 2 :1 , 1 :8 , 1 :6 , 1 :4 and 1 :1 fo r 10% , 10% , 10% , 10% , and 80% of

the patterns. The resulting distribution of stabilities is sho wn in �gure 15a, with the mean �nal

overlap mf and the fraction of p erfectly recalled patterns fp in �gure 15b and 15c. As in the

p revious exp eriment, the mf and fp data w as averaged over all patterns from the co rresp onding

pattern group.

Again, the lea rning rule allo ws to control the size of the basin of attraction. The mf ( m
0

) data

indicate basins of attraction of ab out mc � 0 :2 , 0 :28 , 0 :38 , 0 :4 and 0 :65 fo r the di�erent pattern

groups.

In o rder to further test the lo cal stabilit y lea rning concept, the next simulations do not average

over the patterns from each pattern group with the same desired stabilit y . Instead, several patterns

a re selected at random from the patterns groups and simulated individually . This allo ws to test

whether all patterns with nea rly equal stabilit y have basins of attraction of nea rly equal size.

The natural w a y to displa y these data is the mc ( �) plot sho wn in �gure 16. F o r each selected

pattern, the size mc of its basin of attraction is determined from the mf ( m
0

) data and plotted

versus its minimum o r mean stabilit y . If the basins of attraction a re equal fo r all patterns with

equal stabilit y , then the plot should only sho w clusters of ( mc; �) p oints fo r the di�erent stabilit y

groups.

This is sho wn in �gure 16 fo r a net w o rk with � = 0 :15 and desired pattern stabilities � = 2 :6 ,

2 :2 , 1 :8 , 1 :4 , and 0 :8 ( N = 512 ). The co rrelation b et w een the pattern stabilit y and the size of

the basin of attraction is obvious. In the same net w o rk, some patterns have basins of attraction

as la rge as mc = 0 :18 (co rresp onding to a mean stabilit y of �
mean

= 2 :1 ), while most patterns

have mc = 0 :85 at �
mean

= 1 :0 .
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The lo cal stabilit y lea rning rules can also b e used fo r phase-space ga rdening in the bina ry couplings

net w o rks at higher sto rage ratio. In �gure 17 t w o examples a re sho wn fo r � = 0 :25 and N = 512 .

The left plot sho ws a net w o rk with desired pattern stabilities � = f 2 :5 , 2 :0 , 1 :5 , 0 :8 g fo r 10% ,

10% , 10% , and 70% of the patterns. The right plot sho ws a net w o rk with desired pattern

stabilities � = f 2 :3 , 1 :8 , 1 :4 , 0 :7 g . In b oth simulations, the basins of attraction a re small fo r the

patterns with lo w est stabilit y ( mc � 0 :97 ), but much la rger (up to mc = 0 :25 ) fo r the patterns

with higher stabilit y .
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Figure 14: Piece b y piece constant �( �) , bina ry couplings net w o rk, � = 0 :10
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Figure 15: Piece b y piece constant �( �) , bina ry couplings net w o rk, � = 0 :15
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Figure 16: mc ( �) in the bina ry couplings net w o rk, � = 0 :15 , piece b y piece constant �( �)
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Figure 17: mc ( �) in the bina ry couplings net w o rk, � = 0 :25 , piece b y piece constant �( �)
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4.2 Linea r distribution of stabiliti es, spherical mo del

This section p resents simulation data fo r the Hop�eld-Ga rdner net w o rk with integer couplings

(spherical mo del) under a linea r distribution of pattern stabilities.

That is, the desired stabilit y fo r pattern �� is set to � � = ( �=P ) � �
max

, and then the mo di�ed

Minover lea rning rule (�gure 4) is applied. If the co rrelation b et w een pattern stabilit y and size of

the basin of attraction is monotone, then each pattern �� should have a la rger basin of attracton

than pattern ��� 1

. Therefo re all patterns have to b e simulated in o rder to determine their basins

of attraction.

