
Concurrency Theory

of Cyclic and Acyclic Pro cesses

Mark-Oliv er Stehr

Univ ersit• at Ham burg

F ac h b ereic h Informatik

Arb eitsb ereic h Theoretisc he Grundlagen der Informatik



5. Septem b er 1996

Mark-Oliv er Stehr

Univ ersit• at Ham burg

F ac h b ereic h Informatik - TGI

V ogt-K• olln-Str. 30

22527 Ham burg

e-mail: stehr@informatik.uni-ham burg.de

2



Abstract

This w ork in v estigates the axiomatic concurrency theory prop osed b y Carl Adam P etri

as a basis of general net theory starting with ph ysically motiv ated axioms. A form ulation

in terms of partially ordered sets is in tensionally not adopted here, in order to deal with

this theory in a more general setting, viewing causalit y and concurrency as pure similarit y

relations. Concurrency structures, whic h are the mo dels of this theory , are in tended to

describ e the sync hronisation structure of p ossibly cyclic pro cesses at an arbitrary lev el of

abstraction.

The ma jor result of this w ork is that under certain conditions w e can asso ciate exactly

t w o nets (of whic h one is the in v erse of the other) with ev ery concurrency structure. An

appropriate elemen tary-net-sp eci�cation based up on one of these nets has a case class that

coincides with the class of statelik e cuts. In other w ords, under appropriate assumptions

supplemen ting P etri's axioms the tok en game is sound and complete to ev olv e the dynamics

of concurrency structures.

Kurzfassung

Diese Arb eit un tersuc h t, die v on Carl Adam P etri v orgesc hlagene, axiomatisc he Concurren-

cy-Theorie als Basis der allgemeinen Netztheorie, ausgehend v on ph ysik alisc h motivierten

Axiomen. Eine F orm ulierung mit Hilfe v on partiellen Ordn ungen wird absic h tlic h v er-

mieden, um die Theorie auf einer allgemeineren Grundlage zu studieren, die Neb enl• au�gk eit

und Kausalit• at als reine

•

Ahnlic hk eitsrelationen au�a�t. Die Concurrency-Strukturen, die

sic h als Mo delle dieser Theorie ergeb en, sollen die Sync hronisationsstruktur v on m• oglic her-

w eise zyklisc hen Prozessen auf einer b eliebigen Abstraktionseb ene b esc hreib en.

Das Hauptresultat dieser Arb eit ist, da� wir un ter b estimm ten Bedingungen genau zw ei

Netze (ein Netz und sein In v erses) mit jeder Concurrency-Struktur assoziieren k• onnen. Ein

geeignetes elemen tares Netzsystem, das auf einem dieser Netze basiert, hat ferner eine F al-

lklasse, die mit der Klasse der zustandsartigen Sc hnitte iden tisc h ist. Mit anderen W orten:

Das • ublic he Mark enspiel ist un ter geeigneten, P etris Axiome erg• anzenden Annahmen, k o-

rrekt und v ollst• andig, um die Dynamik v on Concurrency-Strukturen zu en t wic k eln.
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1 Motiv ation

Is it true that b et w een t w o p oin ts of time (space) there is alw a ys another one? Do es

the p oin t of time (space)

p

2 really exist? The �rst question addresses the adequacy of

mo delling an analogous quan tit y b y the set of rational n um b ers (equipp ed with the con v en-

tional total order) instead of using a scale of in tegers. The fundamen tal di�erence b et w een

in tegers and rationals is that rationals do not con tain an y jumps as they are dense. The

second question go es ev en a step further app ealing to the prop ert y of the totally ordered

set of rational n um b ers to con tain gaps. The usual w a y to �ll these gaps is to c ho ose the

smallest completion whic h are the real n um b ers to describ e analogous quan tities.

F rom the viewp oin t of measuremen ts, whic h can only supply a �nite amoun t of information

in a �nite in terv al of time, it will certainly nev er b e p ossible to �nd an y evidence, whic h

could solv e our problem in fa v our or against the assumption that the in trinsic c haracter of

some ph ysical prop ert y is actually a real n um b er that is not rational. So for our measure-

men t scale it is su�cien t to emplo y the rationals. Real n um b ers, whic h are con v en tionally

used to represen t ph ysical quan tities, are insofar con v enien t as they allo w the use of a ric h

and mathematically w ell-elab orated library of analytic metho ds (namely those for partial

di�eren tial equations) to predict the time ev olution of dynamical systems. On the other

hand only few complex problems can b e solv ed analytically , that is, in suc h a w a y that one

can deriv e the exact solution in a �nite n um b er of steps. So it is common practice to solv e

computational problems b y n umerical appro ximations. Again a calculation yields alw a ys

a �nite amoun t of information. So rationals are certainly su�cien t to represen t the result

with arbitrary accuracy .

But ev en with the rational mo del w e ha v e a parado xical situation when w e try to describ e

smo oth mo v emen ts. Certainly the ph ysical motion of an ob ject on some scale mo delled b y

rationals should skip no elemen t on its path. In tuitiv ely it should visit the elemen ts one

after the other. But, as ev ery rational in terv al consists of an in�nite n um b er of elemen ts,

the mo ving ob ject will nev er lea v e this in terv al, whic h is certainly a con tradiction with our

exp erience. The con v en tional solution is that the p osition of our ob ject m ust b e a function

of a rational time scale. But this only p ostp ones the actual problem to another quan tit y ,

whic h is the time in this case: Is it not true that starting at a �nite in terv al of time ev ery

p oin t is visited at some instan t? Again this implies that an in�nite n um b er p oin ts ha v e to

b e visited one after the other, whic h is in tuitiv ely not reconcilable with the b oundedness

of the in terv al. F rom a di�eren t p oin t of view w e can reform ulate the problem as follo ws:

Giv en a rational it is imp ossible to �nd an immediate successor, suc h that the temp oral

ev olution of a ph ysical system necessarily stops (as it do es not kno w where to go). But

according to our exp erience this do es not happ en.

A radical answ er to this parado x is to reject ev en the rationals as v alid represen tativ es of

analogous quan tities and to go bac k to the in tegers where w e kno w that ev ery in terv al is

actually �nite. This leads immediately to the mathematical theory of discrete dynamical

systems whic h has a coun terpart in computer science, namely , in the theory of cellular

automata. In fact, recen tly there ha v e b een man y (although non-concrete) prop osals to

tak e information (in form of binary decisions) as the most fundamen tal concept from whic h

ev ery other asp ect of ph ysical existence has to b e deriv ed (see Whe eler 1990 ). F ollo wing

this line ph ysical systems could b e simply view ed as information pro cessing systems.
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This preceding solution to the dilemma of analogous quan tities is simply to den y their

existence with the assumption that ev ery ph ysical prop ert y can b e describ ed b y digital

quan tities. But no w w e are faced with the problem that the digital represen tation m ust

b e exact to deriv e sound results, that is, w e ha v e to consider ev ery detail of the problem

domain, what is imp ossible as the discrete nature (if it really exists) of ph ysical quan tities

is a v ery �ne one and exact measuremen ts are imp ossible due to practical and theoretical

restrictions. Moreo v er the solution to represen t ev ery detail exactly b y digital quan tities

and to reform ulate microscopic ph ysical la ws on that lev el that is b eliev ed to b e the atomic

one leads to a mismatc h b et w een theory and application as most of the real-w orld problems

ha v e to b e solv ed on a macrosopic lev el.

An alternativ e approac h to w ards a solution of these problems migh t b e giv en b y concur-

rency theory , whic h w as prop osed b y C.A.P etri (e.g. in Petri 1987 ) as a general theory

to deal with uncertain t y of analogous quan tities, although this w ork concretely refers to

space and time. With the more general in terpretation of concurrency theory as a theory

of measuremen t ( Smith 1989 ) the t w o constituting relations of causalit y and concurrency

can b e view ed as the relations of comparabilit y and indi�erence, resp ectiv ely . F or total

orders (e.g. the standard mo dels for measuremen t scales: in tegers, rationals and reals)

ev ery t w o elemen ts are comparable. The explicit articulation of indi�erence (whic h arises

from the imp ossibilit y to compare t w o analogous quan tities due to theoretical or tec hnical

restrictions) is a ma jor asp ect of concurrency theory . The essen tial idea of the time-space

in terpretation is to iden tify ph ysical la ws that are v alid on ev ery conceiv able lev el of ab-

straction suc h that the incompleteness of the curren t view of a system is accepted as a

natural restriction. The question if the actual nature of analogous quan tities m ust b e de-

scrib ed b y in tegers, rationals or reals is meaningless in this theory , as it allo ws us to adopt

that view that is adequate in the con text of a particular problem. The general requiremen t

to express uncertain t y in tro duces a further dimension in to the theory , that is orthogonal

to the measured quan tit y . Applying this idea to the time-space in terpretation the exis-

tence of space (or concurrency) is a necessary consequence of the temp oral dimension (or

causalit y). On the other hand time is a necessary resource to explore the spatial dimension.

Before w e step deep er in to the matter an o v erview will b e giv en of cellular automata to

determine di�erences and similarities b et w een these t w o approac hes.

2 Cellular Automata and Discrete Ph ysics

A computational approac h to discrete ph ysics is based on Cellular Automata ( F eynman

1982; T o�oli 1988 ) prop osed b y v on Neumann originally to analyze the capabilit y of

self-repro duction within cellular space. In terestingly they also pro vide a v ery natural and

uniform mo del of parallel computing. A cellular automata can b ee seen as an in�nite,

regular net w ork (t ypically an n-dimensional grid) of cells eac h of them b eing an iden tical

�nite automata with the capabilit y to comm unicate with a �nite neigh b orho o d. A lo cal

rule determines the successor state of an automaton giv en the states of all cells in its

neigh b orho o d. A con�guration of a cellular automaton ( the global state) describ es the

individual lo cal state of eac h cell. Cellular automata ev olv e in discrete time steps where a

new con�guration is alw a ys obtained b y applying the lo cal rule to all cells sync hronously .
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Cellular automata seem to b e appropriate for the description of temp orally and spatially

discrete dynamical systems resp ecting the lo calit y principle, as the sp eed of information


o w within the Cellular Automata is limited. The ph ysical state has to b e co ded in to the

lo cal state of eac h cell and global conserv ation of certain quan tities can b e realized b y the

appropriate c hoice of the lo cal rule.

Cellular automata are deterministic and ma y b e irrev ersible since information ab out the

past ma y get lost if t w o con�gurations are mapp ed to the same successor. Microscopic

rev ersibilit y of ph ysics (whic h is also necessary for quan tum mec hanics of closed sys-

tems) can b e mo deled with rev ersible cellular automata whic h are forw ard- and bac kw ard-

deterministic b y de�nition ( T o�oli und Mar golus 1990 ). An imp ortan t result in the �eld

of rev ersible computation is the existence of univ ersal, rev ersible mac hines.

Iden tifying cellular space-time with ph ysical space-time has led to in teresting applications

in the �eld of gas and 
uid dynamics. Nice theoretical results presen ted in T o�oli 1990

(although in a more general setting) are that (statistical) v ariational principles kno wn

from analytical mec hanics can b e deriv ed from v ery w eak assumptions (e.g rev ersibilit y)

and that statistically a microscopic grid is capable to sho w full rotational symmetry on the

macroscopic lev el. F urthermore there are some basic ideas ho w Loren tz-in v ariance could

emerge as a statistical feature.

Asso ciating the global sim ulation time with the lo cal time for actual ev en ts within the

cellular automata ma y b e adequate at lo w v elo cities, but Relativit y Theory requires a

di�eren t time-space-metric for eac h inertial system mo ving in the cellular automata, whic h

is determined b y the Loren tz-transformation.

New approac hes, in particular F redkin's program of Digital Mec hanics (see F r e dkin 1990 ),

try to go a step further. The naiv e corresp ondence b et w een ph ysical space-time and cellular

space-time is giv en up, and time is made explicit b y assigning it to an additional dimension.

This leads to a notion of information-cones within cellular space. These are exactly those

regions relativ e to a particular cell whic h ma y ha v e an in
uence on its successor state.

The explicit represen tation of time within the formalism is also an essen tial feature of

concurrency theory .

Unfortunately , so far there is no comp etitiv e approac h of discrete ph ysics, whic h is indeed

an alternativ e to con v en tional theories. Actually , discrete ph ysics su�ers from sev eral in-

con v eniences arising from lac king mathematical metho ds for the treatmen t of dynamical

systems, as the dynamics is not con tin uous in the sense of analysis. In con trast to the cel-

lular automata approac h concurrency theory leads to a generalized concept of con tin uit y

that allo ws coun table and ev en �nite sets to b e con tin uous. Of course a closed and ap-

plicable mathematical theory (e.g. a coun terpart to analysis) do es not y et exist, although

there are promising connections to the �eld of top ology , whic h is also the mo dern basis of

analysis.

As a motiv ation for the need to in v estigate a di�eren t theory , some hin ts are presen ted jus-

tifying the view that (con v en tional) cellular automata are incapable of the exact sim ulation

of ph ysical systems and are furthermore not adequate, also from an application-orien ted

p oin t of view.

� A �rst p oin t is the global sync hronization of all cells. There is no evidence that

this sync hronization really exists in nature and furthermore it is not ev en necessary
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if the lo cal time di�ers from sim ulation time b y explicit sim ulation of lo cal clo c ks.

Async hronous cellular automata ma y pro vide a solution to this problem.

� Moreo v er, cellular automata are deterministic. Ev en if w e assume ph ysical determin-

ism, this excludes the separate analysis of subsystems or macroscopic views whic h

are not necessarily deterministic due to en vironmen tal in
uence. So either w e can

only describ e closed systems without en vironmen t, or w e ha v e to c ho ose an approac h

using nondeterministic cellular automata.

� Nondeterminism emerges not only from unsolv ed alternativ es but ma y also o ccur due

to concurrency . Concurren t nondeterminism arises from the fact that it is imp ossible

to de�ne an ob jectiv e order of ev en ts, whic h are spatially separated from eac h other,

suc h that the exc hange of signals b et w een them is imp ossible. Ho w is it p ossible to

realize this kind of nondeterminism with cellular automata? And ho w is it p ossible

to separate these t w o asp ects of nondeterminism?

� The vision of an exact sim ulation of all ph ysical phenomena with cellular automata

dep ends on the general assumption that a discrete and exact represen tation of ph ysics

is p ossible and that the actual atomic units of ph ysical quan tities (e.g. the smallest

units of time and space) and corresp onding lo cal rules can b e found.

� Ev en if an appropriate description of microscopic ph ysical la ws could b e found in

terms of a lo cal rule for cellular automata, the applicabilit y is not guaran teed, as

the exact sim ulation, whic h has to b e carried out on the atomic lev el will b e prac-

tically infeasible from the computational p oin t of view. Although a straigh tforw ard

realization of parallel computers on the basis of cellular automata is conceiv able, the

enormous n um b er of elemen ts, whic h are necessary to represen t the states of a small

v olume elemen t of in terest, can certainly not b e realized with curren t tec hnology .

� If an appropriate cellular automata can b e found, this is certainly of in terest for

the theoretical foundation of ph ysics. On the other hand, if this cellular automata

can b e actually realized, the practical v alue of an exact sim ulation is not ob vious.

Firstly the initial conditions are mostly not kno wn exactly , and secondly exact results

co v ering all microscopic details are often not necessary for practical applications.

Unfortunately the lo cal rules are only v alid on the atomic lev el and a naiv e reduction

of the resolution of the cellular automata (b y reducing the n um b er of cells and states

p er cell) leads to incorrect results. Altogether w e recognize the general necessit y for

a means bridging the gap b et w een di�eren t lev els of abstraction whic h has not y et

b een dev elop ed for cellular automata.

� A ma jor problem of cellular automata, whic h is deeply connected to the previous

argumen t, is the inheren t discon tin uit y in the theory . There w as no attempt to �nd

a solution to the apparen t con tradiction b et w een discreteness and con tin uit y . Con-

cretely , the con�guration b et w een t w o time-steps is not de�ned, there are jumps

b et w een con�gurations due to jumps on the total order of in tegers, whic h has b een

c hosen as a mo del of time. Of course this is also true for all other quan tities repre-

sen ted within the cellular-space. A t least on higher lev els of abstraction this w a y of

dealing with analogous quan tities is inadequate to describ e smo oth c hanges that are

part of our ev eryda y exp erience.
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� Again seen from the application p oin t of view the regular grid-structure of cellular

automata is often inappropriate for the problem domain. The structure of the prob-

lem has to b e co ded arti�cially in to the states and the lo cal rule. In other w ords,

to apply cellular automata the non-uniform structure of a practical problem has to

b e mapp ed to the uniform formalism of cellular automata. As a consequence, the

lac king 
exibilit y of cellular automata migh t lead to unnecessarily complex repre-

sen tations of an originally simple problem. Certainly this p oin t is link ed with the

previous ones, as it is the righ t abstraction whic h is a primary ingredien t to solv e

practical problems.

Comparing cellular automata and Net Theory these t w o approac hes are in a certain sense

articulations of t w o di�eren t extremes: The cellular automata formalism is based on struc-

tural uniformit y and puts the whole complexit y in to its lo cal rule. In the formalism of nets

the lo cal rule (whic h is the tok en game) is quite simple and the structure of a net is used to

represen t the complexit y of the problem. As this w ork only deals with concurrency theory ,

it will not b e p ossible to pro vide a solution to all of the problems men tioned ab o v e. The

preceding list should b e tak en as a motiv ation for the alternativ e approac h of Net The-

ory whic h includes concurrency theory as an essen tial comp onen t. W e will mainly address

the p oin ts concerned with causalit y and concurrency . In particular, concurrency theory

do es not assume an apriori global sync hronization. W e will not deal with those problems

connected with the notion of state space, as they cannot b e captured b y the notion of

concurrency and ha v e to b e examined in a more general theory . Concerning con tin uit y it

is b eliev ed that a solution of this issue can b e pro vided b y concurrency theory (as it w as

indicated in Petri und Smith 1987 ), although a detailed analysis of this topic is b ey ond

the scop e of this w ork. Finally w e come to the question ho w to c hange b et w een di�eren t

lev els of abstraction of the same system. Once w e ha v e established a connection b et w een

concurrency theory and the formalism of nets (and this will b e done in this w ork), top olog-

ical metho ds (that can b e found in F ern� andez 1975 ) can b e applied to describ e con tin uous

mappings b et w een di�eren t views.

3 Basic Concepts

General Net Theory is an attempt to com bine the di�eren t sp ecial applications and for-

malisms concerning nets in to a uniform framew ork ( Petri 1980b ). It can b e imagined as a

hierarc h y con taining a theory of concurrency and p ossibilit y on the lo w est lev el follo w ed b y

a theory of nets, elemen tary net systems and information 
o w. Higher lev el net formalisms

and sp ecializations constitute the upp er lev els of General Net Theory .

On a tutorial at Milano in April 1989 C.A.P etri presen ted a \Com bined Axiomatics for

Concurrency , Causalit y and P ossibilit y" as a basis for General Net Theory . He also pre-

sen ted these ideas in lectures at the Univ ersit y of Ham burg ( Petri 1988a , Petri 1988c and

Petri 1989 ). The ma jor aim w as to giv e a justi�cation for Net Theory based on a com bina-

torial form ulation of ph ysical la ws. Unfortunately w ork on this axiomatic system has not

b een �nished y et, but nev ertheless there are some in teresting parts whic h ha v e already

b een published ( Petri 1980a; Petri 1982; Petri 1987 ). Concurrency theory can b e con-

ceiv ed as a pro jection (or sp ecialization) of the com bined axiomatics including causalit y
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and concurrency but excluding p ossibilit y . T o exclude p ossibilit y means that alternativ es

do not o ccur. So w e migh t imagine the structures of concurrency theory as describing

exactly one p ossibilit y of the system's ev olution. In addition to approac hes using partial

orders to describ e the causalit y structure of pro cesses (thoroughly dev elop ed in Best und

F ern� andez 1988 ), concurrency theory (as presen ted in Petri 1980a and Petri 1987 ) allo ws

spatially and temp orally cyclic structures suc h that in�nite, rep etitiv e pro cesses can b e

describ ed b y �nite means. In the follo wing a surv ey will b e giv en of the pragmatic ideas

and fundamen tal ph ysical concepts relev an t in General Net Theory .

3.1 Pragmatic Ideas

In order to get a rough impression ho w General Net Theory tries to capture apparen tly

incompatible phenomena of v ery di�eren t disciplines some general ideas will b e men tioned

that migh t pla y a role in the dev elopmen t of a complete theory of systems. According to

Petri 1988b the carrier of the theory should b e a (p ossibly in�nite) set X of pragmatic units

equipp ed with four symmetric and irre
exiv e binary relations: Causalit y ( l i ), Concurrency

( co ) and Alternativ e ( al ), T ogetherness ( to ).

F or a giv en system the elemen ts of X are articulations of desired or observ ed b eha vior.

They are called pragmatic units, as they are those elemen ts, whic h ha v e to b e considered

in a certain pragmatic con text. This means that it dep ends on the problem domain and

the desired results ho w detailed the concrete problem is represen ted. In other w ords, the

degree of accuracy is determined b y the application and not b y the theory .

The causalit y relation ( l i ) holds b et w een those elemen ts that are causally dep enden t of

eac h other. This means one elemen t has a de�nite e�ect up on the other one. The direction

of the e�ect is not essen tial here. Tw o elemen ts are concurren t ( co ), if b oth of them o ccur

but without in
uencing eac h other. Notice that concurrency do es not necessarily imply

sim ultaneit y . Tw o elemen ts are alternativ e ( al ), if they are m utually exclusiv e, that is

the o ccurrence of one of them excludes the o ccurrence of the other one. The relation

of togetherness ( to ) in tro duces sub jectiv e (that is observ er-dep enden t) asp ects in to the

theory . Di�eren t observ ers migh t use a di�eren t w ords to denote elemen ts of X , whic h are

ob jectiv ely indistinguishable . Elemen ts related b y to are coinciden t, that is, they o ccur

at the same place and time and in the same state. As to is an equiv alence relation, it is

p ossible to consider the ob jectiv e quotien t structure ( X=to; l i=to; c o=to; al=to ) pro ceeding

without to . This is the reason wh y w e are not concerned with to in this w ork.

Apart from the requiremen t that l i , co and al are symmetric and irre
exiv e, a ma jor

assumption (the completeness axiom) is that b et w een ev ery pair of di�eren t elemen ts

w e can establish l i , co or al . This means w e can express the relation b et w een ev ery t w o

elemen ts within the theory . A further elemen tary requiremen t is that l i and co as w ell as

l i and al are m utually exclusiv e. In tuitiv ely , it is clear that causalit y and concurrency are

not reconcilable and, of course, t w o elemen ts whic h are m utually exclusiv e ( al ) cannot b e

causally dep enden t of eac h other. F urther axioms concerning al are necessary , but as it

w as men tioned ab o v e only that part of the theory dealing with l i and co is w ork ed out

y et. Nev ertheless the relation al will not b e ignored in the follo wing sections in order to

giv e an idea in to whic h direction concurrency theory migh t ha v e to dev elop.

Certainly w e cannot den y the relev ance of these relations on the lo w lev el of microscopic
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ph ysics (e.g b et w een particles) as w ell as on the high lev el of planning and organization (e.g.

b et w een p ersons, groups). An essen tial p oin t concerning the axioms of the desired theory

is their v alidit y on ev ery conceiv able lev el of abstraction. This is a strong requiremen t, as

not ev ery ph ysical la w can b e expressed in a form, whic h remains in v arian t, if the curren t

view of the system is c hanged.

Once a theory is form ulated in terms of causalit y , concurrency and alternativ e, an adequate

formalism is required to deal with practical problems. It migh t turn out that the formalism

of nets and elemen tary net systems is appropriate, as it allo ws us to describ e causalit y ,

concurrency and alternativ es in a natural manner. The ma jor aim of this w ork is to

sho w the adequacy of elemen tary net systems for a theory restricted to causalit y and

concurrency .

3.2 Causalit y and Time

F rom Relativit y Theory w e kno w that time is not absolute b et w een mo ving inertial sys-

tems. Observ ers in di�eren t inertial systems record ev en ts with resp ect to their o wn sub-

jectiv e time-space-metrics. But if w e apply the fact of limited signal propagation v elo cit y

consequen tly , w e �nd that w e ha v e ev en less kno wledge ab out the time at di�eren t places

within one inertial system: Consider one inertial system with t w o clo c ks at di�eren t places

A and B. Both clo c ks are at rest. No w w e w ould lik e to kno w if time within the inertial

system is the same at A and B. Clearly w e cannot decide this with arbitrary accuracy ,

since all signals whic h ma y b e exc hanged b et w een A and B are limited b y the sp eed of

ligh t. What is t ypically done is to p ostulate that time is the same at A and B (this can

nev er b e refuted). That time is absolute within one inertial system leads to the con v enien t

Loren tz-transformation, whic h is applied b et w een inertial systems. In Net Theory it is not

ev en p ostulated that time is ob jectiv e within one inertial system. As a theory based on

ob jectiv e concepts is prefered, one can argue that time is inadequate as a basic notion and

a theory form ulated in terms of pure causalit y is justi�ed.

So the notion of time in General Net Theory is not an elemen tary one. According to P etri,

time is nothing more than the state of clo c ks. So time has to b e mo deled explicitly b y clo c ks

within the system, whic h are sync hronized with eac h other. In this sense time is treated as

ev ery other analogous quan tit y that could b e measured. As w e ha v e seen, clo c ks whic h are

spatially separated ma y sho w di�eren t times, ev en if they are sync hronized. The formal

metho d to deal with this in Net Theory is based on the concept of sync hronic distance

determining the degree of sync hronization b et w een these clo c ks (whic h migh t dep end on

the spatial distance b et w een them). F or observ ers within the system it is imp ossible to

�nd an exp erimen t that could b e carried out to detect the di�erence in time at di�eren t

lo cations, as ev ery exc hange of signals forces the t w o clo c ks to resync hronize.

If time or temp oral prop erties are men tioned in the subsequen t sections, this only refers

to the ob jectiv e asp ect of causalit y but not to sub jectiv e dela ys b et w een ev en ts.

A ma jor result of this w ork is that under certain conditions exactly t w o c hoices for the

arro w of time are p ossible of whic h one is the in v erse of the other. In tuitiv ely these t w o

directions corresp ond to the temp oral ev olution of a ph ysical system in opp osite directions

of time.
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3.3 States and Lo calit y

The global state of a system is a maximal set of elemen ts that migh t co exist concurren tly .

Ph ysically , the global state consists of all lo cal states on a spacelik e surface in time-space.

The fact that the global state is distributed in space mak es it imp ossible for observ ers

within the system, whic h are themselv es restricted b y ph ysical la ws (in particular they

cannot exc hange signals faster than ligh t), to exploit the global state completely on one

space-lik e surface.

According to the principle of lo calit y , the temp oral ev olution of the global state is go v erned

b y a lo cal rule. As there is no apriori metric de�ned on the structure of pragmatic units, it

is a ma jor di�cult y to de�ne an appropriate notion of lo calit y . Of course, this is one of the

p oin ts, whic h will b e addressed in this w ork. As the rule is a lo cal one, a global state, that

is extended in space, is dev elop ed indep enden tly at di�eren t lo cations suc h that not all

ev en ts (the application of the lo cal rule migh t b e seen as an ev en t) can b e totally ordered

(these ev en ts are also concurren t pragmatic units). So with the presence of concurrency a

total order of ev en ts is the sub jectiv e impression of a particular observ er.

With the presence of alternativ es ( al ), w e w ould ha v e to deal with an additional problem,

namely , the structure of a branc hed time scale. The temp oral ev olution migh t at a certain

instan t of time decide to driv e the system in to one of sev eral p ossible directions whic h are

m utually exclusiv e.

3.4 Determini sm and Rev ersibilit y

The usual notion of nondeterminism has to b e separated in to t w o di�eren t asp ects: Non-

determinism of concurrency and nondeterminism of alternativ es.

Nondeterminism of concurrency o ccurs, if t w o spatially separated ev en ts whic h are causally

indep enden t of eac h other ma y o ccur in undetermined order, when they are mapp ed on a

total time scale of some observ er. In particular di�eren t observ ers ma y �nd di�eren t o ccur-

rence sequences of ev en ts, although the causalit y structure is alw a ys the same. Di�eren t

observ ers will agree on the fact that these ev en ts o ccur, but they ma y disagree ab out the

order of p erception. The time-rev ersal-coun terpart of concurrency is sync hronization.

Nondeterminism of alternativ es corresp onds to the indeterminate c hoice b et w een p os-

sibilities for future dynamical ev olution. In con trast to concurren t nondeterminism the

alternativ es are m utually exclusiv e. Alternativ es can b e in terpreted as sources of informa-

tion. Immediately after solving the alternativ e the system con tains the information whic h

alternativ e has b een c hosen. Note that an alternativ e do es not necessarily lead to nondeter-

minism, since the alternativ e ma y b e solv ed within the system. If all forw ard-alternativ es

are solv ed within the system the system is deterministic (with resp ect to alternativ es). The

time-rev ersal-coun terpart of an alternativ e is the bac kw ard-alternativ e, where t w o or more

p ossible branc hes of time ev olution are com bined. Information con tained in the system ma y

b e erased in this case. T o a v oid the pro duction and erasure of information it is p ossible

to conceiv e a completion of our system b y some en vironmen t whic h solv es all (forw ard-

and bac kw ard-) alternativ es suc h that the total amoun t of information is conserv ed. Suc h

a system whic h is forw ard- and bac kw ard-deterministic is also called rev ersible, and it is

exactly this rev ersibilit y whic h is crucial in ph ysical systems on the microscopic lev el.
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Notice that in concurrency theory w e concen trate on nondeterminism of concurrency , but

nondeterminism due to alternativ es (whic h are essen tial to construct information pro cess-

ing systems) do es not o ccur, as w e do not ha v e an y alternativ es at all.

3.5 Con tin uit y

General Net Theory can b e conceiv ed as a metho d to deal with dynamical systems in a

w a y in v olving only �nite or coun tably in�nite concepts. The ma jor criticism of General

Net Theory concerning to da ys ph ysical metho ds (whic h are certainly successful, w e cannot

den y that) refers to the assumption that con tin uous c hange can only b e ac hiev ed b y means

of uncoun tabilit y . Here con tin uit y means con tin uit y of orders (also refered to b y order-

completeness). Con tin uit y of total orders w as axiomatized b y Dedekind (a con tin uous

order do es con tain neither gaps nor jumps) who applied this notion to construct the

con tin uum of real n um b ers. P etri recognized that a generalization of Dedekind-con tin uit y

from total to partial orders yields com binatorial partial orders whic h are con tin uous but

no where dense. The precise de�nition of generalized Dedekind-con tin uit y (D-con tin uit y) of

partial orders can b e found in Petri und Smith 1987; C.F ern� andez und A.Mer c er on 1987;

Best und F ern� andez 1988 .

It is not in tended to deal with con tin uit y in this w ork, but our c hoice of axioms whic h is not

exactly the set of axioms prop osed b y P etri should b e justi�ed. Concurrency structures,

as they will b e in tro duced b elo w, should describ e con tin uous c hanges (mo v emen ts) in

time-space. D-con tin uit y with resp ect to certain sets of concurrency axioms w as analyzed

in F ern� andez und Thiagar ajan 1983; Best und Mer c er on 1985 . The result w as that the

original set of axioms prop osed b y P etri in Petri 1980a do es not imply D-con tin uit y . It

is the cone-in tersection-prop ert y (see Petri 1987 ) and com binatorialness (of the temp oral

partial order) whic h are additionally necessary to deriv e D-con tin uit y . W e will see that

for acyclic structures (whic h ha v e to b e de�ned) our c hoice of axioms implies the cone-

in tersection-prop ert y and ensures that lines are com binatorial.

Strictly D-con tin uit y is only de�ned for partial orders. W e will see that not ev ery con-

currency structure can b e represen ted b y a partial order. It is lac king some more general

concept to deal with cyclic structures. With this concept it should b e p ossible to extend

the de�nition of D-con tin uit y to cyclic orders (whatev er this ma y b e).

F or the sak e of completeness a further form of con tin uit y is men tioned, whic h is crucial

when di�eren t (more or less detailed) views of a system ha v e to b e com bined via mor-

phisms. If w e de�ne an appropriate top ology on our system (for nets this can b e done in

a natural manner), w e can allo w exactly those functions as v alid re�nemen ts whic h are

con tin uous mappings with resp ect to this top ology . Pro ceeding in this w a y w e are alw a ys

sure that re�nemen ts do not destro y the coherence of our structure. It is ob vious that re-

�nemen ts are essen tial for mo delling ph ysical systems (e.g. distinction b et w een microstates

and macrostates).
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4 Axioms of Concurrency Theory

Concurrency theory , as it w as prop osed b y P etri, is the theory of concurrency structures,

whic h can b e applied to describ e ph ysically realizable, p ossibly cyclic pro cesses in time-

space. As it w as already men tioned, a sligh tly mo di�ed v ersion of concurrency theory

is presen ted here. F or a historical surv ey of concurrency theory comparing the di�eren t

axiomatic approac hes M • ul ler 1993 is w orth to read. An o v erview of concurrency theory is

also giv en in F enske 1992 .

A concurrency structure C S is a triple consisting of a set X (whic h ma y b e �nite or

in�nite) and t w o binary relations l i and co de�ned on X satisfying a v ariet y of axioms

whic h are giv en b elo w.

Scop e S1 Let C S = ( X ; l i; co ) ^ l i; co � X � X .

Although there are further in terpretations of concurrency structures (see Smith 1989 )

concerning the represen tation and measuremen t of analogous quan tities only the standard

in terpretation will b e considered whic h is the follo wing:

� X is a set of elemen ts in time-space. There are no a priori requiremen ts on the

nature of X concerning dimensionalit y , cardinalit y or densit y . F urthermore no metric

is assumed on X .

� l i is the causalit y relation. It co v ers our in tuitiv e notion of the causal dep endence

b et w een t w o elemen ts. The direction of causal in
uence is ignored here, a v oiding

to break the temp oral symmetry b y in tro ducing causes and e�ects on this lev el.

Altogether w e can sa y that l i establishes the temp oral dimension in X .

� co is the relation of concurrency . Tw o elemen ts are concurren t, if they are spatially

separated enough to exclude an y in teraction b et w een them. This is a parallel to

the notion of space-lik e distance b et w een t w o p oin ts in Mink o wski-Space. On higher

lev els of abstraction it is not necessarily only the limited sp eed of ligh t, whic h is

the source of concurrency . Concurrency ma y also b e realized b y excluding causal

dep endencies with the help of certain tec hnical b oundary conditions.

W e will use this in terpretation to giv e a short motiv ation for eac h of the subsequen t

axioms. Sometimes it will b e necessary to an ticipate some results that will pro v en in the

subsequen t sections.

Axiom A1 j X j > 1. 2

This axiom excludes trivial structures whic h are empt y or con tain only one elemen t. In

these structures there is neither causalit y nor concurrency . Hence they are not of in terest

for us.

Axiom A2 [Completeness] co [ l i [ id

X

= X � X . 2

Ev ery t w o distinct elemen ts of time-space m ust b e concurren t or causally dep enden t of

eac h other. There is no further p ossibilit y for the relation b et w een them.

Axiom A3 [Disjoin tness] co \ l i = l i \ id

X

= co \ id

X

= ; . 2
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Causalit y excludes concurrency . T ogether with the previous axioms this establishes con-

currency and causalit y as complemen tary relations. That causalit y and concurrency are

irre
exiv e is assumed for mathematical con v enience.

Axiom A4 [Symmetry] co

� 1

= co . 2

Concurrency is symmetric. This corresp onds to the assumption that there is no preferred

direction in space whic h could cause an asymmetry (isotrop y of space). Ob viously w e could

equiv alen tly require l i

� 1

= l i whic h ensures the symmetry of causalit y . Hence there is no

privileged direction of time either. So if x l i y holds w e can sa y: x and y are causally

dep enden t, x a�ects y , y a�ects x or x has an in
uence on y and y has an in
uence on

x . In case of x co y w e simply sa y x is concurren t to y whic h already expresses a certain

symmetry .

Axiom A5 [Irreducibilit y] ~co

X

=

~

l i

X

. 2

This is the axiom of irreducibili t y . It is similar to the axiom of extensionalit y of elemen-

tary set theory . Ev ery t w o distinct elemen ts of time-space should b e distinguishable in

terms of their relation of concurrency as w ell as causalit y with resp ect to other elemen ts:

~co

X

= id

X

=

~

l i

X

. W e will see that the apparen tly w eak er axiom is su�cien t to guaran tee

this prop ert y in com bination with the previous axioms. Ph ysically , it will b e p ostulated

that there is no in terior structure whic h could lead to a further iden tit y of elemen ts in

time-space. A structure whic h do es not satisfy this axiom can b e successiv ely reduced

b y iden tifying those elemen ts whic h cannot b e distinguished in terms of concurrency or

causalit y . But this has to b e tak en with care, as it migh t happ en that other axioms get

violated in this reduction pro cess.

Axiom A6 [Coherence] co

�

X

= l i

�

X

. 2

The axiom of coherence requires that t w o elemen ts whic h are connected b y a �nite c hain

of causalit y-steps should also b e connected b y a �nite c hain of concurrency-steps and vice

v ersa. W e will see that with this axiom it follo ws that for an arbitrary pair of elemen ts

there are �nite causalit y- and concurrency-c hains connecting them. It is exactly this axiom

whic h establishes the �nite c haracter of the theory . Note that this in ten tionally do es not

exclude in�nite concurrency structures.

Axiom A7 [Finiteness of concurren t neigh b orho o d] 8 x 2 X : co [ x ] is �nite. 2

F or ev ery elemen t x it is p ostulated that there are only a �nite n um b er of elemen ts that

can co exist concurren tly to x . This requiremen t corresp onds to the v ery strong assumption

that space is �nite. W e could argue that space ma y extend within the temp oral ev olution,

but there w as one instan t of time where space w as �nite, suc h that space remains �nite

but ma y expand arbitrarily . W e will see that man y imp ortan t prop erties of concurrency

structures are connected with this axiom. A further reason to in tro duce this axiom is to

a v oid di�culties arising from in�nite cuts on the lev el of elemen tary net systems.

De�nition D1 [Lines and Cuts]

a) Lines := K ens ( l i

X

);

b) C uts := K ens ( co

X

).

2
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Lines and cuts corresp ond to time-lik e and space-lik e surfaces in Mink o wski-Space. A line

is a maximal clique of causalit y also kno wn as w orld-line. Eac h particle or signal propagates

along some particular w orld-line. A cut is a concurrency-clique of maximal extension. It

can b e conceiv ed as a spatial snapshot of our ph ysical system and represen ts the global

state at that instan t of time relativ e to some observ er whic h is not necessarily at rest.

Axiom A8 [K-densit y] 8 c 2 C uts : 8 l 2 Lines : c \ l 6= ; . 2

The axiom of K-densit y formalizes our in tuitiv e idea that ev ery cut meets ev ery line: If

w e tak e an arbitrary snapshot of our system, ev ery line should app ear in this snapshot.

Certainly it is imp ossible for propagating signals to jump o v er some particular cut. K-

densit y requires the existence of certain elemen ts in the in tersection of a line and a cut

without necessarily leading to con v en tional densit y .

De�nition D2 [Pro ximit y-Relation] x P y : , l i

X

[ x ] � l i

X

[ y ]. 2

l i

X

[ x ] � l i

X

[ y ] indicates that ev ery elemen t that has a causal in
uence on x also a�ects

y . This means the causal in
uence of those elemen ts in l i [ x ] is con v ey ed to y via x . As

w e ha v e ev en the stronger condition l i

X

[ x ] � l i

X

[ y ] there are elemen ts a�ecting y whic h

do not ha v e an y in
uence on x . If these elemen ts a�ect y , this in
uence m ust b e carried

to y via some elemen t di�eren t from x . Therefore y can b e conceiv ed as the cen ter of an

in teraction directly in v olving all elemen ts of P

� 1

[ y ], whic h are the signals participating

in this in teraction. Viewing an in teraction b et w een signals as a lo cal c hange of states, the

cen ter y will b e called an event and x is a lo c al state that is change d by y .

Axiom A9 [No Changes of Changes] P

2

= ; . 2

With this axiom w e require that a lo cal state cannot b e an ev en t and vice v ersa. If x

is c hanged b y y ( x P y ) then y is an ev en t and cannot b e c hanged b y some z ( y P z is

imp ossible). This axiom is fundamen tal in our theory , since together with the other axioms

it induces a partition of X in to lo cal states and ev en ts. It will turn out that ev ery elemen t

is either lo cated in the range of P (if it is an ev en t) or in the domain of P (if it is a signal).

Note, furthermore, that this is the �rst axiom, whic h in tro duces an asymmetry b et w een

causalit y and concurrency indicating a fundamen tal di�erence b et w een time and space.

De�nition D3 [Immediate Neigh b orho o d] im := P [ P

� 1

. 2

T ypically the notion of c hange is in tro duced with the help of a lo cal neigh b orho o d. Here

exactly the opp osite w a y has b een c ho osen, since the concept of c hange arises naturally

(and seems to b e more fundamen tal) as it w as in tro duced ab o v e. The immediate (temp oral)

neigh b orho o d im [ x ] of some ev en t X con tains all lo cal states whic h are c hanged b y this

ev en t. The immediate neigh b orho o d im [ x ] of a lo cal state x con tains exactly those ev en ts

whic h c hange x .

De�nition D4 [Details and Detail Neigh b orho o d]

a) x D y : , co

X

[ x ] � co

X

[ y ];

b) dn := D [ D

� 1

.