A t ypical simulation result at lo w sto rage densit y � = 0 :3 is sho wn in �gure 18. The b ottom

diagram gives the minimum and mean pattern stabilit y �
min

and �
mean

as a function of pattern

index after lea rning. While the mo di�ed Minover algo rithm could not reach the desired minimum

stabilities, � � = 3 :5 � ( �=P ) , it did install a linea r distribution with app ro ximately � � � 3 :5 �

( �=P ) � 0 :8 . Some patterns with lo w index a re not sto red at all.

The upp er diagram p resents the size of the basins of attraction as a function of pattern index.

Only patterns with mc < 1 a re sho wn. F o r patterns that a re recognized at all, one has mc ( �) <mc ( � � 1) , the exp ected b ehaviour.

The compa rison b et w een the upp er and the b ottom diagram sho ws the co rrelation b et w een pattern

minimum stabilit y and size of the basin of attraction. The co rresp onding plot of mc versus �
min

is sho wn in �gure 19b.

The dep endence of mc on �
min

is app ro ximately linea r fo r stabilities �
min

> 0 :8 . F o r minimum

stabilities 0 < �
min

< 0 :8 the function mc ( �
min

) is nonlinea r, but can b e app ro ximated b y a

lo w degree p olynomial (even a quadratic function su�ces). The exact functional dep enden ce is

not kno wn. Unfo rtunately , the compuational e�o rt fo r an accurate estimation of mc ( �
min

; �) is

extremely high and out of the scop e of this study .

In any case, the results sho w that the size of basins of attraction of each pattern co rresp onds to

its stabilit y , which in turn can b e set during lea rning with a lo cal stabilit y lea rning rule.

Simila r results fo r net w o rks with other values of the sto rage densit y a re sho wn in �gure 19a, 19c,

and 19d fo r � = 0 :2 , 0 :5 and 0 :7 resp ectively . Smaller (la rger) values of � w ere not studied in

the simulations, b ecause the basins of attraction in these net w o rks a re very la rge (small) anyw a y .

Note that the dep endence on mc ( �
min

) di�ers fo r all four simulations from �gure 19, though the

overall b ehaviour is simila r.
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The lo w er diagram sho ws the minimum�min , and mean �mean pattern stabilites

after Minover PSG lea rning with a linea r

distribution of desired stabilities, �� =3:5 � �=150 in a net w o rk with N = 512,� = 0:3.

Note that the lea rning rule did not suc-

ceed to install p ositive minimum sta-

bilites fo r all patterns, b ecause the de-

sired maximum stabilit y ( � = 3:5) w as

to o la rge|some patterns a re therefo re

not sto red. Ho w ever, the lea rning rule

did install a linea r distribution of mini-

mum stabilities.

The upp er diagram sho ws the critical ini-

tial overlap mc (the size of the basins of

attraction) fo r each pattern. The pat-

terns with minimum stabilit y less than

(o r nea r) zero a re not recalled.

Figure 18: mc ( �) and �( �) , linea r distribution of stabilites, spherical mo del, � = 0 :3
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Size of the basins of attraction mc as a function of pattern stabilit y �� in the spherical mo del with Minover

PSG lea rning ( N = 512).

The simulations used a linea r distribution of desired stabilities �� = (�=P ) � �max with pa rameters� = 0:20, �max = 4:0 (top left),� = 0:30, �max = 3:5 (top right),� = 0:50, �max = 2:5 (b ottom left),� = 0:70, �max = 1:5 (b ottom right) (Only patterns � > 70 a re sho wn).

Because of their small stabilities, the �rst few patterns a re not recalled.

Figure 19: mc ( �) in the spherical mo del, linea r �( �)
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4.3 Linea r distribution of stabiliti es: bina ry couplings mo del

Unlik e the Minover lea rning algo rithm, the energy-minimization algo rithms fo r the bina ry couplings

net w o rks cannot gua rantee the desired values fo r the minimum stabilities. Rather, the minimum

stabilities va ry greatly after lea rning, and some of the stabilities ma y even b e negative|the

patterns will b e sto red with some bit erro rs. Only the overall distribution of stabilities �i� will

follo w the desired shap e.