2

F ormally similar to P it is p ossible to in tro duce a relation D , where x D y holds, i� ev ery

elemen t whic h is concurren t to x is also concurren t to y , and there are elemen ts concurren t

to y but not concurren t to x . W e will see later that x D y ma y b e in terpreted as \ x is a
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detail of y ". The ph ysical signi�cance of details is not y et fully understo o d, so w e do not

require an y axioms here concerning D .

Axiom A10 [Coherence on Lines] 8 l 2 Lines ( C S ) : ( im j l )

�

l

= l � l . 2

F or eac h w orld-line it will b e required that b et w een ev ery pair of elemen ts on this line there

is a �nite im -c hain whic h is completely co v ered b y that line. Th us taking t w o elemen ts

from some line, the e�ect of one elemen t on the other o ccurs within a �nite n um b er of steps

(c hanges). This indicates a further manifestation of the �niteness already men tioned in

connection with the (�rst) axiom of coherence. Again in�nite w orld-lines are not excluded

b y this axiom.

The follo wing t w o axioms are concerned with the p ostulate that eac h of the elemen ts of our

system should b e capable to infer the arro w of time b y lo cal rules without am biguit y . Once

the system ev olv es in some direction of time, this direction is nev er c hanged (in analogy

to the conserv ation of momen tum) and there is no part of the system whic h migh t stop

the ev olution. The arro w of time whic h can b e conceiv ed as a relation F , whic h orien ts the

relation of immediate (temp oral) neigh b orho o d in some consisten t manner (all w e need

here is: F [ F

� 1

= im , F \ F

� 1

= ; and F

2

� l i ). A complete de�nition of \consisten t

orien tation" is not necessary here, as it is p ossible to motiv ate the follo wing t w o axioms

b y pure symmetry argumen ts.

Axiom A11 [Lo cal T ransitivit y of Concurrency] 8 x 2 X : ( co j im [ x ] )

2

� co

X

j im [ x ] . 2

F rom the axioms of symmetry , disjoin tness, completeness and coherence it will b e sho wn in

the subsequen t section that concurrency cannot b e a transitiv e relation. What w e p ostulate

with this axiom is a lo cal transitivit y of concurrency within the immediate neigh b orho o d

im [ x ] of eac h elemen t x . Lo cal transitivit y can b e justi�ed as follo ws: Assume there are

three elemen ts a; b; c in im [ x ] violating lo cal transitivit y , e.g. a co b , b co c and a l i c . Then,

if w e c ho ose an arro w of time F requiring that a o ccurs b efore x and x o ccurs b efore c ,

the temp oral order b et w een b and x is am biguous, since w e ha v e a lo cal symmetry ( a

and c could b e exc hanged). It is this kind of am biguit y whic h is a v oided b y this axiom.

F urthermore ev ery arti�cial ordering of x and b w ould violate the initial assumption of

concurrency b et w een either b and a or b and c . Another justi�cation for the lo cal transi-

tivit y of concurrency is the transitivit y of sim ultaneit y , whic h is the limit of concurrency

for small distances (here the smallest conceiv able distance is giv en b y the im -relation).

Axiom A12 [Lo cal Orien tabilit y] 8 x 2 X : ( l i j im [ x ] )

2

� co

X

j im [ x ] . 2

Assume that for some elemen t x there are three elemen ts a; b; c in im [ x ] and the axiom

do es not hold. Then these three elemen ts migh t b e causally dep enden t of eac h other, i.e.

a l i b , b l i c and a l i c . F rom the (lo cal) view of elemen t x the arro w of time concerning

a; b; c is not determined: If w e require that a o ccurs b efore x and x o ccurs b efore c , for

reasons of symmetry (w e could exc hange c and a or c and b ) the temp oral order b et w een

b and x is am biguous. Lo osely sp eaking, x cannot determine the arro w of time b y some

lo cal rule. Ev ery lo cal orien tation w ould b e arbitrary and this is what w e exclude b y this

axiom.

Axiom A13 [Lo cal Extendabilit y] 8 x 2 X : id

X

j im [ x ] � ( l i j im [ x ] )

2

. 2

This axiom p ostulates that ev ery elemen t lo cated within the immediate neigh b orho o d of

some x has at least one temp oral predecessor or successor, whic h can b e lo cally determined.

19



Giv en a in im [ x ] the set of p ossible successors or predecessors is simply ( l i j im [ x ] )[ a ], whic h

is not empt y b y this axiom.

This completes our list of axioms, whic h will serv e as a starting p oin t for the follo wing

in v estigation. The ma jor c hanges to the original axioms of concurrency theory are the

follo wing: The original axiom of im -coherence im

�

X

= X � X has b een replaced b y the

stronger v ersion of coherence on lines, to a v oid concurrency structures, where b et w een

t w o elemen ts on a line there is an in�nite n um b er of further elemen ts. The axiom of �nite

concurrency neigh b orho o d, 8 x 2 X : co [ x ] is �nite, whic h w as not presen t in the original

form ulation, has b een c hosen as an additional axiom. As the later prop ert y will turn out

to serv e as a su�cien t condition for the cone in tersection prop ert y , it is not necessary to

ensure this prop ert y b y a further axiom, whic h w ould b e di�cult an yw a y , as the original

form ulation of the cone in tersection prop ert y is based on the concept of partial orders. As

one section is dev oted to this sub ject, w e will get more in to detail there.

Examples

In Fig. 1.a w e see the smallest kno wn mo del satisfying these axioms. As j l i j is large only

co is sho wn and l i = co

X

� id

X

is assumed. P is also sho wn, although it can b e deriv ed

from l i as it w as de�ned ab o v e. Fig. 1.b sho ws a regular, in�nite concurrency structure,

whic h could b e imagined as the unfolding of the previous one. Fig. 2.a giv es a larger mo del

with its in�nite unfolding, whic h is also a concurrency structure, in Fig. 2.b. The excact

relations of the �nite mo dels are giv en in the app endix and the axioms ha v e b een v eri�ed

automatically .

..... .....

co
P

a)

b)

1 2 3

4

567

8

9

10

11

12

Figure 1: The smallest kno wn concurrency structure and its in�nite unfolding.

2 S1

5 Prop erties of Concurrency Structures

In the follo wing sections �rst some basic prop erties of concurrency structures are deriv ed.

Later the relation to nets and to elemen tary net systems will b e sho wn, whic h constitute

the bridge to the upp er lev els of General Net Theory .
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co
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1
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1
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3
4

5
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7
8

9
10

1112

13
14

15

16

17

18

19
20

21

22
23 24

Figure 2: Another �nite concurrency structure and its in�nite unfolding.

W e start with a summary of de�nitions already in tro duced ab o v e:

De�nition D5 Let C S = ( X ; l i; co ) ^ x; y 2 X ^ l i; co � X � X .

a) Lines ( C S ) := K ens ( l i

X

);

b) C uts ( C S ) := K ens ( co

X

);

c) x P

C S

y : , x P y : , l i

X

[ x ] � l i

X

[ y ];

d) x D

C S

y : , x D y : , co

X

[ x ] � co

X

[ y ];

e) im

C S

:= im := P [ P

� 1

;

f ) dn

C S

:= dn := D [ D

� 1

.

2

The axioms of concurrency theory w e ha v e already discussed are collected in the follo wing

de�nition of a c oncurr ency structur e :

De�nition D6 cs ( C S ) : ,

a) j X j > 1;

b) co [ l i [ id

X

= X � X ;

c) co \ l i = l i \ id

X

= co \ id

X

= ; ;

d) co

� 1

= co ;

e) ~co

X

=

~

l i

X

;

f ) co

�

X

= l i

�

X

;

g) 8 x 2 X : co [ x ] is �nite;

h) 8 c 2 C uts ( C S ) : 8 l 2 Lines ( C S ) : c \ l 6= ; ;

i) P

2

= ; ;

j) 8 l 2 Lines ( C S ) : ( im j l )

�

l

= l � l ;

k) 8 x 2 X : ( co j im [ x ] )

2

� co

X

j im [ x ] ;

l) 8 x 2 X : ( l i j im [ x ] )

2

� co

X

j im [ x ] ;

m) 8 x 2 X : id

X

j im [ x ] � ( l i j im [ x ] )

2

.

2

F or ev erything that follo ws w e assume that C S is a concurrency structure satisfying all

these axioms.
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Scop e S2 Let C S = ( X ; l i; co ) ^ cs ( C S ).

Concurrency w as p ostulated to b e symmetric. It trivially follo ws that causalit y m ust b e

symmetric to o, suc h that the formal symmetry b et w een co and l i (whic h indicates a

symmetry b et w een time and space up to a certain degree) is not violated b y this axiom.

Prop osition P1 l i

� 1

= l i . 2

Pro of Assume there are x; y 2 X suc h that x l i y and : y l i x . Then D6b and D6c require

that y co x and : x co y . This is imp ossible with co = co

� 1

. 2

The follo wing remark giv es a more compact notation of

~

R

X

, that w as used in D6e to

p ostulate the extensionalit y principle of concurrency theory , whic h is deriv ed in the next

prop osition.

Remark R1 Let R � X � X ^ R b e symmetric.

~

R

X

= (( R

�

R

X

) [ ( R

X

�

R ))

X

. 2

Pro of By de�nition a

~

R

X

b , 8 x 2 X : ( a R

X

x , b R

X

x ). a

~

R

X

b is equiv alen t

to :9 x 2 X : ( a R

X

x ^ : x R

X

b ) _ ( : a R

X

x ^ xR

X

b ) whic h is itself equiv alen t to

: (( a R

�

R

X

b ) _ ( a R

X

�

R b )). 2

As a direct consequence of D6e w e �nd that it is actually true that t w o elemen ts are

iden tical if and only if their relations of concurrency and causalit y to all other elemen ts are

iden tical. Later on w e will see that this extensionalit y principle has a natural coun terpart

on the lev el of nets.

Prop osition P2 ~co

X

= id

X

^

~

l i

X

= id

X

. 2

Pro of It is clear that ~co

X

� co

X

and

~

l i

X

� l i

X

. As w e kno w furthermore co

X

\ l i

X

= id

X

it is necessary that ~co

X

\

~

l i

X

� id

X

. T ogether with D6e w e get ~co

X

� id

X

and

~

l i

X

� id

X

.

And �nally it is eviden t that id

X

� ~co

X

and id

X

�

~

l i

X

. 2

F rom axiom D6f w e can deriv e that for eac h arbitrary pair of elemen ts there is a �nite

co -c hain as w ell as a �nite l i -c hain. Note that this is actually a v ery w eak �niteness, since

it do es not imply that all c hains b et w een t w o elemen ts are �nite.

Prop osition P3 co

�

X

= X � X ^ l i

�

X

= X � X . 2

Pro of W e pro v e: X � X � co

�

X

. Assume there are x; y 2 X with : x co

�

X

y . This implies

x l i y (b y co [ l i [ id

x

= X � X ). But this con tradicts co

�

X

= l i

�

X

. The pro of remains v alid

if w e exc hange co and l i . 2

The last prop osition rev eals an imp ortan t prop ert y of concurrency structures whic h is the

non-transitivit y of concurrency and causalit y (more precisely co

X

and l i

X

). This p oin t is

an essen tial di�erence to approac hes p ostulating transitivit y of concurrency !

Corollary C1

a) co

�

X

6= co

X

;

b) l i

�

X

6= l i

X

.

2

Pro of co

X

= X � X implies l i = ; (D6b, D6c) whic h con tradicts l i

�

X

= X � X if j X j > 1

(D6a). The pro of for l i is analogous. 2
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5.1 P artial Orders

Giv en an arbitrary partial order ( X ; � ) w e can deriv e a causalit y relation l i = ( � [ �

� 1

)

� id

X

and a concurrency relation co = l i

X

� id

X

(the relation of disorder). In this w a y w e

can separate a sp ecial class of concurrency structures, whic h can b e represen ted b y partial

orders. This is a prop er sub class as concurrency structures ma y b y cyclic in general, suc h

that they cannot b e co v ered completely b y the formalism of partial orders. Nev ertheless

is is con v enien t to in tro duce the follo wing de�nition:

De�nition D7 Let poset ( X ; � ).

cs ( X ; � ) : , cs ( X ; l i; c o ) where

l i = ( � [ �

� 1

) � id

X

and co = l i

X

� id

X

. 2

It is clear that the same concurrency structure in terms of co and l i is giv en b y a partial

order and its con v erse.

Remark R2 Let poset ( X ; � ).

cs ( X ; � ) , cs ( X ; �

� 1

). 2

Y et it is not said whether the orien tation of the partial order is someho w related to the

arro w of time (whic h is not y et de�ned). W e will discuss this p oin t in a more general

setting when w e deal with the orien tation of concurrency structures. Cho osing partial

orders as the fundamen tal structure is a con v en tional approac h to pro cess theory ( Best

und F ern� andez 1988 ). Here it is in ten tionally tried to deal with concurrency theory in

its general form, although sev eral di�culties arise, as the pro of tec hniques kno wn from

partial orders cannot b e simply applied (in particular one cannot exploit the nice prop ert y

of transitivit y).

5.2 Cuts and Lines

In Mink o wski-Space w e can de�ne space-lik e surfaces and w orld-lines with the help of ligh t

cones, suc h that a w orld-line is alw a ys con tained in some cone, and a space-lik e surface has

to b e con tained in the complemen t of some cone. In concurrency theory similar notions

are desired, but the de�nition is not immediately ob vious since, as w e ha v e seen in P3,

concurrency and causalit y cannot b e transitiv e. In particular they are no equiv alence

relations suc h that the concept of equiv alence classes of co and l i ha v e to b e replaced b y

a more general idea, whic h can b e applied to relations whic h are only partially transitiv e

(transitivit y with resp ect to a certain subset of elemen ts). The solution is not di�cult:

Cliques of a relation denote exactly those subsets of elemen ts whic h are transitiv e with

resp ect to concurrency or causalit y . Kens are maximal cliques, that is, they cannot b e

extended b y adding further elemen ts.

Lines are de�ned to b e Kens of causalit y , and cuts are Kens of concurrency (more precisely ,

co

X

and l i

X

). In our standard in terpretation a cut corresp onds to the complete, spatially

distributed state. A line is a set of elemen ts (signals and ev en ts) similar to a w orld-line

but note that lines as w ell as cuts are unordered sets.

In con trast to w orld-lines and space-lik e cuts in Mink o wski-Space, where b et w een ev ery

t w o p oin ts w e can �nd a further one (densit y), w e required the axiom of K-densit y , whic h

guaran tees that our structure is \dense"-enough to ensure that ev ery line in tersects with
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ev ery cut. W e ma y think of K-densit y as the actual purp ose of densit y , although w e should

are a w are of the fact that in Mink o wski-Space densit y fails to satisfy this purp ose, as it is

not K-dense (there is a w orld-line and a cut whic h do not meet eac h other).

F rom the assumption that the in tersection of a cut and a line is not empt y w e can ev en

infer that they m ust meet in exactly one elemen t as the follo wing prop osition sho ws.

Prop osition P4 8 c 2 C uts ( C S ) : 8 l 2 Lines ( C S ) : j c \ l j = 1. 2

Pro of Assume there are c; l with x; y 2 c \ l and x 6= y . Then x co y and x l i y whic h

con tradicts D6c. Th us 8 c 2 C uts ( C S ) : 8 l 2 Lines ( C S ) : j c \ l j � 1 and together with

D6h w e get the prop osition. 2

That eac h clique can b e extended to a k en is clear for �nite structures, but w e ha v e to

apply Zorn's Lemma to pro v e this in general.

Prop osition P5 Let C b e a clique of R . Then 9 K 2 K ens ( R ) : C � K . 2

Pro of Let C L = f C

0

: C

0

is a clique of R and C � C

0

g and notice that ( C L; � ) is

a p oset. Cho ose an arbitrary c hain cl � C L suc h that ( cl ; � ) is a total p oset. De�ne

s

cl

2 S up ( � ; cl ) whic h is s

cl

= (

S

cl ) 2 C L . Since cl w as arbitrary ev ery c hain cl has a

suprem um within C L . Applying Zorn's Lemma w e �nd 9 K : K 2 M ax ( � ; C L ) whic h

sho ws that K is a k en of R with C � K . 2

As a simple but useful corollary w e �nd that ev ery elemen t can b e extended to a line

as w ell as to a cut. F urthermore ev ery pair of elemen ts whic h are concurren t or causally

dep enden t is part of some cut or line, resp ectiv ely .

Corollary C2

a) 8 x 2 X : 9 l 2 Lines ( C S ) : x 2 l ;

b) 8 x 2 X : 9 c 2 C uts ( C S ) : x 2 c ;

c) 8 x; y : x l i y ) 9 l 2 Lines ( C S ) : x; y 2 l ;

d) 8 x; y : x co y ) 9 c 2 C uts ( C S ) : x; y 2 c .

2

As ev ery elemen t of X is con tained is some line and some cut, the follo wing corollary is

immediate, whic h states that the whole structure is co v ered b y lines as w ell as cuts.

Corollary C3

a) X =

S

Lines ( C S );

b) X =

S

C uts ( C S ).

2

F rom the axiom of �nite concurrency neigh b orho o d D6g it immediately follo ws that all cuts

are �nite. That in�nite lines are p ossible, on the other hand, is illustrated b y the example

in Fig. 1.b. So the causalit y neigh b orho o d l i [ x ] of some elemen t x is not necessarily �nite,

so w e recognize a further asymmetry b et w een concurrency and causalit y in our form ulation

of the theory .

Remark R3 8 c 2 C uts ( C S ) : c is �nite. 2

Pro of A direct consequence of D6g. 2
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K-densit y as it w as already required b y D6h can b e de�ned indep enden tly of concurrency

structures for an y symmetric and re
exiv e relation R on a set X . In con trast to K-densit y

whic h requires a global view of R (w e ha v e to determine k ens) N-densit y is a lo cal form

of densit y , as w e ha v e to v erify the prop ert y giv en b elo w only within the neigh b orho o d

of eac h tuple ( a; b; c; d ) . The name N-densit y comes from the fact that w e ha v e to lo ok

at those elemen ts ( a; b; c; d ) that resem ble the shap e of the letter N with resp ect to co as

w ell as l i (this is the left-hand-side of the implication b elo w). Lo osely sp eaking, N -densit y

p ostulates the existence of an elemen t in the in tersection of the N of l i with the N of co

(the righ t-hand-side of the implication).

De�nition D8 Let R � X � X ^ R \ id

X

= ; ^ R

� 1

= R ^ S = R

X

� id

X

.

a) K D ense ( X ; R ) : , 8 r 2 K ens ( R

X

) : 8 s 2 K ens ( S

X

) : r \ s 6= ; ;

b) N D ense ( X ; R ) : , ( 8 a; b; c; d 2 X : a R c ^ b R d ^ c R d ^ a S b ^ a S d ^ b S c )

9 e 2 X : c R e ^ d R e ^ a S e ^ b S e ).

2

The follo wing prop osition sho ws that K-densit y implies N-densit y . As there are relations

whic h are N-dense but not K-dense, N-densit y could b e c haracterized as the lo cal asp ect

of K-densit y .

Prop osition P6 K D ense ( X ; R ) ) N D ense ( X ; R ). 2

Pro of Let K D ense ( X ; R ) (1) and a; b; c; d 2 X with a R c ^ b R d ^ c R d ^ a S b ^

a S d ^ b S c . Certainly w e ha v e some l 2 K ens ( S

X

) with a; b 2 l and some c 2 K ens ( R

X

)

with c; d 2 c . By 1 the m ust b e some elemen t e with e 2 c \ l . By de�nition of K ens it is

necessary that e R d ^ e R c and e S a ^ e S b . And this is exactly the e required b y our

prop osition. 2

The con v erse is not true, ev en not for �nite relations R as w e see in Fig. 3 whic h giv es a

structure whic h is N-dense but not K-dense.

R

ken(R)

ken(R)

Figure 3: N-dense but not K-dense

As a direct consequence of D6h w e ha v e K-densit y and N-densit y with resp ect to concur-

rency as w ell as causalit y .

Remark R4

a) K D ense ( X ; co ) ^ K D ense ( X ; l i );

b) N D ense ( X ; co ) ^ N D ense ( X ; l i ).
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2

The follo wing example sho ws that the axiom of K-densit y is indep enden t of the other

concurrency axioms (ev en for the �nite case): Fig. 4 giv es a sligh t mo di�cation of the

concurrency structure, that w as already sho wn in Fig. 1. It is not K-dense (as it is not

N-dense: a , b , c , d constitute the N) but satis�es all other axioms. F urthermore this example

sho ws that results found for (o ccurrence) p osets in Best und F ern� andez 1988 (e.g. ev ery

o ccurrence p oset is N-dense) cannot b e easily transferred to concurrency structures (whic h

are no p osets).

co
im

a

b

c

d

Figure 4: Satis�es all axioms except for K-densit y

That K-densit y cannot b e deriv ed from N-densit y (at least for in�nite structures) if w e

satisfy all Concurrency Axioms except for D6h is sho wn b y a simple mo del, whic h is a t w o

dimensional in�nite grid with resp ect to the relation im . The formal de�nition is:

X = f ( x; y ) : ( x; y ) 2 Z � Z ^ : ( odd ( x ) ^ odd ( y )) g ;

( x

0

; y

0

) co

X

( x

1

; y

1

) : , (( x

0

� x

1

) ^ ( y

0

� y

1

)) _ (( x

1

� x

0

) ^ ( y

1

� y

0

));

co := co

X

� id

X

;

l i := X � X � co � id

X

.

im and some part of co and l i is sho wn in Fig. 5. ( X ; l i; co ) is N-dense but not K-dense:

The line l = f ( x; 0) : x 2 Z g do es not in tersect with the cut c = f ( x; 1) : x 2 Z ^ ev en ( x ) g .

A �nite example of the last kind in not kno wn. Hence it is an op en question, if for �nite

structures w e could replace the axiom of K-densit y b y N-densit y without c hanging the

class of mo dels.

K-densit y pla ys a crucial role when building the bridge to elemen tary net systems. F ur-

thermore K-densit y is one of the necessary ingredien ts for D-con tin uit y . In that con text it

is used to ensure gap-freeness. The undesired jumps are excluded b y additional require-

men ts. F or further details concerning K-densit y of partial orders it is refered to F ern� andez

und Thiagar ajan 1985 , Pl • unne cke 1985 and Best und F ern� andez 1988 . General K-densit y

of concurrency structures, whic h are not partial orders, has not b een in v estigated m uc h.
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Figure 5: N-dense but not K-dense

5.3 Lo cal States and Ev en ts

According to the principle of lo calit y in one step of system ev olution an elemen t in
uences

or is in
uenced only b y elemen ts, whic h are lo cated in the immediate neigh b orho o d. In fact

w e ha v e to deal with the immediate temp oral neigh b orho o d here, as it is the relation of

causalit y from whic h the in
uence emerges. But ho w is it p ossible to deriv e the immediate

neigh b orho o d from a causalit y relation, whic h apparen tly do es not rev eal an y information

ab out the distance b et w een elemen ts? It turns out that the axiom of extensionalit y (D6e)

pla ys a crucial role as it guaran tees that for t w o distinct elemen ts x; y 2 X w e are alw a ys

sure that l i

X

[ x ] 6= l i

X

[ y ], whic h means that causalit y cones of t w o elemen ts are alw a ys

di�eren t. So it is a natural assumption that the distance b et w een t w o elemen ts is com-

pletely expressed b y the relation of causalit y . Astonishingly , it is appropriate to de�ne t w o

elemen ts to b e immediate neigh b ors if and only if their causalit y cones are comparable.

In tuitiv ely (if w e imagine the ligh t cones in Mink o wski-space) this cannot b e satis�ed, if

t w o elemen ts are far a w a y from eac h other. And this is exactly the w a y w e ha v e de�ned

the symmetric relation im := P [ P

� 1

of immediate neigh b orho o d on the basis of the

pro ximit y relation P ( x P y : , l i

X

[ x ] � l i

X

[ y ]). In this sense x P y means that the

causalit y cone of x is con tained (as a prop er subset) in the causalit y cone of y .

It could b e argued that this is a v ery strict requiremen t for immediate neigh b orho o d, but

there seems to b e no alternativ e. F ortunately it follo ws from D6j that the neigh b orho o d

cannot b e empt y (C4). Indeed, it can b e pro v ed from the coherence of lines (D6j) that a

concurrency structure is coheren t in terms of im , suc h that b et w een ev ery t w o elemen ts

w e can �nd a �nite im -c hain as the follo wing prop osition sho ws.

Prop osition P7 im

�

X

= X � X . 2

Pro of Certainly w e ha v e 8 l 2 Lines ( C S ) : ( im j l )

�

l

= l � l b y D6j and l i

�

X

= X � X b y P3.

So b et w een ev ery t w o elemen ts x; y 2 X w e can �nd a �nite l i -c hain ( x = x

0

; x

1

; : : : ; x

n

=

y ). F or ev ery pair x

i

; x

i +1

there is a line l 2 Lines ( C S ) with x

i

; x

i +1

2 l and b y D6j a

�nite im -c hain ( x

i

= z

i; 0

; z

i; 1

; : : : ; z

n

= x

i +1

) whic h pro v es that x

i

im

�

X

x

i +1

and x im

�

X

y .
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2

In the original prop osals for concurrency axioms it w as exactly this prop osition P7, whic h

w as required as an axiom instead of D6j. In Best und Mer c er on 1985 it w as recognized

that D-con tin uitiy do es not follo w with that c hoice of axioms. One reason is that D6j do es

not generally hold within that system, so w e ha v e c hosen it as an axiom.

Corollary C4 8 x 2 X : im [ x ] 6= ; . 2

As w e ha v e seen, the deriv ation of the immediate neigh b orho o d from causalit y naturally

leads to P the pro ximit y relation as a b y-pro duct. In the follo wing w e try to motiv ate our

initial in terpretation of x P y as \ x is c hanged b y y " from a di�eren t p oin t of view. First

w e observ e that P is an asymmetric and irre
exiv e relation.

Prop osition P8

a) P \ P

� 1

= ; ;

b) P \ id

X

= ; .

2

Pro of By D5c. 2

F urthermore it is eviden t that P � l i and im � l i , as our in tuitiv e idea of temp oral

neigh b orho o d suggests.

Prop osition P9 P � l i . 2

Pro of Assume x P y . By de�nition of P w e ha v e l i

X

[ x ] � l i

X

[ y ] and in particular

x 2 l i

X

[ y ] whic h implies x = y or x l i y . But x = y is excluded b y P8. 2

Corollary C5 im � l i . 2

As ev ery elemen t has a neigh b orho o d (P7), w e kno w that this elemen t is lo cated in the

range or in the domain of P . Those elemen ts con tained in D om ( P ) will b e called S -

elemen ts or lo cal states, and elemen ts of Ran ( P ) will b e called T -elemen ts or ev en ts. This

will b e justi�ed later when it will turn out that dep ending on the elemen t t yp e ( S or T )

there will b e di�eren t constrain ts on the n um b er of immediate neigh b ors ( im [ x ]). Notice

that this de�nition indicates a certain relation to places and transitions in the formalism

of nets, and later it will turn out that this is indeed the case.

De�nition D9

a) S

C S

:= S := D om ( P );

b) T

C S

:= T := Ran ( P ).

2

Remark R5 S [ T = X . 2

Pro of F rom im

�

X

= X � X (P7) w e get ( P [ P

� 1

)

�

X

= X � X . Then 8 x 2 X : 9 y 2 X :

x P y _ y P x and 8 x 2 X : x 2 D om ( P ) _ x 2 Ran ( P ). 2

Eac h elemen t is either a lo cal state or an ev en t and not b oth. This is explicitly required

b y D6i. In this w a y w e ha v e established a partition of X in to lo cal states and ev en ts.

Generally w e asso ciate lo cal states with passiv e en tities, whic h are c hanged b y ev en ts as

activ e instances. Notice that this is indeed consisten t with our in terpretation of P .
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Remark R6 S \ T = ; . 2

Pro of By D6i. 2

See Fig. 1 and 2 where the partition in S -elemen ts and T -elemen ts can b e easily imagined

as P is alw a ys directed from S to T .

T riangles (i.e. closed c hains of size 3) of im are excluded, as the follo wing prop osition

sho ws. This can b e easily generalized b y induction to the statemen t that closed im -cycles

of o dd length do not o ccur.

Prop osition P10 im

2

� im

X

. 2

Pro of Imagine our prop osition do es not hold. Then w e can �nd an im -triangle x; y ; z

with x im y ^ y im z ^ z im x . Due to P8 and D5e w e ha v e either x P y or y P x .

Pro ceeding with the former case (the later case is analogous) w e need z P y to ensure

that P

2

= ; (D6i). Finally w e ha v e to c ho ose x P z or z P y yielding a con tradiction with

P

2

= ; is b oth cases. 2

Prop osition P11 8 n 2 N : im

2 n

� im

X

. 2

In the next t w o lemmas some useful relations b et w een P , co and l i will b e deriv ed that

will b e applied subsequen tly in sev eral pro ofs.

The �rst lemma sho ws that x P y holds, i� and only if w e ha v e x l i y and there is no z ,

suc h that x l i z and z co y .

Lemma L1 P = l i � l i

�

co . 2

Pro of

A t �rst w e sho w x P y ) x l i y ^ : x ( l i

�

co ) y . Assume x P y . P � l i yields x l i y (P9).

Assume x ( l i

�

co ) y . Then 9 z : x l i z ^ z co y implies z 2 l i

X

[ x ] ^ z 62 l i

X

[ y ]. Con tradiction

with x P y whic h is equiv alen t to l i

X

[ x ] � l i

X

[ y ].

No w it is left to pro v e x l i y ^ : x l i

�

co y (1) ) x P y . Assume : x P y whic h is equiv alen t

to : ( l i

X

[ x ] � l i

X

[ y ]) (2) . Then there are t w o p ossibilities: : x l i y (whic h con tradicts 1) or

x l i y , whic h requires in com bination with 2 that 9 z : z l i

X

x ^ : z l i

X

y . This is equiv alen t

to 9 z : z l i

X

x ^ z coy . F or z = x w e ha v e x co y , whic h is not reconcilable with x l i y . So

w e conclude 9 z : z l i x ^ z co y or equiv alen tly x l i

�

co y . But this is a con tradiction with

our assumption 1. 2

Moreo v er, if w e ha v e x P y this requires the existence of some z , suc h that x co z and

z l i y .

Lemma L2 P � co

�

l i . 2

Pro of By D5c x P y is equiv alen t to l i

X

[ x ] � l i

X

[ y ]. This suggests 9 z : z 62 l i

X

[ x ] ^ z 2

l i

X

[ y ] implying (b y D6c and D6b) that 9 z : z 2 co [ x ] ^ z 2 l i [ y ] ( z = y is imp ossible b y

P9, whic h requires x l i y ). Then w e ha v e 9 z : x co z ^ z l i y leading to x ( co

�

l i ) y . 2

Concurrency structures are not only im -coheren t but also coheren t with resp ect to the

complemen t of im .

Prop osition P12 ( im

X

)

�

X

= X � X . 2

Pro of By P3 w e ha v e co

�

X

= X � X . F rom im � l i w e �nd co � ( X � X � im ). 2
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That for eac h elemen t w e ha v e a non-empt y neigh b orho o d can b e sharp ened to the state-

men t that ev ery elemen t m ust ha v e at least t w o neigh b ors. This is a minimal requiremen t

to prev en t w orld-lines from ending somewhere in time-space without the p ossibilit y of

temp oral con tin uation. Regrettably w e will see that this is no guaran tee (Actually , w e

need ASS1.).

Prop osition P13 8 x 2 X : j im [ x ] j � 2. 2

Pro of In C4 w e ha v e seen that j im [ x ] j � 1. T o satisfy id j im [ x ] � ( l i j im [ x ] )

2

(D6m)

there m ust b e at least one further elemen t in im [ x ] otherwise ( l i j im [ x ] )

2

= ; . 2

Finally , although this is only a minor simpli�cation, it has b een found that a shorter form

of the original axiom A13 is su�cien t as it is form ulated in A14. So the follo wing axiom

has to b e tak en as an alternativ e to A13.

Axiom A14 8 x 2 X : ( l i j im [ x ] )

2

6= ; . 2

This axiom p ostulates that within the immediate neigh b orho o d there are at least t w o ele-

men ts whic h are causally dep enden t of eac h other. F rom the viewp oin t of x this corresp onds

to the existence of at least t w o lo cal directions of time (the past and the future). In some

sense it is ev en stronger than A13 as it directly implies that the immediate neigh b orho o d

has at least t w o elemen ts.

The pro of of the follo wing prop osition, whic h is the same as A13 sho ws that this apparen tly

w eak er axiom w ould also b e su�cien t (although A13 is prefered for its ph ysical evidence).

F or ev ery elemen t u 2 im [ x ] w e can �nd at least one elemen t u

0

2 im [ x ] within the same

immediate neigh b orho o d whic h is in
uenced b y u . Viewing u

0

as the temp oral successor

or predecessor of u this prop osition guaran tees the lo cal existence of a temp oral direction,

where the ev olution of the system seen from x migh t con tin ue.

Prop osition P14 Assume A14. Then 8 x 2 X : id j im [ x ] � ( l i j im [ x ] )

2

. 2

Pro of Cho ose some arbitrary x 2 X . It is su�cien t to pro v e the claim that for ev ery u 2

im [ x ] w e can �nd some u

0

2 im [ x ] with u l i u

0

. A14 suggests the existence of y ; z 2 im [ x ]

with y l i z . So b y D6d the claim is already satis�ed, if w e c ho ose y and z for u and u

0

or

vice v ersa. No w assume u 2 im [ x ] is a further elemen t with u 6= y and u 6= z . According

to D6b w e ha v e y l i u or y co u . In the former case the claim holds trivially , if w e c ho ose

y for u

0

. In that later case w e cannot ha v e u co z as this is incompatible with D6k. So w e

m ust ha v e u l i z and c ho osing z for u

0

pro v e the claim. 2

5.4 Details and Observ ables

Ab o v e the immediate (temp oral) neigh b orho o d w as in tro duced as a subset of the causalit y

cone of a particular elemen t. Although there is no eviden t ph ysical in terpretation, w e could

exploit the symmetry b et w een causalit y and concurrency , whic h has b een main tained b y

the axioms D6b{D6h and pro ceed in a similar w a y de�ning concurrency cones co

X

[ x ] of

elemen ts x . The formal coun terparts of P and im are D and dn , resp ectiv ely . W e ha v e

de�ned x D y : , co

X

[ x ] � co

X

[ y ] and dn := D [ D

� 1

. x D y means that the concurrency

cone of x is completely co v ered b y the concurrency cone of y , and ev erything that is

concurren t to x is necessarily concurren t to y . So, if w e observ e x as part of a cut, w e
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are alw a ys sure that y m ust b e con tained in the same cut (the con v erse is not necessarily

true). This leads to a surprisingly natural in terpretation of x D y as \ x is a detail of y ".

Of course the detail relation D is asymmetric and irre
exiv e as P , and it can b e only

established b et w een concurren t elemen ts.

Prop osition P15

a) D \ D

� 1

= ; ;

b) D \ id

X

= ; .

2

Pro of By D5d. 2

Prop osition P16 D � co . 2

Pro of By D5d. 2

Detail neigh b orho o d and immediate neigh b orho o d are alw a ys disjunct.

Corollary C6

a) dn � co ;

b) im \ dn = ; .

2

The D -relation of the smallest kno wn concurrency structure is sho wn in Fig. 6.

Pa)

..... .....

b)

D

Figure 6: A concurrency structure and its detail-relation

The lemmas L1 and L2 can b e translated directly , as they only rely on the lo w er axioms

where symmetry b et w een causalit y and concurrency is preserv ed.

Lemma L3 D = co � co

�

l i . 2

Pro of Similar to L1. 2

Lemma L4 D � l i

�

co . 2

Pro of Similar to L2. 2

In Fig. 7 w e ha v e another �nite concurrency structure ( X ; l i; co ) (more precisely giv en in

the app endix) with its detail-relation. It can b e easily v eri�ed that D

2

= ; and dn

�

X

=

X � X , whic h suggests a further symmetry b et w een D and P . In fact, this is true for
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some concurrency structures, but it do es not hold in general. A coun terexample with

dn

�

X

6= X � X is already giv en b y Fig. 2, where the detail relation is empt y . That D

2

6= ;

ma y o ccur is pro v en b y the example in Fig. 7.

1

2 3 4 5 6

78910

11 12 13

1415

16

co
im
D

Figure 7: Details of Details

As a consequence, the coherence and non-emptiness of detail neigh b orho o d (the coun ter-

parts of P7 and C4 cannot b e deriv ed, b ecause an axiom similar to D6j w as not required for

cuts. F or sak e of completeness, it should b e men tioned that these t w o prop erties (detail

axioms) w ere required in Petri 1987 (for their mathematical b eaut y but not for ph ysi-

cal reasons) but ha v e b een giv en up, probably b ecause it turned out that they are to o

restrictiv e.

What is demonstrated b y Fig. 7 is that the detail-relation establishes a hierarc h y , whic h

can b e formally describ ed b y the fact that ( X ; D ) is a strict partial order. Indeed, this

w as already true for P but this order is degenerate, as it is a collection of pairs whic h

are not connected with eac h other. Recen t ideas of P etri indicate that allo wing arbitrary

strict p osets of P leads to a consequen t generalization of nets incorp orating an in teresting

concept of dimensionalit y in to net theory . The signi�cance of similar ideas with resp ect to

D is not y et clear.

Prop osition P17

a) ( X ; D ) is a strict p oset;

b) ( X ; P ) is a strict p oset.

2

Pro of This strict p oset is inherited from the p oset ( P ( X ) , � ) in the de�nitions of D and

P . 2

The in terpretation of D already designates all elemen ts of D om ( D ) as details. Lead b y

the notion of observ ables in quan tum mec hanics, where due to Heisen b erg's uncertain t y

relation not ev ery detail (of a systems state) can b e observ ed b y one measuremen t, w e

migh t try the follo wing (sp eculating) de�nition:
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De�nition D10

a) D etail s ( C S ) := D om ( D );

b) O bser v abl es ( C S ) := Ran ( D ).

2

Pro ceeding in this w a y w e �nd the in tuitiv ely exp ected prop ert y of observ ables: Ev ery

observ able is a lo cal state and not an ev en t. But as w e ha v e seen in the examples ab o v e,

not ev ery lo cal state m ust b e necessarily observ able, and in general not ev ery ev en t is a

detail.

Prop osition P18 O bser v abl es ( C S ) � S . 2

Pro of Assume x D t with t 2 T . By D5d there is some z with x l i z ^ z co t . Since

t 2 T there m ust also b e a b with b P t . No w what is the relation b et w een x and b ?

According to D5d is cannot b e x co b . But b y L1 it cannot b e x l i y . Altogether this leads

to con tradiction with D6b. 2

5.5 Imme diate Neigh b orho o d

In this section w e deal with the e�ect of axioms D6k, D6l and D6m up on the immediate

neigh b orho o d of lo cal states and ev en ts. Remem b er that the purp ose of these axioms w as

that within the space-time of lo cally in teracting elemen ts it should b e p ossible for eac h

elemen t with its restricted view to infer in whic h temp oral direction it has to driv e the

system's ev olution. As b oundary conditions it w as required that there is no am biguit y in

the lo cal time orien tation rule the elemen t applies (i.e. there is at most one solution) and

there is alw a ys a direction in whic h time ev olv es (i.e. there is at least one solution). In an y

case one should exclude a lo cal time rev ersal, that is, from the lo cal view of an elemen t the

direction in to whic h time go es should b e di�eren t from that where it has come from. The

global ev olution of a system (whic h could b e imagined as the mo v emen t of the global state

represen ted b y a cut through time-space) will b e uniquely (except for non-determinism due

to concurrency) determined b y this lo cal ev olution rule. The question, if this is su�cien t

to guaran tee the unique existence of a global arro w of time, will b e addressed separately

later on.

First w e recognize that the axiom requiring lo cal transitivit y of concurrency (D6k) estab-

lishes an equiv alence relation in the immediate neigh b orho o d of eac h elemen t.

Prop osition P19 8 x 2 X : co

X

is an equiv alence on im [ x ]. 2

Pro of That co

X

is re
exiv e on im [ x ] and symmetric is clear. That co

X

j im [ x ] is transitiv e

is ensured b y ( co

X

j im [ x ] )

2

� co

X

j im [ x ] whic h follo ws directly from D6k. 2

T o exclude lo cal freezing of temp oral ev olution it is necessary to ensure that causalit y do es

not v anish in the scop e of the immediate neigh b orho o d.

Remark R7 8 x 2 X : l i j im [ x ] 6= ; . 2

Pro of W e kno w that im [ x ] 6= ; (C4). By D6m there are a; b 2 im [ x ] with a l i b ^ b l i a

whic h together with D6c implies l i j im [ x ] 6= ; . 2

By the help of the equiv alence relation in tro duced ab o v e w e can decomp ose the immedi-

ate neigh b orho o d of eac h elemen t x in to a n um b er of equiv alence classes establishing a
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partition on im [ x ]. Note that x itself is not con tained in im [ x ], and eac h of these classes

is a clique of co

X

. F urthermore t w o equiv alence classes are not co v ered b y a common cut.

Remark R8 8 g ; g

0

2 im [ x ] =co

X

: ( g 6= g

0

) :9 c 2 C uts ( C S ) : g ; g

0

� c ). 2

Pro of Let g ; g

0

2 im [ x ] =co

X

. Then 8 x 2 g : 8 x

0

2 g

0

: x co x

0

implies g = g

0

. Con tradic-

tion. 2

Hence w e can conceiv e eac h of these lo cal equiv alence classes as represen ting (lo cal asp ects

of ) di�eren t global states, whic h arriv e/lea v e the considered elemen t from/in di�eren t

directions of time. As w e ha v e con�ned ourselv es to mo dels without branc hing time (b y

excluding alternativ es on this lev el), w e should exp ect that only t w o equiv alence classes

exist (corresp onding to temp oral predecessor and successor states), what is easily pro v ed

b y the follo wing prop osition.