This is sho wn in �gure 20, where in the b ottom diagram the minimum, 5% p ercentile, and

mean pattern stabilities a re plotted against the pattern index fo r a bina ry couplings net w o rk with� = 0 :15 , N = 1024 after energy-minimization PSG lea rning. While the mean stabilities sho w

a smo oth b ehaviour, the minimum stabilities va ry greatly (and most a re smaller than zero) and

even the 5% p ercentile stabilities a re somewhat scattered.

As in �gure 18 fo r the spherical mo del, the upp er diagram from �gure 20 plots the size of

the basins of attraction mc versus the pattern index. Interestingly , the plot of mc ( �) is rather

smo oth|indicating a co rrelation of mc with �
mean

rather than �
min

. Again, the patterns with

to o lo w stabilities a re not recalled b y the net w o rk. These patterns, with mc > 1 , a re not sho wn

in the diagram.

As a consequence of the scattering of the values of �
min

and even �
0 :05

, the follo wing plots of

the simulations of the bina ry couplings mo del will sho w mc as a function of �
mean

. In �gure 21

four simulations with � = 0 :10 , 0 :15 , 0 :20 and 0 :25 a re sho wn.
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The lo w er diagram sho ws the minimum,5% p ercentile, and mean pattern sta-

bilites �min (cross), �0:05 (diamond), and�mean (cross) after energy-minimization

PSG lea rning with a linea r distribution of

desired stabilities in the bina ry couplings

net w o rk, �(�)(i) = 3:0 � i=150 in a net-

w o rk with � = 0:15, N = 1024.

Note that the lea rning rule (�gure 6) can-

not gua rantee minimum stabilities la rger

than zero. The distribution �(�) alw a ys

has a little tail of to o small stabilities.

The diagram sho ws that the minimum

stabilit y is less than zero fo r almost all

patterns.

The upp er diagram sho ws the critical ini-

tial overlap mc (the size of the basins of

attraction) fo r each pattern. Several pat-

terns with to o lo w stabilities a re not re-

called at all.

F o r the recalled patterns, ho w ever, the

size of the basins of attraction dep ends

strongly on the value of the pattern stabil-

it y . The values of mc in the same net w o rk

range from very little basins of attractionmc � 1:0 to very la rge ones mc � 0:12.

Figure 20: mc ( �) and �( �) , linea r distribution of stabilites, bina ry couplings mo del, � = 0 :15
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a) b)
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Size of the basins of attraction mc as a function of pattern stabilit y ��;f min;max g

in the bina ry couplings

mo del with energy-minimization PSG lea rning ( N = 512).

All simulations used a linea r distribution of desired stabilities �� = (�=P ) � �max with pa rametersmc(�0:05), � = 0:10, �max = 4:0 (top left),mc(�mean), � = 0:15, �max = 3:0 (top right),mc(�0:05) and mc(�mean), � = 0:20, �max = 2:5 (b ottom left),mc(�mean), � = 0:25, �max = 2:0 (b ottom right).

Because of their small stabilities, the �rst few patterns a re not recalled. As an example, the third simulation

(b ottom left) sho ws b oth the mc(�0:05) and the mc(�mean) data.

Figure 21: mc ( �) in the bina ry couplings net w o rk, linea r �( �)
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As the results of section 4 sho w, lo cal stabilit y lea rning rules allo w to set the size of the basins

of attraction fo r each pattern. There remains the question whether the shap e of the basins of

attraction can b e adjusted as w ell.

T o this end, in section 5.1 the very simple LR mo del is intro duced and the co rresp onding simulation

strategy is p resented in section 5.2. A �rst naive implementation using the energy-minimization

PSG lea rning rule is describ ed in section 5.3. Simulation results which sho w LR anisotrop y in the

basins of attraction a re rep o rted in section 5.4.

5.1 The LR mo del

Unlik e other neural net w o rk mo dels, the neuron and pattern values in a Hop�eld-Ga rdner net w o rk

a re bina ry only . Therefo re a neuron either has the co rrect value (fo r a given pattern) o r not.

There a re no analog middle values. So what is meant with 'shap e' of the basins of attraction?

The goal of the Hop�eld net w o rk is to recognize the trained patterns from noisy input patterns.

T o shap e the basin of attraction of a pattern �� therefo re means to sp ecify in detail what inputs

should b e recalled as the pattern �� . F o r example, one could wish that some test patterns a re

recalled, although they contained much noise in some region (sa y , the �rst half of bits), but less

noise in the remaining bit p ositions.

This section p resents a very simple mo del fo r this kind of anisotrop y , called the LR mo del. The

idea is to assign di�erent stabilites to the left and right halves of each pattern while lea rning with

a lo cal stabilit y lea rning rule. That is, the patterns �� a re divided into t w o groups. The �rst

patterns � = 1 ; : : : ; P=2 a re assigned the desired stabilities �i� = f �L; �R g and the remaining

patterns � = P=2 + 1 ; : : : ; P a re assigned the stabilities �i� = f �R; �L g . These distributions of

stabilities fo r the �rst and second halves of patterns a re sk etched in �gure 22.

With �L > �R this choice of the distribution of stabilities means that the �rst half of patterns

should b e recognized b etter (from less initial overlap) at the left half of bit p ositions (neurons)

and w o rse at the right half of neurons|and vice versa.

5.2 The LR simulation strategy

T o test whether the basins of attraction sho w a left/right aniostrop y after LR lea rning, naturally ,

one has to simulate the net w o rk with anisotropic test patterns.

T o generate these test patterns, the test pattern generation p ro cedure from �gure 3.4 is called

t wice fo r each pattern. First it is applied with desired overlap m
0 ;L to the left half of a memo ry

pattern and then with desired overlap m
0 ;R to the right half. This is illustrated in �gure 23. The

memo ry pattern from �gure 2 and t w o test patterns with desired overlap m
0

= f m
0 ;L; m0 ;Rg =

f 1 :0 ; 0 :5 g and m
0

= f 0 :5 ; 1 :0 g a re sho wn.
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Figure 22: Desired Distribution of stabilities in the LR mo del

T o estimate the basins of attraction of the LR net w o rk, one could simulate the net w o rk with many

di�erent combinations of the values m
0 ;L and m

0 ;R . It w ould then b e p ossible to reconstruct the

t w o-dimensional function of mf ( m
0 ;L; m0 ;R) and from this to estimate the size of the basins of

attraction as a function of b oth m
0 ;L and m

0 ;R . Ho w ever, the computational e�o rt to simulate

each pattern (several hundred test patterns p er pattern p er combination of m
0 ;L and m

0 ;R ) is b y

fa r to o la rge.

The simulations rep o rted here therefo re limit the explo ration of the mf ( m
0 ;L; m0 ;R) surface. Only

t w o simulations a re run p er memo ry pattern. First m
0 ;L is va ried, while m

0 ;R = m
const

is held

constant. Then m
0 ;R is va ried while m

0 ;L = m
const

is constant. The constant value in each case

is chosen so that mf ( m
0

� 1 ; m
const

) � 1 , but mf ( m
0

� 0 ; m
const

) � 0 .

The t w o simulations then allo w to estimate mc;L and mc;R from the mf ( m
0 ;i; mconst

) andmf ( m
const

; m
0 ;i ) values fo r each pattern. This strategy is illustrated in �gure 24.

If the LR lea rning succeeds to install a LR anisotrop y in the basins of attraction, then mc;L
and mc;R will di�er fo r each pattern. One obvious measure of this anisotrop y is the di�erence

� mc = mc;L � mc;R . The value � mc ( �� ) is p ositive fo r a pattern �� , if the pattern is recalled
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N/2

m0 = 1.0 m0,L=1.0   m0,R = 0.5 m0,L=0.5   m0,R = 1.0

left right 

N

N/2+1
1

Figure 23: Example pattern and derived LR test patterns

b etter from test patterns with noisy left half, but recalled w o rse from test patterns with noisy

right half.

The follo wing rep resentation of the simulation data is used in the remainder of this section. The

upp er pa rt of the diagram sho ws the values of mc;L ( �� ) (cross) and mc;R ( �� ) (diamond) fo r

each pattern, as a function of pattern index. The lo w er pa rt of the diagram plots the di�erence

� mc ( �� ) fo r each pattern. An example is sk etched in �gure 25.