Prop osition P20 8 x 2 X : j im [ x ] =co

X

j = 2. 2

Pro of D6m ensures that there are a; b 2 im [ x ] with a l i b . This implies j im [ x ] =co

X

j � 2.

( l i j im [ x ] )

2

� co

X

j im [ x ] (D6l) sho ws that j im [ x ] =co

X

j � 2. 2

Applying D6l to lo cal states leads to the the fact that eac h state has exactly t w o neigh b ors.

As w e kno w that neigh b ors of states are alw a ys ev en ts, w e could denote one of them as

the sender of a signal and the other one as the receiv er.

Prop osition P21 Let s 2 S . Then j im [ s ] j = 2. 2

Pro of P13 already sho ws j im [ s ] j � 2. So there are x; y 2 im [ s ] with x 6= y . No w assume

there is an additional z 2 im [ s ] with z 6= x and z 6= y . s 2 S implies s P x ^ s P y ^ s P z .

Then b y L1 w e m ust ha v e x l i z , y l i z and x l i y . Using ( l i j im [ s ] )

2

� co

X

j im [ s ] (D6l) w e

deriv e a con tradiction since w e ha v e x l i z and z l i y but neither x co y nor x = y . 2

The immediate neigh b orho o d is �nite. This corresp onds directly to the lo calit y principle

kno wn from ph ysics that temp oral ev olution should b e go v erned b y lo cal la ws. Notice

the parallel to cellular automata, where �niteness of neigh b orho o d is motiv ated in the

same manner. Here neigh b orho o d-�niteness emerges trivially from �niteness of all cuts

(although lines ma y b e in�nite). A more general approac h to concurrency theory migh t

require the follo wing prop osition as an axiom instead of cut-�niteness, but this ma y lead

to the problem of reac habilit y of an in�nite cut on the lev el of elemen tary net systems.

Prop osition P22 8 x 2 X : im [ x ] is �nite. 2

Pro of Assume the con trary: There is an elemen t x with in�nite neigh b orho o d j im [ x ] j 62

N . Then P20 giv es us im [ x ] =co

X

= f E

1

; E

2

g suc h that E

1

or E

2

m ust b e in�nite. Assume

j E

1

j 62 N then there is an in�nite cut c 2 C uts ( C S ) with E

1

� c . Con tradiction with R3.

2

Lemma L5 X is coun table. 2

Pro of If X is �nite this is clear. So assume X is in�nite. Fix an arbitrary elemen t x . P22

implies that N

j

:= j im

j

X

[ x ] j is �nite for ev ery j 2 N . Therefore for ev ery j w e can �nd

a function d

j

: N [0 ; : : : ; N

j

] ! im

j

X

[ x ]. F urthermore without loss of generalit y w e assume

i < = j implies 8 k 2 N [0 ; : : : ; N

i

] : d

i

( k ) = d

j

( k ). Com bining all d

j

for j 2 N w e can

establish an en umeration of all elemen ts of X , that is, a surjectiv e function d : N ! X

de�ned b y d ( j ) := d

j

( j ). d is w ell-de�ned as for ev ery j w e ha v e j 2 D om ( d

j

) b ecause
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j < = N

j

(remem b er that due to D6j there is an in�nite acyclic im -c hain con taining x ).

According to P7 ev ery z 2 X is con tained in im

j

[ x ] for some j 2 N suc h that d is surjectiv e

on X . 2

Of course as it is already suggested b y D6j the elemen ts on a line are also coun table:

Corollary C7 Let l 2 Lines ( C S ).

Then l is coun table. 2

5.6 The Structure of Lines

So far w e ha v e seen lines as unordered sets of elemen ts. With D6j it is p ostulated that ev ery

t w o elemen ts on a line are connected via a �nite im -c hain, whic h is completely co v ered b y

that particular line. Due to the prop erties of the pro ximit y relation P (whic h is necessary

for im ) these c hains consist of lo cal states and ev en ts app earing in an alternating fashion.

So on a line b et w een (to b e de�ned in terms of im ) t w o ev en ts there is alw a ys a state and

vice v ersa.

Considering the in tersection of the immediate neigh b orho o d of an elemen t with a line

con taining this elemen t giv es us a natural v ehicle to classify elemen ts with resp ect to that

line in to four categories:

De�nition D11 Let l 2 Lines ( C S ).

a) I sol atedP oints

C S

( l ) := f x : x 2 l ^ j ( im j l )[ x ] j = 0 g ;

b) E ndP oints

C S

( l ) := f x : x 2 l ^ j ( im j l )[ x ] j = 1 g ;

c) M idP oints

C S

( l ) := f x : x 2 l ^ j ( im j l )[ x ] j = 2 g ;

d) B r anchedP oints

C S

( l ) := f x : x 2 l ^ j ( im j l )[ x ] j � 3 g .

2

As our in tuitiv e notion of w orld-lines suggests, elemen ts on a line are neither isolated nor

branc hed.

Lemma L6 Let l 2 Lines ( C S ). Then I sol atedP oints

C S

( l ) = ; . 2

Pro of Let x 2 l . If l \ im [ x ] = ; then D6j cannot b e satis�ed. 2

Lemma L7 Let l 2 Lines ( C S ). Then B r anchedP oints

C S

( l ) = ; . 2

Pro of Let x 2 l and assume j l \ im [ x ] j � 3. Then there are a; b; c 2 im [ x ] with a l i b ^

b l i c ^ a l i c . This directly con tradicts ( l i j im [ x ] )

2

� co

X

(D6l). 2

Moreo v er, lines should ha v e no endp oin ts, as this could lead to partially dead systems.

Certainly D6m is a necessary condition to ensure this, but is it really su�cien t (in com-

bination with the other axioms)? The follo wing assumption has not b een pro v ed. On the

other hand, it is b eliev ed that it holds, as no coun terexample has b een constructed. In an y

case it is ph ysically justi�ed, and, if it turns out that it cannot b e pro v ed, w e should tak e

this as an axiom, e.g. as a stronger form of D6m. Regrettably w e cannot do without this

assumption, as it is hea vily link ed with P24 and P28, whic h themselv es pro vide a essen tial

connection to the formalism of elemen tary net systems.

Assumption ASS1 Let l 2 Lines ( C S ). Then E ndP oints

C S

( l ) = ; . 2
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Altogether w e come the the conclusion that the elemen ts constituting lines are all mid-

p oin ts, i.e. they ha v e exactly t w o neigh b ors on ev ery line.

Prop osition P23 Let l 2 Lines ( C S ). Then M idP oints

C S

( l ) = l . 2

Once w e ha v e established x P y w e can b e alw a ys sure to �nd a z with z co x and z P y .

This is a crucial result follo wing from ASS1.

Prop osition P24 P � co

�

P . 2

Pro of W e will sho w x P y ) 9 z

0

: x co z

0

^ z

0

P y . Assuming x P y w e get l i

X

[ x ] � l i

X

[ y ]

(b y D5c) suc h that 9 z : z l i y ^ z co x . Then there m ust b e a line l 2 Lines ( C S ) with

z ; y 2 l . Applying ASS1 there m ust b e z

0

; z

00

2 l with z

0

im y ^ z

00

im y . It is clear that

x 6= z

0

^ x 6= z

00

since x 62 l and x co z ^ z l i z

0

^ z l i z

00

. It is necessary that z

0

co x _ z

00

co y

otherwise w e ha v e a line l

0

2 Lines ( C S ) with x; y ; z

0

; z

00

2 l

0

with ( im j l

0

)[ z ] = f x; z

0

; z

00

g

violating ASS1. D6i requires that z

0

P y and z

00

P y . So w e ha v e x co z

0

^ z

0

P y or

x co z

00

^ z

00

P y . 2

One w a y to �nd a pro of for ASS1 migh t in v olv e the previous prop osition: It migh t b e

p ossible to pro v e P24 without using ASS1 and then to deriv e ASS1 from it.

5.7 Propagating Concurrency

It w as already men tioned that the global time ev olution could b e seen as the mo v emen t

of cuts though time-space. So from a giv en cut represen ting the curren t state w e ha v e to

deriv e new cuts, whic h corresp ond to predecessor or successor states, and all this has to

b e done on the basis of lo cal rules, suc h that only the immediate neigh b orho o d of those

elemen ts is in v olv ed, whic h con tribute to the ev olution at that instan t of time.

Concretely , if w e ha v e an arbitrary elemen t whic h is concurren t to an ev en t, w e can prop-

agate concurrency in suc h a w a y that our elemen t is concurren t to all elemen ts in the

immediate neigh b orho o d of that ev en t.

Prop osition P25 Let t 2 T . Then x co t ) ( 8 y 2 im [ t ] : x co y ). 2

Pro of Let x co t and assume there is some y 2 im [ t ] with x l i

X

y . x = y implies x im t ,

con tradicting x co t . t 2 T requires y P t . Then w e get a direct con tradiction with L1

since w e ha v e y l i t and y l i

�

co t . 2

In terestingly this prop osition has a coun terpart concerning causalit y and lo cal states: F or

all elemen ts that are causally related to a state-elemen t the causalit y can b e extended to

its immediate neigh b orho o d.

Prop osition P26 Let s 2 S . Then x l i s ) ( 8 y 2 im [ s ] : x l i

X

y ). 2

Pro of Similar to the previous pro of let x l i s and assume there is some y 2 im [ s ] with

x co y . s 2 S implies s P y . s l i y and s l i

�

co y together with L1 leads to : ( s P y ). A

con tradiction. 2

As a direct consequence, giv en a lo cal state on a line, that line m ust necessarily con tain

its immediate neigh b orho o d.

Prop osition P27 Let s 2 S ^ l 2 Lines ( C S ) ^ s 2 l . Then im [ s ] � l . 2
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Pro of Com bining j im [ s ] j = 2 (P7) and j l \ im [ s ] j = 2 (P23) w e immediately get

im [ s ] = l \ im [ s ]. 2

A more complicated but essen tial propagation rule for concurrency can b e deriv ed from

ASS1: Giv en an ev en t t and an arbitrary elemen t x , whic h is concurren t to all elemen ts in

one equiv alence class of t (remem b er the de�nition of lo cal equiv alence classes in section

5.5), concurrency can b e propagated in suc h a w a y that elemen t x is also concurren t to

ev en t t .

Prop osition P28 Let t 2 T ^ E 2 im [ t ] =co

X

.

Then ( 8 e 2 E : x co e ) ) x co t . 2

Pro of According to P20 w e can write im [ t ] =co

X

= f E

1

; E

2

g where E

1

[ E

2

= im [ t ] ^

E

1

\ E

2

= ; . Let x 2 X suc h that 8 e 2 E

1

: x co e . No w assume x l i t . First observ e

that there is some line l 2 Lines ( C S ) with t; x 2 l . D6j additionally requires that a �nite

im -c hain ( x = x

0

; : : : ; x

n

= t ) is con tained completely in l ( f x

0

; : : : ; x

n

g � l ). As x co e

holds for all e 2 E

1

the line l m ust pass through some s 2 im [ t ] � E

1

implying s 2 E

2

.

No w observ e that t is an endp oin t of l in the sense that there is no further elemen t of

im [ t ] � f s g con tained in that line ( im [ t ] � f s g \ l = ; ). This is a direct con tradiction with

ASS1. 2

The restriction that w e ha v e to consider ev en ts (and their immediate neigh b orho o d) is ev en

not necessary , suc h that a sligh tly more general form of this prop osition is also p ossible:

Remark R9 Let z 2 X ^ E 2 im [ z ] =co

X

.

Then ( 8 e 2 E : x co e ) ) x co z . 2

Pro of Com bine P25 (for z 2 T ) and P28 (for z 2 S ). 2

Applying these propagation rules it is an easy task to rule out lines that are shorter that

four elemen ts. This lo w er b ound cannot b e impro v ed as w e can see from Fig. 1 where w e

can iden tify t w o lines with exactly four elemen ts.

Prop osition P29 Let l 2 Lines ( C S ). Then j l j � 4. 2

Pro of Let l 2 Lines ( C S ) (1) . By D6a and P3 w e ha v e j l j � 2. If j l j = 2 w e ha v e

l = f a; b g and as a im b w e can assume a 2 S and b 2 T . Applying P26 to a with the fact

that im [ a ] = f b; c g w e �nd that ev en f a; b; c g is a clique of l i

X

. Hence w e conclude j l j > 2.

No w assume j l j = 3 and l = f a; b; c g . Without loss of generalit y w e can assume a im b

and b im c (b y D6j). Then b y D9 and P8 there are t w o p ossibiliti es, either a 2 S , b 2 T ,

c 2 S (case (2) ) or a 2 T , b 2 S and c 2 T (case (3) ). D6m suggests that there m ust b e

an elemen t d 2 im [ f c g ] with d 6= b and b l i d . b l i c and c l i d is clear b y C5. In case 2 w e

ha v e c 2 S and assuming a co d leads to a co c (applying P26) whic h con tradicts a l i c In

case 3 w e ha v e c 2 T and assuming a co d leads to b co d (b y P26), again a con tradiction.

So in b oth cases w e ha v e a l i d and f a; b; c; d g is a clique of l i

X

, whic h is not reconcilable

with our initial assumption 1 that l = f a; b; c g 2 Lines ( C S ). 2

5.8 Consisten t Orien tations and Nets

In this section a link will b e established b et w een the formalism of nets and concurrency

structures. A ma jor c haracteristic of nets is the partition of net elemen ts in to t w o sorts:

activ e transitions and passiv e places. Giv en a concurrency structure C S = ( X ; l i; c o ) ev en ts
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T

C S

and lo cal states S

C S

w ere already in tro duced constituting a partition of X , and w e

will naturally iden tify transitions and places with ev en ts and lo cal states, resp ectiv ely . A

further feature of nets is the p ossibilit y of expressing the symmetric relations of causalit y

and concurrency b y means of a single directed 
o w relation. The term 
o w relation already

indicates that a certain direction of time is c hosen, in whic h the 
o w (of the distributed

state in time-space) is orien ted. On the lev el of concurrency structures, ho w ev er, w e had no

privileged arro w of time. So w e exp ect that giv en a concurrency structure w e �nd di�eren t

nets with di�eren t orien tations of the 
o w relation. Later, when the dynamics of nets is

in v estigated, w e will see that certain elemen tary net systems based on these nets are in

some sense equiv alen t to the underlying concurrency structure.

W e start this section with the de�nition of a consisten t orien tation, whic h is a relation

F orien ting eac h pair of immediate neigh b ors x im y in exactly one direction (that is

F [ F

� 1

= im and F \ F

� 1

= ; ) and satisfying some further conditions that will b e

men tioned immediately . F rom the viewp oin t of some elemen t x 2 X w e in terpret that

part of the neigh b orho o d im [ x ] that is giv en b y F

� 1

[ x ] as those elemen ts that ha v e a

direct e�ect up on x and F [ x ] as the elemen ts that are directly a�ected b y x . In other

w ords, F [ x ] and F

� 1

[ x ] are immediate temp oral successors and predecessors, resp ectiv ely .

An additional condition of consisten t orien tation is giv en b y F

�

F � l i . This ensures that

the relation of causalit y holds b et w een an elemen t y that directly a�ects x ( y F x ) and

an elemen t z that is directly a�ected b y x ( x F z ). W e are sure that in this case y and z

m ust b e (indirectly) causally dep enden t, as there is only one elemen t, namely x , lo cated

b et w een them. On the other hand, if there are t w o elemen ts y ; z 2

�

x

F

that b oth a�ect

x , they can do this only concurren tly and similarly y ; z 2 x

�

F

whic h are directly a�ected

b y x m ust b e concurren t. The last t w o conditions are expressed b y F

�

F

� 1

� co

X

and

F

� 1

�

F � co

X

.

De�nition D12 Let F � X � X and Y � X .

F is a c onsistent orientation on Y in C S : ,

a) F \ F

� 1

= ; ;

b) F [ F

� 1

= im j Y ;

c) F

�

F � l i ;

d) F

�

F

� 1

� co

X

;

e) F

� 1

�

F � co

X

.

2

F or tec hnical reasons, the de�nition of consisten t orien tation will b e needed with resp ect

to a subset Y of X . This corresp onds to a partial consisten t orien tation of a concurrency

structure, whic h will b e useful for the inductiv e appro ximation of a (total) consisten t

orien tation.

De�nition D13 F is a c onsistent orientation on C S : ,

F is a consisten t orien tation on X in C S . 2

An example for a consisten t orien tation F of the concurrency structures giv en in Fig. 1 is

sho wn in Fig. 8.

Remark R10 Let Z � Y .

F is a consisten t orien tation on Y ) F j Z is a consisten t orien tation on Z . 2
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co
F

a)

b)

T
]
S

Figure 8: A consisten t orien tation F

An equiv alen t form ulation of the notion of consisten t orien tation is giv en b y the follo wing

remark b y simply rev ersing the implications of the de�nition D12.

Remark R11 Let F � X � X .

F is a consisten t orien tation on C S ,

a) : ( x F y ^ x F

� 1

y );

b) x im y , x F y _ x F

� 1

y ;

c) x im y im z ^ x l i z ) x F y F z _ x F

� 1

y F

� 1

z ;

d) x im y im z ^ x co

X

z ) x F y F

� 1

z _ x F

� 1

y F z .

2

So far is has not b een pro v ed that suc h a consisten t orien tation really exists. It is mainly

this question that is to b e addressed in the remainder of this section. As men tioned ab o v e,

a set of nets N ets ( C S ) will b e asso ciated with ev ery concurrency structure C S and the

ma jor problem is what w e can sa y ab out the cardinalit y of this set.

De�nition D14 N ets ( C S ) := f ( S; T ; F ) : F is a consisten t orien tation on C S g . 2

Although w e do not kno w if N ets ( C S ) 6= ; , w e can easily deriv e some essen tial prop erties

of those ob jects that migh t b e con tained in N ets ( C S ). First some trivial remarks follo wing

immediately from the de�nition:

Remark R12 Let ( S; T ; F ) 2 N ets ( C S ) ^ x 2 X .

Then 8 y 2

�

x

F

: 8 z 2 x

�

F

: y l i z . 2

Pro of Immediately from F

2

� l i (D12c). 2

Remark R13 Let ( S; T ; F ) 2 N ets ( C S ) ^ x 2 X .

a) 8 y ; z 2

�

x

F

: y co

X

z ;

b) 8 y ; z 2 x

�

F

: y co

X

z .

2

Pro of Immediately from F

�

F

� 1

� co

X

and F

� 1

�

F � co

X

(D12). 2

Lemma L8 im [ x ] =

�

x

F

[ x

�

F

. 2

Pro of Clear b y D12 as F [ F

� 1

= im . 2
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Prop osition P30 im [ x ] =co

X

= f

�

x

F

; x

�

F

g . 2

Pro of By R12, R13 and L8. 2

In fact, elemen ts of N ets ( C S ) satisfy the de�nition of a net, as it w as already an ticipated

ab o v e.

Prop osition P31 Let N 2 N ets ( C S ). Then N is a net. 2

Pro of Let N = ( S; T ; F ) ^ N 2 N ets ( C S ). S \ T = ; has b een found in R6. So all

w e ha v e to pro v e is: F � ( S � T ) [ ( T � S ). But this is clear b ecause P � ( S � T ) and

F � im = P [ P

� 1

. 2

All nets asso ciated with C S turn out to b e connected and pure.

Prop osition P32 Let N 2 N ets ( C S ). Then N is connected. 2

Pro of Let ( S; T ; F ) 2 N ets ( C S ). F rom im

�

X

= X � X (P7) and F [ F

� 1

= im w e

immediately �nd ( F [ F

� 1

)

�

X

= X � X . 2

Prop osition P33 Let N 2 N ets ( C S ). Then N is pure. 2

Pro of Immediately from F \ F

� 1

= ; (D12a). 2

The elemen ts of these nets are directly a�ected b y at least one elemen t, and they directly

a�ect at least one further elemen t. So the future as w ell as the past of an elemen t is nev er

empt y .

Prop osition P34 Let ( S; T ; F ) 2 N ets ( C S ).

Then 8 x 2 X : j

�

x

F

j � 1 ^ j x

�

F

j � 1. 2

Pro of Let x 2 X . Assume x

�

F

= ; . C4 and D6m require that there are y ; z 2 im [ x ]

suc h that y l i z . F rom our assumption it follo ws that y F x and z F x , but this w ould

con tradict F

�

F

� 1

� co

X

. The situation for

�

x

F

= ; is similar. 2

Lo cal states or places ha v e exactly one immediate temp oral predecessor and one successor.

Prop osition P35 Let ( S; T ; F ) 2 N ets ( C S ).