Both the absolute size of the basin of attraction of a given pattern, and the relative LR anisotrop y

a re sho wn in these diagrams. If the LR lea rning w o rk ed w ell, all patterns in the left half of the

diagram (pattern indices 1 ; : : : ; N=2 ) will have p ositive values of � mc , while the patterns in the

right half of the diagram should have negative values of � mc .
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5.3 A �rst LR implementation

The results of the �rst run of LR simulations a re sho wn in �gure 26. It is easy to see that the

lea rning strategy has let to an LR asymmetry in the recognition in the patterns. Ho w ever, the

LR asymmetry|from the � mc plots|is much la rger fo r the �rst half of patterns � = 1 ; : : : ; P=2

than fo r the remaining patterns.

a) N = 600, � = 0:15, � = f 0:7; 2:0g b) � = f 0:8; 2:7g
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Figure 26: Basins of attraction mc ( �) in the LR mo del, naive lea rning rule, � = 0 :15

Obviously , the lea rning rule did not w o rk very w ell fo r the patterns with � > P=2 . This counter-

intuitive result is a consequence of a mo di�cation of the energy-minimization PSG lea rning rule

(�gure 6) used fo r the simulations. In this version of the lea rning algo rithm, the index k from

the inner lo op w as simply incremented, rather than chosen randomly . That is, the left half of

synapses ( Jij , j = 0 ; : : : ; N=2 ) w as set �rst at each neuron, and the synapses with higher index

w ould mo re and mo re dep end on the synapses already lea rnt. Due to the simple gradient descent

minimization strategy , the Jij already lea rnt w ere not lik ely to 
ip. Therefo re the LR asymmetry

is la rgest fo r the synapses set �rst.

This lea rning strategy can therefo re b e used, if a la rge LR aniostrop y is desired fo r only some of

the patterns. The synapses where these patterns should b e recognized b est a re then simply lea rnt

�rst.
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5.4 Basins of attraction in the LR mo del

This section p resents simulation results fo r the LR mo del in the bina ry couplings net w o rk. All

simulations used the lea rning algo rithm from �gure 6, with random selection of index k .

First, an example of the distribution �( �) of stabilities after lea rning with this algo rithm and

the pattern stabilit y distributions fo r t w o randomly chosen patterns a re sho wn in �gure 27 fo r

a net w o rk with � = 0 :15 and N = 600 . The co rresp onding basins of attraction a re sho wn in

�gure 28c. The control simulation with �L = �R gives an estimate to the size of the �nite-size

and random 
uctuations (�gure 28a).

The �nite-size scaling of the basins of attraction in the bina ry couplings net w o rk with � = 0 :15

and �L = 0 :9 , �R = 2 :0 is sho wn in �gure 29 fo r net w o rks with N = 300 , N = 600 , andN = 1200 . Simila r results fo r sto rage ratios � = 0 :20 and � = 0 :25 a re sho wn in �gure 30 and

31.

Sto rage ratios � < 0 :10 w ere not studied in the LR mo del, b ecause it is very di�cult to set small

values fo r the stabilities during lea rning. Therefo re the basins of attraction in these net w o rks a re

very la rge fo r all patterns. Simila r, net w o rks with � > 0 :25 w ere not studied, b ecause the lea rning

rules fail to set the required la rge values of the stabilities. Additionally , the basins of attraction

a re tiny anyw a y and there is little ro om fo r a LR anisotrop y .

As the simulations from �gures 28 to 31 sho w, the simple LR strategy allo ws to set anisotropic

basins of attraction in the net w o rks. If no LR asymmetry is used ( �L = �R ), the control simulation

from �gure 28a demonstrates that the basins of attraction a re isotropic fo r all patterns.

Ho w ever, the LR simulations indicate that the shap e can b e controlled to a much lesser extent

than the size of the basins of attraction. Recall from the simulations from section 4 that the size

of the basins of attraction could b e set to values from mc = 1 � � to mc � 0 :2 .

The la rgest � mc reached in the simulations is fo r the net w o rk with � = 0 :20 , �L = 0 :7 and�R = 1 :7 from �gure 30d, where � mc � 0 :7 .