Then 8 s 2 S : j

�

s

X

j = j s

�

X

j = 1. 2

Pro of Directly from P21 and P34. 2

Ev en ts or transitions are necessarily equipp ed with more than one predecessor and more

than one successor.

Prop osition P36 Let ( S; T ; F ) 2 N ets ( C S ).

Then 8 t 2 T : j

�

t

X

j > 1 ^ j t

�

X

j > 1. 2

Pro of Let t 2 T . Assume s 2

�

t

X

and s

0

2 t

�

X

(this is p ossible b y P34). Certainly w e

ha v e s P t and s

0

P t . P24 implies 9 z : s co z ^ z P t and 9 z

0

: s

0

co z

0

^ z

0

P t suc h that

D12 leads to z 2

�

t

X

and z

0

2 t

�

X

. 2

A �rst hin t ab out the cardinalit y of N ets ( C S ) in giv en b y the next prop osition. If a net

N is con tained in this set, this is also true for the in v erse net of N . So, if N ets ( C S ) is

�nite, it m ust b e of ev en cardinalit y .

Prop osition P37 ( S; T ; F ) 2 N ets ( C S ) , ( S; T ; F

� 1

) 2 N ets ( C S ). 2

Pro of It is su�cien t to sho w: F is a consisten t orien tation , F

0

:= F

� 1

is a consisten t

orien tation. And this follo ws directly from D12:
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a) F [ F

� 1

= F

0

[ F

0� 1

= im ,

b) F \ F

� 1

= F

0

\ F

0� 1

= ; ,

c) F

2

� l i , F

0 2

� l i

� 1

= l i ,

d) F

�

F

� 1

= F

0� 1

�

F

0

� co

X

,

e) F

� 1

�

F = F

0

�

F

0� 1

� co

X

.

2

In the follo wing a prop osition is prepared, whic h sho ws that N ets ( C S ) m ust con tain at

least one elemen t, if a certain condition (ASS2) is satis�ed. T o state this condition in

a compact form and to simplify the pro of t w o abbreviations are in tro duced. Giv en an

arbitrary im -c hain A w e sa y that (the unordered set of ) t w o concurren t elemen ts, whic h

are separated b y only one elemen t in A , constitute a co -ro ot. C oRoots

C S

( A ) is simply

the set of co -ro ots on A . If B is an im -cycle, the idea is similar, but w e ha v e to tak e in to

accoun t also the t w o neigh b ors of the �rst (whic h is the same as the last) elemen t leading

to the de�nition of Al l C oRoots

C S

( B ).

De�nition D15

Let A = ( a

0

; : : : ; a

n

) b e an im -c hain and B = ( b

0

; : : : ; b

n

) b e an im -cycle.

a) C oRoots

C S

( A ) := f i 2 N [1 ; n � 1] : a

i � 1

co

X

a

i +1

g ;

b) Al l C oRoots

C S

( B ) := f i 2 N [0 ; n � 1] : b

( i � 1) mo d n

co

X

b

( i +1) mo d n

g .

2

F or an illustrating example lo ok at Fig. 9, where w e see an im -cycle A = (1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 1)

and the follo wing relations: 1 l i 3, 2 l i 4, 3 co 5, 4 l i 6, 5 l i 7, 6 l i 8, 7 l i 1. F urther elemen ts

and relations are not of in terest. Conceiving A as an im -c hain w e see that C oRoots ( A ) =

f 3 g . Viewing A as an im -cycle w e �nd the same result for Al l C oRoots ( A ) = f 3 g . Cho os-

ing a di�eren t im -cycle B = (4 ; 5 ; 6 ; 7 ; 8 ; 1 ; 2 ; 3 ; 4 ) (on the same set of elemen ts) w e get

C oRoots ( B ) = ; , but Al l C oRoots ( B ) = f 0 g .

li
co
im

S

T
]

1 2

3 4

5

67

8

Figure 9: An im -cycle with o dd co -ro ots

The subsequen t remark should clarify the relation b et w een these t w o de�nitions.

Remark R14 Let A = ( a

0

; : : : ; a

n

) b e an im -cycle.

a) a

1

l i a

n � 1

) Al l C oRoots

C A

( A ) = C oRoots

C S

( A );

b) a

1

co a

n � 1

) Al l C oRoots

C A

( A ) = C oRoots

C S

( A ) [ f 0 g ;
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2

Dealing with concurrency in analogy to information as a 
o wing quan tit y co -ro ots are

in tended to mark p oten tial sources and sinks of concurrency . The follo wing assumption,

states that on ev ery im -cycle the cardinalit y of co -ro ots is ev en. Lo osely sp eaking, this

seems to b e a necessary condition for the conserv ation of concurrency on an im -cycle

(whatev er this ma y mean), if w e argue that for ev ery source there m ust b e a sink of

concurrency , and vice v ersa.

Assumption ASS2 Let A b e an im -cycle.

Then j Al l C oRoots

C S

( A ) j is ev en. 2

The next de�nition will b e helpful in subsequen t pro ofs. It simply de�nes the concept

of consisten t orien tation with resp ect to im -c hains similar to D12. Note that in general

im j A 6= im j S et ( A ) if A is a im -c hain. Hence the follo wing notion is generally not equiv alen t

to a consisten t orien tation of A .

De�nition D16 Let F � X � X and A b e an im -c hain.

F is an A -orientation in C S : ,

a) F \ F

� 1

= ; ;

b) F [ F

� 1

= im j A ;

c) a

i

F a

i +1

F a

i +2

) a

i

l i a

i +2

;

d) a

i

F

� 1

a

i +1

F

� 1

a

i +2

) a

i

l i a

i +2

;

e) a

i

F a

i +1

F

� 1

a

i +2

) a

i

co a

i +2

;

f ) a

i

F

� 1

a

i +1

F a

i +2

) a

i

co a

i +2

.

2

Certainly a consisten t orien tation F of C S implies that F is an orien tation on ev ery

im -c hain.

Remark R15 Let A b e an im -c hain.

Then F is a consisten t orien tation on X ) F j A is an A -orien tation. 2

Pro of Use R11. 2

F rom the fact that C oRoots

C S

( A ) is of ev en cardinalit y for a giv en im -c hain A w e can

in tuitiv ely conclude that an A -orien tation F �xed b et w een the �rst t w o elemen ts of the

c hain can b e propagated along the c hain and undergo es an ev en n um b er of rev ersals (one

for eac h co -ro ot), suc h that at the end of the c hain w e again �nd the original orien tation.

If j C oRoots

C S

( A ) j is o dd, the last t w o elemen ts of the c hain are orien ted in the opp osite

direction.

Lemma L9 Let A = ( a

0

; : : : ; a

n

) b e an im -c hain with n � 2 and

F b e a A -orien tation in C S .

a) j C oRoots

C S

( A ) j is ev en ) a

0

F a

1

, a

n � 1

F a

n

;

b) j C oRoots

C S

( A ) j is o dd ) a

0

F a

1

, a

n � 1

F

� 1

a

n

.

2

Pro of De�ne r

Y

:= j C oRoots

C S

( Y ) j and pro ceed b y induction o v er r

A

. F or r

A

= 0 w e

ha v e either a

i

F a

i +1

for all i; i + 1 2 N [0 ; n ] or a

i

F

� 1

a

i +1

for all i; i + 1 2 N [0 ; n ]. So L9a is

satis�ed and L9b holds trivially . No w w e sho w that our lemma is also v alid for r

A

= i > 0
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if it holds for r

A

= i � 1: F or r

A

= i there is a pair a

k � 1

; a

k +1

2 A with a

k � 1

co

X

a

k +1

.

Cho ose the largest k with this prop ert y . No w decomp ose A in to B = ( b

0

; : : : ; b

n

) and

C = ( c

0

; : : : ; c

m

) suc h that A = ( b

0

; : : : ; b

n � 1

= a

k � 1

; b

n

= a

k

= c

0

; c

1

= a

k +1

; : : : ; c

m

) and

notice that r

C

= 0, b

n � 1

co

X

c

1

and r

B

= r

A

� 1.

If r

A

is o dd then r

B

is ev en and w e conclude b

0

F b

1

, b

n � 1

F b

n

(using L9a with

r

A

= i � 1) and b

n � 1

F b

n

, c

0

F

� 1

c

1

(from R11) and c

0

F c

1

, c

n � 1

F c

n

(from L9a).

Altogether this yields b

0

F b

1

, c

n � 1

F

� 1

c

n

whic h is actually L9b.

If r

A

> 0 is ev en then r

B

is o dd and w e �nd b

0

F b

1

, b

n � 1

F

� 1

b

n

(applying L9b with

r

A

= i � 1) and b

n � 1

F b

n

, c

0

F

� 1

c

1

(from R11) and c

0

F c

1

, c

n � 1

F c

n

(from L9a).

Altogether this yields b

0

F b

1

, c

n � 1

F c

n

whic h is L9a. 2

Com bining the previous lemma with the assumption that on im -cycles there is alw a ys an

ev en n um b er of co -ro ots w e can �nd the follo wing lemma concerning F in the neigh b orho o d

of the �rst and last elemen t of an im -cycle.

Lemma L10 Let A = ( a

0

; : : : ; a

n

) b e an im -cycle with n � 2 and

F b e an A -orien tation in C S .

a) a

n � 1

l i a

1

) a

n � 1

F ( a

n

= a

0

) F a

1

_ a

n � 1

F

� 1

( a

n

= a

0

) F

� 1

a

1

;

b) a

n � 1

co

X

a

1

) a

n � 1

F ( a

n

= a

0

) F

� 1

a

1

_ a

n � 1

F

� 1

( a

n

= a

0

) F a

1

.

2

Pro of First apply ASS2 to A and observ e that Al l C oRoots ( A ) is ev en. W e distinguish

t w o cases: Either a

n � 1

l i a

1

(1) or a

n � 1

co

X

a

1

(2) . In case 1 w e ha v e that C oRoots ( A ) is

ev en and in case 2 C oRoots ( A ) is o dd (see R14). Applying L9 yields a

0

F a

1

, a

n � 1

F a

n

in case 1 and a

0

F a

1

, a

n � 1

F

� 1

a

n

in case 2. 2

With these lemmas w e are prepared to giv e a pro cedure to construct a consisten t orien ta-

tion on an arbitrary large im -coheren t subset of X (that is a subset Y � X with im

�

Y

= Y )

and to pro v e that this pro cedure yields a (total) consisten t orien tation in the limit.

Scop e S3

The subsequen t construction is guided b y an en umeration of all elemen ts of X , whic h m ust

ha v e the prop ert y that it preserv es the coherence of im , that is, the set of all elemen ts

en umerated up to a certain index should b e im -coheren t ( X is im -coheren t i� im

�

X

=

X � X ). This is ensured b y the additional condition that a newly en umerated elemen t

should b e the im -neigh b or of a previously en umerated one.

De�nition D17

a) e is an enumer ation of C S : ,

e : N ! X and e is surjectiv e on X and total on N or N [0 ; n ] for some n ;

b) e is a c oher ent enumer ation of C S : ,

8 i 2 D om ( e ) : i > 0 ) 9 j 2 D om ( e ) : j < i ^ e ( j ) im e ( i ).

2

The follo wing construction inductiv ely de�nes sev eral sets, whic h are indexed o v er the

domain of an arbitrary coheren t and injectiv e en umeration, and �nally de�nes F in terms

of these sets (D18g). Notice that there is some further arbitrariness in this construction

(as w e ha v e the p ossibilit y to c ho ose b et w een alternativ es in particular at D18b), suc h that

w e can not exclude the p ossibilit y that the construction yields di�eren t results in terms
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of F . But this do es not matter, as our �rst goal is only to pro v e the existence of at least

one consisten t orien tation.

Construction D18

a) Fix a coheren t injectiv e en umeration e of C S and de�ne e

i

:= e ( i );

b) Cho ose D

0

, E

0

suc h that f D

0

; E

0

g = im [ e

0

] =co

X

;

c) F

0

:= D F

0

:= ( D

0

� f e

0

g ) [ ( f e

0

g � E

0

);

d) Cho ose D

i

, E

i

suc h that f D

i

; E

i

g = im [ e

i

] =co

X

and

9 j : j < i ^ ( e

j

F

j

e

i

^ e

j

2 D

i

) _ ( e

i

F

j

e

j

^ e

j

2 E

i

);

e) D F

i

:= ( D

i

� f e

i

g ) [ ( f e

i

g � E

i

);

f ) F

i

:= F

i � 1

[ D F

i

;

g) F :=

S

f F

i

: i 2 D om ( e ) g .

2

The pro of that F is w ell-de�ned b y this construction will follo w after some auxiliary

de�nitions and lemmas. But �rst the idea b ehind this construction will b e informally

sk etc hed.

Starting with an orien tation of the neigh b orho o d of e

0

w e will propagate this orien tation

through the whole structure with the help of our en umeration e . In ev ery step i w e orien t

e

i

and its immediate neigh b orho o d im [ e

i

] in some lo cally consisten t manner b y D F

i

, and

w e hop e that collecting all lo cal orien tations yields a (global) orien tation of X . Let us go

step b y step through the construction: In D18b w e simply name the t w o equiv alence classes

of im [ e

0

] with resp ect to co

X

. By con v en tion D

0

should denote the immediate temp oral

predecessors of e

0

, and E

0

con tains its immediate temp oral successors. D18c establishes

F

0

to b e consisten t with this c hoice, that is F

� 1

0

[ e

0

] = D

0

and F

0

[ e

0

] = E

0

. D18d similarly

de�nes the equiv alence classes of im [ e

i

] to b e D

i

and E

i

, but no w with the b oundary

condition that this c hoice is consisten t with a previous orien tation already established

b y F

j

for j < i : That is if e

i

is already c hosen to b e the successor of some e

j

, then e

j

m ust b e con tained in the predecessors D

i

of e

i

. Otherwise, if e

i

is already a predecessor

of some e

j

, w e w an t e

j

to b e con tained in the successors E

i

of e

i

. D18e again expresses

the con v en tion that D

i

and E

i

are predecessors and successors, resp ectiv ely . D18f collects

all lo cal orien tations D F

j

in F

i

, whic h ha v e b e found up to and including step i . Finally

D18g yields the smallest set F con taining all F

j

constructed during the pro cedure, whic h

ma y b e (coun tably) in�nitely man y .

The subsequen t list of prop erties concerning the previous construction can b e easily v eri-

�ed.

Remark R16

a) i � j ) D F

i

� F

j

;

b) i � j ) F

i

� F

j

;

c) F

i

� F ;

d) D F

i

\ D F

� 1

i

= ; ;

e) D F

2

i

� l i ;

f ) D F

i

�

D F

� 1

i

� co

X

;

g) D F

� 1

i

�

D F

i

� co

X

;

h) D F

i

[ D F

� 1

i

= l ( im [ e

i

] � f e

i

g );

i) D F

i

[ D F

� 1

i

= im j ( im

X

[ e

i

]);

44



j) D F

i

� im ;

k) F [ F

� 1

� im ;

l) F

i

=

S

f D F

j

: j 2 N [0 ; i ] g ;

m) e

i

D F

j

e

k

) i = j _ j = k .

2

In the next de�nition X

i

is the set of all elemen ts and their im -neigh b ors reac hed b y the

en umeration up to and including step i . Notice that the in ten tion of a coheren t en umeration

w as just to guaran tee that X

i

is im -coheren t.

De�nition D19 X

i

:=

S

f im

X

[ e

k

] : k 2 N [0 ; i ] g . 2

The in�nite sequence X

0

; X

1

; : : : is a subset c hain and X is the smallest set con taining all

X

i

.

Remark R17

a) e

0

; : : : ; e

i

2 X

i

;

b) e

i

im e

j

) e

i

2 X

j

^ e

j

2 X

i

;

c) X =

S

f X

i

: i 2 N g ;

d) i � j ) X

i

� X

j

.

2

By the help of X

i

w e recognize a further imp ortan t prop ert y of D F

i

and F

i

: X

i

is exactly

that subset of X up to whic h the orien tation has b een propagated though the structure

up to step i .

Lemma L11

a) ( x D F

i

y _ x D F

� 1

i

y ) ) x; y 2 X

i

;

b) F

i

[ F

� 1

i

= im j X

i

;

c) F

i

[ F

� 1

i

= ( F

i

[ F

� 1

i

) j X

i

.

2

Pro of

a) Assume e

k

D F

i

e

j

or e

k

D F

� 1

i

e

j

. It follo ws that e

k

im e

j

whic h implies e

k

2 X

j

and e

j

2 X

k

b ecause e

j

2 X

j

and e

k

2 X

k

. By D18e w e ha v e D F

i

= ( D

i

� f e

i

g ) [

( f e

i

g � E

i

) whic h means that either k = i or j = i . So w e conclude that e

k

2 X

i

and

e

j

2 X

i

in b oth cases.

b) By R16l F

i

[ F

� 1

i

=

S

f D F

j

[ D F

� 1

j

: j 2 N [0 ; i ] g and b y R16i D F

i

[ D F

� 1

i

=

im j ( im

X

[ e

i

]) . It follo ws that F

i

[ F

� 1

i

=

S

f im j ( im

X

[ e

j

]) : j 2 N [0 ; i ] g = im j X

i

.

c) F rom L11b b y ( F

i

[ F

� 1

i

) j X

i

= ( im j X

i

) j X

i

= im j X

i

= F

i

[ F

� 1

i

.

2

As promised, it follo ws the pro of that F is w ell-de�ned in our construction, whic h means

in this case that the construction alw a ys succeeds to yield some F . This is not immediately

clear, as, in particular, it is not eviden t that the condition of D18d can b e alw a ys satis�ed.

Lemma L12

a) D

i

, E

i

are w ell-de�ned;
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b) D F

i

, F

i

, F are w ell-de�ned.

2

Pro of

a) Remem b er P20. It guaran tees that w e can alw a ys c ho ose D

i

, E

i

suc h that f D

i

; E

i

g =

im [ e

i

] =co

X

. But what ab out the b oundary condition in D18d: 9 j : j < i ^ ( e

j

F

j

e

i

^

e

j

2 D

i

) _ ( e

i

F

j

e

j

^ e

j

2 E

i

). First in D17b w e required that there is some j suc h

that j < i ^ e

j

im e

i

. This means that e

i

2 X

j

and of course e

j

2 X

j

. By L11b

( F

j

[ F

� 1

j

= im j X

j

) w e ha v e e

i

F

j

e

j

or e

j

F

j

e

i

. F urthermore e

j

2 im [ e

i

] suc h that

in case e

j

F

j

e

i

w e can c ho ose D

i

suc h that e

j

2 D

i

and otherwise w e m ust ha v e

e

i

F

j

e

j

and w e c ho ose E

i

suc h that e

j

2 E

i

. Hence the condition in D18d can alw a ys

b e satis�ed.

b) F ollo ws immediately from L11c as F , F

i

, D F

i

are de�ned in terms of D

i

, E

i

.

2

Unfortunately , the straigh tforw ard pro of that the result of construction D18 is indeed a

consisten t orien tation, whic h follo ws no w, is tec hnical and migh t obscure the actual idea,

whic h is the follo wing: If ev ery im -cycle has an ev en n um b er of co -ro ots, it can b e orien ted

consisten tly . If ev ery im -cycle can b e orien ted consisten tly , this is also true for the whole set

X . That im -cycles ha v e to b e considered comes from the observ ation that, if a concurrency

structure exists, whic h con tains the structure of Fig. 9 as a subset (remem b er that this

w as assumed not to b e the case b y ASS2, as w e ha v e exactly one co -ro ot on the im -cycle

sho wn), it is imp ossible to �nd a consisten t orien tation.

The follo wing t w o lemmas pro v e the �rst t w o necessary conditions D12b and D12a for F

i

to b e a consisten t orien tation on X

i

.

Lemma L13 8 x; y 2 X

i

: ( x im y , x F

i

y _ x F

� 1

i

y ). 2

Pro of This is equiv alen t to im j X

i

= ( F

i

[ F

� 1

i

) j X

i

. With ( F

i

[ F

� 1

i

) j X

i

= F

i

[ F

� 1

i

(L11c) w e �nd F

i

[ F

� 1

i

= im j X

i

whic h is L11b. 2

The pro of of the next lemma is simple but cum b ersome, as there are sev eral cases, that ha v e

to b e distinguished. The pro of is an indirect one and has roughly the follo wing structure:

First w e iden tify the �rst step in our construction that violates our lemma. W e sho w that

there m ust exist at least t w o im -paths from e

0

to that lo cation, where the violation tak es

place. In tuitiv ely these to paths represen t con tradicting orien tation constrain ts carried to

an elemen t from di�eren t sides. Com bining these t w o im -paths to a cycle w e apply ASS2

(or L10 to b e more precise) to deriv e a con tradiction.