Note, to o, that the la rger the values of � mc , the smaller the lo w er of mc;L and mc;R . The

lea rning rule did install anisotropic basins of attraction, but these a re smaller than the isotropic

basins. Also, the 
uctuations of mc;L and mc;R a re rather la rge fo r the net w o rks studied, see e.g.

�gure 28c. The �nite-size scaling from �gure 29 indicates that the 
uctuations decrease with

increasing net w o rk size.

Naturally , a la rge � mc needs la rge values of �R and small values of �L . While it is p ossible to set

la rge stabilities to only a few patterns (as in section 4), the LR simulations need la rge stabilities

fo r one-half of bit p ositions of all patterns. This limits the value of �R and therefo re the amount

of LR anisotrop y .

A further study of anisotropic basins of attraction might therefo re try to install stabilities with

la rge LR asymmetry fo r only some patterns, with most of the remaining patterns w ell b elo w the

critical pattern stabilit y �c ( �) .
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a) � = f 1:4; 1:4g
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a) N = 300
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a) � = f 1:0; 1:3g b) � = f 0:9; 1:5g
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a) � = f 0:7; 1:1g
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This rep o rt studied the dynamical p rop erties of Hop�eld-Ga rdner attracto r neural net w o rks. Based

up on the simulations from [F o rrest 88 ] it tried to answ er the question whether size and shap e of

the basins of attraction of the memo ry patterns dep end on the pattern stabilities.

It intro duced the concept of 'lo cal stabilit y' lea rning rules as a means of phase-space ga rdening.

Tw o lo cal stabilit y lea rning rules w ere studied in detail: A straightfo rw a rd generalization of the

Minover algo rithm fo r the Ga rdner net w o rk with integer couplings (spherical mo del) and a new

energy-minimization lea rning algo rithm fo r the bina ry couplings net w o rk.

The idea of the lo cal stabilit y lea rning rules is to sp ecify an initial distribution of desired pattern

stabilities during the lea rning phase in o rder to set the basins of attraction. This w as demonstrated

fo r t w o simple mo dels. The �rst mo del used a piece b y piece constant distribution of stabilities.

The simulation results sho w that all patterns with the same value of the stabilities indeed have

basins of attraction of the same size. V ery la rge basins of attraction (co rresp onding to lo w values

of mc � 0 :2 ) and small basins of attraction (with mc � 1 � �) a re p ossible in the same net w o rk.

The second mo del used a linea r distribution of stabilities, �

�
= ( �=P ) �

max

. This results in

a net w o rk, where the basin of attraction of each pattern �� is a little la rger than the basin of

attraction of pattern ��� 1

. The dep enden ce of mc ( �) is linea r fo r stabilities �i� > 0 :8 and

nonlinea r b elo w. Unfo rtunately , it still seems imp ossible to derive an analytical mo del fo r mc ( �) .

In b oth the piece b y piece constant and the linea r mo del, the distribution of stabilities do es dep end

on the pattern index �, but not on the neuron index i. Therefo re, the resulting basins of attraction

a re isotropic.

As a simple w a y to anisotropic basins of attraction, the LR mo del w as p resented in section 5.1.

It splits the distribution of stabilities into a left and right half fo r the �rst and second half of

patterns. The distribution of stabilities then do es dep end on b oth pattern index � and neuron

index i. The simulations sho w that this simple mo del su�ces to install anisotropic basins of

attraction.

F urhter w o rk on lo cal stabilit y lea rning rules ma y concentrate on co rrelated pattern sto rage, where

the simple Hebb lea rning b reaks do wn. Another imp o rtant application not studied in this rep o rt

is the sto rage of temp o ral sequences.

With the concept of lo cal stabilit y lea rning rules, this rep o rt intro duced the means fo r a 'micro-

surgery' of the dynamics of Hop�eld/Ga rdner net w o rks. Both the size and shap e of the basins

of attraction can b e adjusted as desired, within the limits of the critical sto rage capacit y . This

mak es the net w o rks much mo re attractive fo r applications and b etter candidates fo r asso ciative

recall in b rain mo dels.
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