Lemma L14 8 x; y 2 X

i

: : ( x F

i

y ^ x F

� 1

i

y ). 2

Pro of Indirect: Assume F

i

\ F

� 1

i

6= ; for some i . W e will c ho ose the smallest suc h i in

order to ensure that F

i � 1

\ F

� 1

i � 1

= ; . This means there are e

j

; e

k

2 X

i

suc h that e

j

F

i

e

k

and e

k

F

i

e

j

. As D F

i

\ D F

� 1

i

= ; w e can distinguish t w o cases: Either e

j

F

i � 1

e

k

(1) or

e

k

F

i � 1

e

j

(2) . Observ e that in b oth cases w e ha v e e

j

; e

k

2 X

i � 1

(3) b y L11b.

First w e deal with case 1: If e

j

F

i � 1

e

k

then there is some l with l < i (4) and e

j

D F

l

e

k

,

whic h implies either l = j (5) or l = k (6) . No w consider e

k

F

i

e

j

. F rom e

j

F

i � 1

e

k

and

F

i � 1

\ F

� 1

i � 1

= ; w e infer e

k

D F

i

e

j

, whic h implies either i = j (7) (if e

k

2 D

i

) or i = k

(8) (if e

j

2 E

i

).
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No w w e come to the case 2, whic h is completely symmetric to 1: e

k

F

i � 1

e

j

implies that

there is some l with l < i (9) and e

k

D F

l

e

j

. Again this implies either l = j (10) or l = k

(11) . F rom e

j

F

i

e

k

together with e

k

F

i � 1

e

j

and F

i � 1

\ F

� 1

i � 1

= ; w e deriv e e

j

D F

i

e

k

.

This means either i = j (12) (if e

k

2 E

i

) or i = k (13) (if e

j

2 D

i

) holds.

F or the case 1 as w ell as for the case 2 w e found that ( e

k

; e

j

) 2l D F

i

suc h that the condition

of D18d m ust ha v e b een satis�ed: There is some m with m < i and e

m

F

m

e

i

^ e

m

2 D

i

(14) or e

i

F

m

e

m

^ e

m

2 E

i

(15) .

Our aim is to deriv e a con tradiction for ev ery conceiv able com bination of cases in tro duced

ab o v e:

a) F or (5 ^ 7), (6 ^ 8), (10 ^ 12) and (11 ^ 13) this is easily done: These com binations

are imp ossible b ecause they imply i = l whic h con tradicts either 4 or 9.

b) (1 ^ 5 ^ 8 ^ 14). e

j

F

i � 1

e

k

, l = j , i = k , e

m

F

m

e

i

.

e

m

2 D

i

and ( e

j

= e

l

) 2 E

i

implies e

m

l i ( e

j

= e

l

).

c) (1 ^ 6 ^ 7 ^ 14). e

j

F

i � 1

e

k

, l = k , i = j , e

m

F

m

e

i

.

e

m

2 D

i

and ( e

k

= e

l

) 2 D

i

implies e

m

co ( e

k

= e

l

).

d) (1 ^ 5 ^ 8 ^ 15). e

j

F

i � 1

e

k

, l = j , i = k , e

i

F

m

e

m

.

e

m

2 E

i

and ( e

l

= e

j

) 2 E

i

implies ( e

l

= e

j

) co e

m

.

e) (1 ^ 6 ^ 7 ^ 15). e

j

F

i � 1

e

k

, l = k , i = j , e

i

F

m

e

m

.

e

m

2 E

i

and ( e

k

= e

l

) 2 D

i

implies e

m

l i ( e

k

= e

l

).

f ) (2 ^ 10 ^ 13 ^ 14). e

k

F

i � 1

e

j

, l = j , i = k , e

m

F

m

e

i

.

e

m

2 D

i

and ( e

j

= e

l

) 2 D

i

implies e

m

co ( e

j

= e

l

).

g) (2 ^ 11 ^ 12 ^ 14). e

k

F

i � 1

e

j

, l = k , i = j , e

m

F

m

e

i

.

e

m

2 D

i

and ( e

k

= e

l

) 2 E

i

implies e

m

l i ( e

k

= e

l

).

h) (2 ^ 10 ^ 13 ^ 15). e

j

F

i � 1

e

k

, l = k , i = j , e

m

F

m

e

i

.

e

m

2 E

i

and ( e

j

= e

l

) 2 D

i

implies e

m

l i ( e

j

= e

l

).

i) (2 ^ 11 ^ 12 ^ 15). e

k

F

i � 1

e

j

, l = k , i = j , e

i

F

m

e

m

.

e

m

2 E

i

and ( e

k

= e

l

) 2 E

i

implies e

m

co ( e

k

= e

l

).

Except for the �rst com bination (whic h w as already found to b e imp ossible) w e observ e

(using the fact that F

m

� F

i � 1

from m < i ):

a) e

m

co e

l

, e

m

F

i � 1

e

i

F

i � 1

e

l

_ e

m

F

� 1

i � 1

e

i

F

� 1

i � 1

e

l

(16) ;

b) e

m

l i e

l

, e

m

F

i � 1

e

i

F

� 1

i � 1

e

l

_ e

m

F

� 1

i � 1

e

i

F

i � 1

e

l

(17) .

As e

l

; e

m

; e

i

2 X

i � 1

(remem b er 3 and m < i ) there are t w o ( im j X

i � 1

)-c hains A , B

with A = ( e

i

; e

l

; : : : ; e

0

) and B = ( e

i

; e

m

; : : : ; e

0

). Exploiting the condition of D17b

w e can ev en c ho ose A , B suc h that p < q ^ A

p

= e

r

^ A

q

= e

s

) r > s and p <

q ^ B

p

= e

r

^ B

q

= e

s

) r > s . Com bining A and B w e construct a ( im j X

i � 1

)-cycle

C = ( c

n

)

n 2 I

= ( e

i

; e

l

; : : : ; e

0

; : : : ; e

m

; e

i

). Note that i is the maximal index necessary to

construct C , that is, :9 p > i : e

p

2 C (18) .

No w de�ne F

0

:= F

i � 1

j C and notice that it has the follo wing prop erties:

a) F

0

\ F

0� 1

= ; . By our initial assumption F

i � 1

\ F

� 1

i � 1

= ; .

b) F

0

[ F

0� 1

= im j C . Use L11b.

c) c

n

F

0

c

n +1

F

0

c

n +2

) c

n

l i c

n +2

. T o see this assume there are e

p

; e

q

; e

r

2 C with

e

p

F

0

e

q

F

0

e

r

and e

q

6= e

i

but e

p

co e

r

. It is immediately clear that q 6= i . By our

construction w e ha v e either e

p

D F

q

e

q

D F

� 1

q

e

r

or e

p

D F

� 1

q

e

q

D F

q

e

r

. If q < i w e
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get a con tradiction with F

i � 1

\ F

� 1

i � 1

= ; , b ecause D F

q

� F

i � 1

. So w e are left with

q > i , but this is imp ossible, b ecause i is the maximal index app earing in C (see 18).

d) c

n

F

0� 1

c

n +1

F

0� 1

c

n +2

) c

n

l i c

n +2

. The pro of is similar to the previous one.

e) c

n

F

0

c

n +1

F

0� 1

c

n +2

) c

n

co c

n +2

. Assume e

p

; e

q

; e

r

2 C with e

p

F

0

e

q

F

0� 1

e

r

,

e

p

6= e

r

and e

q

6= e

i

but e

p

l i e

r

. It is clear that q 6= i . According to our construction

w e ha v e either e

p

D F

q

e

q

D F

q

e

r

or e

r

D F

q

e

q

D F

q

e

p

. As ab o v e q < i and q > i

lead to con tradiction.

f ) c

n

F

0� 1

c

n +1

F

0

c

n +2

) c

n

co c

n +2

. The pro of is similar to the previous one.

With these facts w e immediately conclude that F

0

is a C -orien tation, and, as C is an

im -cycle, w e can apply L10, whic h states that in case of c

n � 1

l i c

1

w e ha v e c

n � 1

F

0

( c

n

=

c

0

) F

0

c

1

_ c

n � 1

F

0� 1

( c

n

= c

0

) F

0� 1

c

1

con tradicting 17 and in case of c

n � 1

co c

1

w e ha v e

c

n � 1

F

0

( c

n

= c

0

) F

0� 1

c

1

_ c

n � 1

F

0� 1

( c

n

= c

0

) F

0

c

1

con tradicting 16. 2

No w it is left to pro v e D12c and D12d, whic h can b e done directly for F with resp ect to

X b y the next t w o lemmas.

Lemma L15 x im y im z ^ x l i z ) x F y F z _ x F

� 1

y F

� 1

z . 2

Pro of F or e

l

; e

j

; e

k

2 X

i

assume e

l

im e

j

im e

k

and e

l

l i e

k

. First it is clear that l 6= j , j 6= k

and l 6= k . By D18e w e ha v e D F

j

= ( D

j

� f e

j

g ) [ ( f e

j

g � E

j

) with f D

j

; E

j

g = im [ e

j

] =co

X

.

e

l

l i e

k

requires either e

l

2 D

j

^ e

k

2 E

j

or e

k

2 D

j

^ e

l

2 E

j

. Hence either e

l

D F

j

e

j

D F

j

e

k

or e

k

D F

j

e

i

D F

j

e

l

holds and D F

j

� F pro v es our lemma. 2

Lemma L16 x im y im z ^ x co z ) x F y F

� 1

z _ x F

� 1

y F z . 2

Pro of F or e

l

; e

j

; e

k

2 X

i

assume e

l

im e

j

im e

k

and e

l

co e

k

. As ab o v e l 6= j , j 6= k and

l 6= k . No w D18e yields D F

j

= ( D

j

� f e

j

g ) [ ( f e

j

g � E

j

) with f D

j

; E

j

g = im [ e

j

] =co

X

.

e

l

co e

k

implies either e

l

; e

k

2 D

j

or e

l

; e

k

2 E

j

. This means either e

l

D F

j

e

j

D F

� 1

j

e

k

or

e

l

D F

� 1

j

e

j

D F

j

e

k

holds and with D F

j

� F this completes the pro of. 2

Finally w e can state our �rst imp ortan t conclusion that F is indeed a consisten t orien ta-

tion.

Lemma L17 F is a consisten t orien tation on C S . 2

Pro of Finite or trans�nite induction o v er i 2 D om ( e ) with F =

S

f F

i

: i 2 D om ( e ) g

applied to L13 and L14 yields F [ F

� 1

= im and F \ F

� 1

= ; . In com bination with L15

and L16 this sho ws that F is a consisten t orien tation on X as D12b is satis�ed. 2

2 S3

This directly implies that w e can �nd at least one net asso ciated with an arbitrary con-

currency structure.

Corollary C8 j N ets ( C S ) j � 1. 2

Pro of W e ha v e ( S; T ; F ) 2 N ets ( C S ) with F constructed in D18 as consisten t orien tation

(L17). 2

As with ev ery consisten t orien tation F w e ha v e immediately a further consisten t orien-

tation F

� 1

there m ust b e at least t w o nets in N ets ( C S ), and w e can ev en pro v e that

there cannot b e more: This can b e deriv ed from the fact that ev ery concurrency structure

is coheren t, suc h that lo cal c hoice of the orien tation b et w een t w o neigh b ors propagates

through the whole structure and determines the (total) orien tation uniquely .
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Lemma L18 j N ets ( C S ) j � 2. 2

Pro of Assume j N ets ( C S ) j > 2. Then there are F ; F

� 1

; F

0

2 N ets ( C S ) with F

0

6=

F ^ F

0

6= F

� 1

. Hence there are a; b; c; d 2 X with a F b ^ c F d and b F

0

a ^ c F

0

d . By P7 it is

clear that there is an im -c hain A = ( a

0

; : : : ; a

n

) with a

0

= a ^ a

1

= b ^ a

n � 1

= c ^ a

n

= d .

F urthermore C oRoots ( A ) is either ev en or o dd. So applying L9 to F and F

0

(notice

that this is p ossible due to R15) yields either a F b , c F d and a F

0

b , c F

0

d or

a F b , c F

� 1

d and a F

0

b , c F

0� 1

d . In b oth cases w e ha v e a con tradiction with our

initial c hoice of a; b; c; d . 2

Prop osition P38 j N ets ( C S ) j = 2. 2

Pro of By C8, L18 and P37. 2

Altogether, the formalism of nets has sev eral adv an tages compared to concurrency struc-

tures whic h include the explicit di�eren tiation b et w een activ e and passiv e elemen ts, the

explicit c hoice of an arro w of time, whic h simpli�es reasoning and the reduction of the

descriptional complexit y (generally the 
o w relation is m uc h smaller than causalit y or

concurrency relations). Later w e will recognize a further con v enience of the net formalism

concerned with the meaning of the tok en game in elemen tary net systems.

One migh t w onder wh y concurrency theory do es not c ho ose the lev el of nets as a basis to

form ulate the axioms. One reason is that from the viewp oin t of constructing an axiomatic

system it is natural to iden tify atomic notions (that are notions of whic h is is b eliev ed

that a further regress to simpler concepts is imp ossible or not appropriate). An additional

adv an tage emerges, if these notions are easy to understand and can b e found on v ery

di�eren t lev els of abstraction suc h that there is no dissen t ab out they prop erties. In the

case of concurrency theory these atomic notions are concurrency and causalit y de�ned

on some uniform set. T o assume as less as p ossible concerning the structure carrying the

axioms helps to mak e ev ery p ostulate explicit b y an additional axiom (as simple as it

migh t b e). It should b e the set of axioms, whic h then leads to the actual complexit y of

the matter. That the �eld rev eals a certain simplicit y b y the use of a con v enien t notation

(as it seems to b e for concurrency theory on the lev el of nets and elemen tary net systems)

migh t b e a hin t to practical applicabilit y of the theory .

5.9 The Flo w Relation in Cyclic and Acyclic Structures

The 
o w relation with its prop ert y to b e a consisten t orien tation is a useful v ehicle to

reason ab out concurrency structures, as it pro vides a lingual means to refer to the past or

future with resp ect to a giv en elemen t.

The �rst imp ortan t prop ert y of the 
o w relation arises from the fact that lines are im -

coheren t. As one migh t already exp ect ev ery line is orien ted b y the 
o w relation in exactly

one direction. This is implied b y the follo wing prop osition, whic h states that giv en t w o

elemen ts x; y on a line they are connected b y a c hain of the 
o w relation.

Prop osition P39 Let l 2 Lines ( C S ) and A b e an acyclic im j l -c hain.

Then A is either an F j l -c hain or an F

� 1

j l -c hain. 2

Pro of Cho ose x; y 2 l arbitrarily . De�ne AC ( x; y ) := f C : j C j > 1 ^ C = ( x; : : : ; y ) is

an acyclic im j l -c hain g . No w w e pro ceed b y induction o v er the size of some C 2 AC ( x; y )
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to pro v e H ( C ) : , ( C is either an F -c hain or an F

� 1

-c hain).

F or j C j = 2 w e ha v e C = ( x; y ) and either x F y of y F x (remem b er D12a and D12b).

F or j C j = n w e assume that H ( C

0

) is already pro v ed for all C 2 AC ( x; y ) with j C

0

j < n .

So w e can write C = ( x = x

0

; : : : ; x

n � 2

; x

n � 1

) where C

0

= ( x = x

0

; : : : ; x

n � 2

) is either

an F -c hain or an F

� 1

-c hain. In the former case it is imp ossible that x

n � 1

F x

n � 2

as

this together with x

n � 3

F x

n � 2

violates D12d. So w e ha v e to conclude x

n � 2

F x

n � 1

suc h

that C is actually an F -c hain. Otherwise, if C

0

is an F

� 1

-c hain, a similar argumen t yields

x

n � 2

F

� 1

x

n � 1

suc h that C is an F

� 1

-c hain. This pro v es H ( C ). 2

Corollary C9 Let l 2 Lines ( C S ) ^ ( S; T ; F ) 2 N ets ( C S ).

Then ( F j l )

�

l

[ ( F

� 1

j l )

�

l

= l � l . 2

Pro of It is su�cien t to pro v e: F or ev ery pair x; y 2 l w e ha v e x ( F j l )

�

l

y or y ( F j l )

�

l

x .

This is trivial for x = y and follo ws from D6j and P39 if x 6= y . 2

Giv en t w o elemen ts x and y with x l i y there is certainly a line l 2 Lines ( C S ) with

x; y 2 l . Then b y the ab o v e prop osition there is an F -c hain ( x; : : : ; y ) or ( y ; : : : ; x ). In the

former case w e sa y that x o ccurs b efore y ( x is lo cated in the past of y and in the later

case x o ccurs after y ( x is lo cated in the future of x ). Notice that in general these t w o

p ossibilities are not m utually exclusiv e, suc h that these concepts are not alw a ys helpful

as past and future ma y ha v e a nonempt y in tersection (whic h will b e the case for cyclic

structures to b e in tro duced b elo w) and ma y ev en co v er the whole set X .

Giv en a particular line the immediate temp oral successor and predecessor exists and is

unique on that line. This is what the follo wing lemma states.

Lemma L19 Let l 2 Lines ( C S ) ^ ( S; T ; F ) 2 N ets ( C S ) ^ y 2 l .

Then 9

1

x; z 2 l : x F y F z . 2

Pro of By P23 w e can de�ne x; z b y f x; z g = ( im j l )[ y ]. Of course, w e ha v e x; y ; z 2 l . By

R11 there are t w o p ossibiliti es: Either x F y F z or z F y F x . So w e ha v e (exc hanging x

and z in the latter case) 9 x; z 2 l : x F y F z . It is left to sho w that x and z are unique.

Assume there is a further x

0

2 l with x

0

F y . With D12 this implies x

0

co x whic h is a

con tradiction with x; x

0

2 l . Similarly , the existence of a further z

0

2 l implies z

0

co z ,

again a con tradiction. 2

F or ev ery in�nite line there is an in�nite, acyclic F -c hain (more precisely , it is ! ! -in�nite)

that is exactly co v ered b y that line. F or a �nite line, on the other hand, w e can alw a ys

�nd an F -cycle, suc h that ev ery elemen t of that line is con tained in it.

Prop osition P40 Let l 2 Lines ( C S ) ^ ( S; T ; F ) 2 N ets ( C S ).

a) l is in�nite ) 9 A : A is an ! ! -in�nite acyclic F -c hain ^ S et ( A ) = l ;

b) l is �nite ) 9 A : A is an F -cycle ^ S et ( A ) = l .

2

Pro of W e will construct an ! ! -in�nite F -c hain A = ( : : : ; a

� 1

; a

0

; a

1

; : : : ). W e start with

i = j = 0 c ho osing some arbitrary a

i

= a

j

2 l . L19 giv es us a unique successor a

i +1

2 l

with a

i

F a

i +1

and a unique predecessor a

j � 1

2 l with a

j � 1

F a

j

. Carrying out this step

for all i; j 2 N yields an A , whic h satis�es S et ( A ) = l , as due to C9 for ev ery elemen t x 2 l

there is a �nite F - or F

� 1

-c hain from a

0

to x . As predecessors and successors are unique

(according to L19), A is either an in�nite acyclic F -c hain, or A is not acyclic, whic h means
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it con tains a (�nite) cycle B with S et ( B ) = l . If l is in�nite, the later case is excluded,

so A m ust b e an acyclic F -c hain. If l is �nite the former case is imp ossible, so B is the

F -cycle required b y the second part of our prop osition. 2

The preceding observ ation that �nite lines corresp ond to F -cycles and in�nite lines can

b e conceiv ed as in�nite, acyclic F -c hains leads to the follo wing natural de�nition: A con-

currency structure is cyclic, if and only if all lines are �nite, and acyclic, if and only if all

lines are in�nite.

De�nition D20

a) C S is cyclic : , 8 l 2 Lines ( C S ) : l is �nite;

b) C S is acyclic : , 8 l 2 Lines ( C S ) : l is in�nite.

2

An immediate question is: Are there partially cyclic concurrency structures, that is, struc-

tures, where some but not all lines are �nite? It will b e immediately sho wn that they do

not exist. This prop ert y is deeply connected with the safet y of the dynamics, and it will

b e necessary to deriv e the reac habilit y results in the subsequen t section.

First a lemma is prop osed whic h sho ws that it is su�cien t to ha v e one �nite line to ensure

that the whole structure is �nite. The pro of is not di�cult as the strong axiom D6g,

whic h states ev ery elemen t has a �nite concurrency neigh b orho o d, can b e exploited. An

in teresting question is, if it is p ossible to deriv e the same result from w eak er assumptions,

e.g. the �niteness of all cuts, as this migh t lead to an ev en more general form ulation of

concurrency theory .

Lemma L20 C S is not acyclic ) C S is �nite. 2

Pro of Assume C S is not acyclic. Then there is some �nite line l 2 Lines ( C S ). F urther-

more, w e ha v e C uts ( C S ) = f c : c \ l = f x g ^ x 2 l g b y K-densit y P4. Ob viously c \ l = f x g

implies c � co

X

[ x ] whic h is �nite b y D6g. So C uts ( C S ) m ust b e also �nite, as l is �nite.

Using X =

S

C uts ( C S ) w e �nd that ev en X is �nite, as ev ery c 2 C uts ( C S ) is �nite b y

R3. 2

An essen tial result that the notions of cyclic and �nite structures are equiv alen t follo ws

directly from this lemma.

Remark R18 C S is cyclic , C S is �nite. 2

Pro of C S is �nite ) C S is cyclic: If C S is �nite, all lines are �nite.

C S is cyclic ) C S is �nite: If C S is cyclic, it is not acyclic and L20 can b e applied. 2

The an ticipated fact that partially cyclic structures cannot exist is equiv alen t to the ob-

serv ation that the notions of acyclic and cyclic structures are complemen tary .

Prop osition P41 C S is acyclic , C S is not cyclic. 2

Pro of C S is cyclic ) C S is not acyclic: If C S is cyclic all lines l 2 Lines ( C S ) are �nite

and there is no in�nite line. Hence C S is not acyclic.

C S is not acyclic ) C S is cyclic: With L20 w e deriv e that X is �nite, suc h that of course

all line l 2 Lines ( C S ) are �nite, to o. 2

Giv en an F -cycle in a cyclic concurrency structure w e assume that this F -cycle meets

ev ery cut at least once. This prop ert y do es not follo w directly from K-densit y , as not
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ev ery F -cycle m ust corresp ond to a line. Actually , an F -cycle migh t in tersect a particular

cut sev eral times, whic h means, of course, that it cannot b e a line in this case.

Assumption ASS3 Let A b e an F -cycle and c 2 C uts ( C S ).

Then S et ( A ) \ c 6= ; . 2

The idea of the follo wing lemma is similar to L20 exploiting ASS3 instead of K-densit y .

Lemma L21 9 A : A is an F -cycle ) C S is �nite. 2

Pro of Let A b e an arbitrary F -cycle. By ASS3 for ev ery cut c 2 C uts ( C S ) there is some

x 2 c \ S et ( A ). As c � co

X

[ x ] is �nite b y D6g, X =

S

C uts ( C S ) and C uts ( C S ) = f c :

c \ S et ( A ) 6= ;g b y ASS3, w e conclude that X is �nite. 2

With this lemma it is p ossible to deriv e the next prop osition, whic h giv es a further jus-

ti�cation for the de�nition D20 pro viding a direct link to corresp onding notions in the

formalism of nets.

Prop osition P42 Let N 2 N ets ( C S ).

a) N is acyclic , C S is acyclic;

b) N is cyclic ) C S is cyclic.

2

Pro of N is acyclic ) C S is acyclic: Let N b e acyclic and assume C S is not acyclic.

Then P41 indicates that C S is cyclic. Hence it m ust con tain some F -cycle A (b y P40).

But this con tradicts the assumption that N is acyclic.

C S is acyclic ) N is acyclic: Due to P41 w e can equiv alen tly pro v e: N is not acyclic )

C S is cyclic. If N is not acyclic there is some F -cycle and L21 suggests that C S is �nite,

whic h implies that C S is cyclic b y R18.

N is cyclic ) C S is cyclic: If N is cyclic, it is not acyclic and w e can use the same argumen t

as for the previous implication. 2

W e conjecture that it is ev en p ossible to pro v e the con v erse of the second part of the

prop osition, but this will b e not necessary for the subsequen t line of reasoning.

With the follo wing de�nition w e prepare a useful notation that will b e emplo y ed, when

the sub ject of reac habilit y of cuts b y dynamical ev olution is addressed. F or a clique c w e

w an t to denote the set of those elemen ts, whic h are concurren t to all elemen ts in c , b y

C O ( c ).

De�nition D21 Let c b e a clique of co

X

.

C O ( c ) :=

T

f co [ x ] : x 2 c g . 2

Remark R19 Let c b e a clique of co

X

.

a) C O ( c ) \ c = ; ;

b) C O ( c ) is �nite;

c) c 2 C uts ( C S ) ) C O ( c ) = ; .

2

Pro of That C O ( c ) is �nite follo ws from D6g. 2
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In tuitiv ely , if w e partially �x a cut in c then C O ( c ) describ es the degree of freedom of

that part of the cut, whic h migh t b e ev olv ed using the concurrency propagation rules.

Expressing this restriction in other w ords, ev ery cut con taining c m ust b e co v ered b y

c [ C O ( c ). In terestingly , ev ery cut c has a �nite degree of freedom C O ( c ).

The follo wing assumption is essen tial, when w e w an t to propagate a cut con taining a

subset c , whic h remains �xed. W e ha v e seen in C9 that ev ery causalit y relation b et w een

t w o elemen ts is accompanied b y an F - or F

� 1

-c hain b et w een these t w o elemen ts. The

�rst part of this assumption states an ev en stronger condition, whic h is that for an y t w o

elemen ts in C O ( c ), that are is causalit y relation, there is an F - or F

� 1

c hain b et w een

them, whic h is completely co v ered b y C O ( c ). This means the causalit y is realized b y an

F -c hain within the degree of freedom. On the other hand and this is the second part of

the assumption, if x and y are iden tical or concurren t, suc h an F -c hain within C O ( c ) has

to b e excluded: This corresp onds to the situation that for a cut that is partially frozen in

c t w o concurren t or iden tical elemen ts should not b e reac hable b y an F -c hain within the

degree of freedom C O ( c ).

Assumption ASS4 Let c b e a clique of co

X

^ x; y 2 C O ( c ).

a) x l i y )

9 A : A = ( x; : : : ; y ) or A = ( y ; : : : ; x ) is an F j C O ( c ) -c hain;

b) x co

X

y )

:9 A : A = ( x; : : : ; y ) or A = ( y ; : : : ; x ) is an F j C O ( c ) -c hain ^ siz e ( A ) > 1.

2

It immediately follo ws that ev ery F -c hain con tained in C O ( c ) m ust b e a clique of l i

X

.

Remark R20 Let c b e a clique of co

X

and A b e an F j C O ( c ) -c hain.

Then A is a clique of l i

X

. 2

Pro of If there are x; y 2 A with x co y w e w ould ha v e a con tradiction with ASS4b. 2

With the last assumption it is p ossible to pro v e that all nets asso ciated with a concurrency

structure are simple.

Prop osition P43 Let N 2 N ets ( C S ). Then N is simple. 2

Pro of Imagine N is not simple. Then there are t w o elemen ts x; x

0

2 X with x

0

6= x and

�

x

F

=

�

x

0

F

and x

�

F

= x

0

�

F

. First note that x; x

0

2 T is imp ossible b y P35 whic h excludes

branc hed S -elemen ts. So w e conclude that x; x

0

2 S whic h means that w e can �nd t; t

0

2 T

with x; x

0

2 t

�

F

and x; x

0

2

�

t

0

F

. Certainly s co s

0

holds (remem b er D12d and D12e).

By D6e there m ust b e a z with s co z and s

0

l i z (without loss of generalit y). As s l i z

and s; z 2 co [ s

0

] w e can apply ASS4a whic h requires the existence of an F j co [ s

0

]-c hain

A = ( s; : : : ; z ) or A = ( z ; : : : ; s ). But in an y case w e m ust ha v e im [ s ] \ S et ( A ) 6= ; suc h

that either t 2 A or t

0

2 A . But this is not reconcilable with an F j co [ s

0

] b ecause t; t

0

2 l i [ s ].

2

5.10 Acyclic Concurrency Structures

It w as men tioned that the con v en tional w a y to deal with concurrency and causalit y is

based on partially ordered sets ( X ; < ) where the causalit y relation is deriv ed from � b y
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l i = < [ <

� 1

and concurrency is the irre
exiv e complemen t. That ev ery acyclic concur-

rency structure can b e represen ted in the formalism of p osets is pro v ed in the follo wing

prop osition. Giv en a consisten t orien tation F the corresp onding p oset is simply ( X ; F

�

X

).

The fact that the con v erse p oset also represen ts a concurrency structure coincides with

our result that there are t w o consisten t orien tations F and F

� 1

.

Prop osition P44 Let C S b e acyclic and ( S; T ; F ) 2 N ets ( C S ).

Then l i = F

+

[ ( F

� 1

)

+

. 2

Pro of Assume the prop osition do es not hold. Then there is an acyclic F -c hain A = ( x =

a

0

; : : : ; a

n

= y ) with x co y . Let us tak e the shortest one. It follo ws that S et ( A ) � f x g

and S et ( A ) � f y g are cliques of l i

X

. This implies x; y 2 S , otherwise w e could apply P25

to x or y suc h that w e �nd a shorter A . Moreo v er w e are sure that n > 2 (Otherwise w e

could deriv e x l i y ). Let l 2 Lines ( C S ) with S et ( A ) � f x g � l . By P23 there is some z 2 l

with f z ; a

2

g = im [ a

1

]. It should b e clear that z 2

�

a

1

F

( z 2 a

1

�

F

w ould imply z co a

2

con tradicting z ; a

2

2 l ). No w w e are prepared to apply ASS4a: As z l i y and z ; y 2 co [ a

0

]

this yields an F j co [ a

0

] -c hain B = ( y ; : : : ; z ) (The rev erse F j co [ a

0

]-c hain B = ( z ; : : : ; y )

is excluded, b ecause z 2 S and P35 and a

0

l i a

1

implies a

1

=2 B ). Com bining A and B

giv es an F -cycle C = ( z ; : : : ; y ; : : : ; z ) con tradicting the fact that F - is acyclic on X whic h

follo ws from the precondition that C S is acyclic via P42. 2

It will b e immediately pro v ed that all doubly in�nite F -c hains are lines. So the class of

acyclic concurrency structures has the adv an tage that lines can b e directly determined

once the 
o w relation is giv en.

Corollary C10 Let C S b e acyclic and ( S; T ; F ) 2 N ets ( C S ).

Then A is an ! ! -in�nite F -c hain ) S et ( A ) 2 Lines ( C S ). 2

Pro of According to the previous prop osition, S et ( A ) is a clique of l i

X

, whic h can b e

extended to a line L with S et ( A ) � L . Assume S et ( A ) =2 Lines ( C S ). Then S et ( A ) 6= L

and there is an x 2 L � S et ( A ). Clearly S et ( A ) � l i [ x ]. No w c ho ose some y 2 S et ( A ).

As x; y 2 L D6j requires the existance of an im -c hain B = ( x = x

0

; x

1

; : : : ; x

n

= y ) suc h

that S et ( B ) � L . Let i b e the minimal index suc h that x

i

=2 S et ( A ). It follo ws that i � 1,

x

i +1

2 S et ( B ) and x

i

im x

i +1

. F urthermore, x

i +1

has neigh b ors on A , sa y u; v 2 S et ( A )

with u F x

i +1

F v implying u 6= v as F is a consisten t orien tation. So there are three

neigh b ors f u; v ; x

i

g � im [ x

i +1

] all of them b eing con tained in L , a con tradiction with L7.

2

K-densit y , form ulated in terms of the 
o w relation, yields for acyclic concurrency structures

the follo wing prop osition.

Prop osition P45 Let C S b e acyclic ^ N = ( S; T ; F ) 2 N ets ( C S ) ^

v ; x 2 c 2 C uts ( C S ) ^ A; B b e F -c hains with A = ( u; : : : ; v ) ^ B = ( x; : : : ; y ).

Then 8 C = ( u; : : : ; y ) : C is an F -c hain ) S et ( C ) \ c 6= ; . 2

Pro of Assume S et ( C ) \ c = ; . Extending C to an ! ! -in�nite F -c hain D yields a line

S et ( D ) 2 Lines ( C S ) according to C10. No w observ e that ( F

� 1

)

�

X

[ u ] \ c = ; . Otherwise

c ho osing some z 2 ( F

� 1

�

X

[ u ] \ c w e could construct an F -c hain ( z ; : : : ; u; : : : ; v ) implying

z l i v (b y P44) whic h con tradicts z ; v 2 c . Similarly w e ha v e F

�

X

[ y ] \ c = ; . So w e are sure

that S et ( D ) \ c = ; , but b y D6h w e m ust ha v e S et ( D ) \ c 6= ; . Con tradiction. 2

Restricting concurrency theory to acyclic structures simpli�es sev eral pro ofs, as the tran-
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sitivit y of the order relation can b e exploited. On the other hand, cyclic concurrency

structures are �nite, whic h is a simpli�cation of a di�eren t kind. As a consequence it will

b e sometimes con v enien t to carry out a pro of separately for these t w o cases.

5.11 Cone In tersection Prop ert y

In Petri 1987 the cone in tersection prop ert y w as form ulated for acyclic concurrency struc-

tures in the follo wing w a y: Giv en t w o elemen ts their past cones as w ell as their future

cones of causalit y should ha v e a nonempt y in tersection. More precisely , for ev ery pair x; y

it is required that F

+

[ x ] \ F

+

[ y ] 6= ; and ( F

+

)

� 1

[ x ] \ ( F

+

)

� 1

[ y ] 6= ; . Note that it is

not essen tial, if the consisten t orien tation F or its in v erse is used to v erify this prop ert y .

As concurrency theory should not co v er only acyclic structures but also cyclic ones, and

the existence of a consisten t orien tation is no apriori p ostulate, it w as recognized that a

di�eren t form ulation of this prop ert y is necessary .

The ma jor reason for the cone in tersection prop ert y is to ensure con tin uit y for those

pro cesses describ ed b y concurrency structures. Unfortunately D-con tin uit y has not b een

de�ned for cyclic structures, but in case of acyclic structures the relev ance of the cone

in tersection prop ert y for D-con tin uit y is kno wn. Although the examination of D-con tin uit y

is b ey ond the scop e of this treatmen t, it is b eliev ed that the axioms (together with our

assumptions) are strong enough to ensure this imp ortan t prop ert y . F urthermore, it should

b e men tioned, that for the reac habilit y results and the link to elemen tary net systems

presen ted in the subsequen t sections the cone in tersection prop ert y is not essen tial.

First w e pro v e that the cone in tersection prop ert y follo ws almost directly from our axiom

of �nite concurrency neigh b orho o d (D6g) for the class of acyclic concurrency structures.

Prop osition P46 Let C S b e acyclic ^ x; y 2 X with x co y .

a) F

�

X

[ x ] \ F

�

X

[ y ] 6= ; ;

b) ( F

�

X

)

� 1

[ x ] \ ( F

�

X

)

� 1

[ y ] 6= ; .

2

Pro of Using P42 w e �nd that F is acyclic. Assume our prop osition is not satis�ed, that

is, there are x; y 2 X with F

�

X

[ x ] \ F

�

X

[ y ] = ; . Cho ose t w o arbitrary lines l

x

; l

y

2 Lines ( C S )

with x 2 l

x

and y 2 l

y

. As all lines l 2 Lines ( C S ) are in�nite, w e can apply P40 to �nd t w o

in�nite F -c hains A

x

= ( x; : : : ) and A

y

= ( y ; : : : ). By our assumption S et ( A

x

) \ S et ( A

y

) = ;

holds, and w e claim that S et ( A

y

) � co [ x ], whic h is in�nite, con tradicting D6g. T o see that

the claim holds notice that there cannot b e an y z 2 A

y

with x l i z , as C9 w ould require the

existence of an F -c hain A

z

= ( x; : : : ; z ) or A

z

= ( z ; : : : ; x ). Both cases are not reconcilable

with our assumption that F

�

X

[ x ] \ F

�

X

[ y ] = ; . 2

As w e ha v e already men tioned, the axiom D6g seems to b e v ery strong, and a concurrency

theory yielding similar results with a w eak er p ostulate migh t b e desired. Then it is a

natural question ho w to ensure the cone in tersection prop ert y in terms of concurrency and

causalit y without referring to the 
o w relation. One w a y to ac hiev e this is to c ho ose the

follo wing form ulation, whic h w as prop osed in Petri 1987 as a su�cien t condition for the

cone in tersection prop ert y , as an axiom, although ev en this migh t b e to o strong.
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Axiom A15 [Su�cien t Condition for Cone In tersection Prop ert y]

8 x; y 2 X : x co y )

( 9 u; v ; p; q : u l i v ^ u; v 2 l i [ x ] \ l i [ y ] ^ x; y 2 co [ p ] \ co [ q ] ^

u co p ^ v co q ^ u l i q ^ v l i p ). 2

This axiom states that ev ery t w o concurren t elemen ts x and y ha v e some common elemen ts

u and v that are causally dep enden t with additional the requiremen t that u a�ects x as

w ell as y and v is a�ected b y x and y (the direction of this in
uence is essen tial here). The

t w o elemen ts p and q are used for tec hnical reasons to ensure that u and v are lo cated in

opp osite directions of time from the viewp oin t of x and y . The ph ysical aim of the cone

in tersection prop ert y is to a v oid partially frozen systems, that are systems where in some

comp onen ts the time ev olution migh t stop although in other parts the dynamic con tin ues

without b eing a�ected. Lo osely sp eaking, the cone in tersection prop ert y states that x and

y ha v e b een sync hronized at u and will resync hronize at v (or vice v ersa).

First a simple but useful lemma is prop osed exploiting the nice prop ert y of transitivit y of

the partial order asso ciated with an acyclic concurrency structure.

Lemma L22 Let C S b e acyclic.

Then x co y ^ x l i z ^ y l i z ) x F

+

z ^ y F

+

z _ z F

+

y ^ z F

+

x . 2

Pro of As F

+

is transitiv e x F

+

z F

+

y w ould imply x F

+

y whic h itself implies x l i y

according to P44. Con tradiction with x co y . Similarly , y F

+

z F

+

x implies y F

+

x and

y l i x . 2

Successiv e application of this lemma and the axiom A15 giv es the cone in tersection prop-

ert y for acyclic concurrency structures, whic h is the same as P46, but the pro of do es not

refer to D6g (at least not directly).

Prop osition P47 Let C S b e acyclic ^ x; y 2 X ^ x co y ^ A15.

a) F

�

X

[ x ] \ F

�

X

[ y ] 6= ; ;

b) ( F

�

X

)

� 1

[ x ] \ ( F

�

X

)

� 1

[ y ] 6= ; .

2

Pro of W e apply A15 in connection with P44. So there are u; v ; p; q satisfying the condition

of A15. As p l i v , w e ha v e either p F

+

v or v F

+

p . W e will only deal with p F

+

v , as

the latter case is simply the F -rev ersal coun terpart. In the follo wing w e mak e rep etitiv e

use of the fact L22. So p F

+

v implies u F

+

v due to p co u . With u F

+

v w e can only

c ho ose u F

+

q due to v co q . With q co y this implies u F

+

y . Similarly , x F

+

v follo ws

from p F

+

v and p co x . F urthermore, w e ha v e u F

+

x b y u F

+

q with x co q and �nally

y F

+

v b y p F

+

v and p co y . Altogether, w e ha v e necessarily v 2 F

�

X

[ x ] and v 2 F

�

X

[ y ]

pro ving the �rst part and u 2 ( F

�

X

)

� 1

[ x ] and u 2 ( F

�

X

)

� 1

[ y ] whic h yields the second part

of our prop osition. 2

The cone in tersection prop ert y for cyclic concurrency structures has not b een de�ned

y et, although an immediate idea is to in tro duce it exactly as in the acyclic case (the

de�nition is P46) with the help of some consisten t orien tation. If w e pro ceed in this w a y ,

an acyclic concurrency structure generated b y the unfolding of a cyclic one simply inherits

the cone in tersection prop ert y , suc h that the unfolding of a concurrency structure is again

a concurrency structure. Strictly , w e ha v e not de�ned the concept of unfolding, but from

the examples it should b e clear what is mean t.
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With this general de�nition w e could also examine if the cone in tersection prop ert y is

ensured b y the list of axioms prop osed for a concurrency structure. This establishes a

direct relation to P42, where it w as conjectured that it migh t b e p ossible to pro v e: C S is

cyclic ) N is cyclic. Once w e kno w that N is cyclic, w e ha v e F

+

= X � X and F

+

[ x ] = X

for ev ery x 2 X . Hence the cone in tersection prop ert y w ould b e satis�ed.

5.12 Reac habilit y

This section the question of dynamics in concurrency structures is addressed. First it is

sho wn that conceiving cuts of lo cal states (whic h will b e called S -cuts) as markings of

a net asso ciated with the concurrency structure the common rule for the tok en game is

completely equiv alen t to the propagation rules for concurrency . This means conceiving an

S -cut as a marking and �ring some transitions according to the rules of the tok en game

w e �nd a �nal marking whic h is alw a ys an S -cut. F urthermore it will b e pro v ed, and this

will b e more di�cult and in v olv es sev eral conjectures prop osed in the previous sections,

that giv en t w o S -cuts in terpreted as markings there is alw a ys a w a y applying the rules of

the tok en game to reac h one marking from the other. Note that, as the full and transitiv e

reac habilit y relation in nets is c hosen as a basis for this treatmen t, transitions ma y b e �red

forw ard as w ell as bac kw ard.

As stated ab o v e the class of S -cuts con tains exactly those cuts consisting of lo cal states

only .

De�nition D22 S C uts ( C S ) := C uts ( C S ) \ P ( S ) . 2

Before considering cuts w e fo cus our atten tion on the b eha vior of concurrency cliques

in terpreted as markings, when the �ring rule is applied. W e �nd that giv en a concurrency

clique and �ring a transition that is enabled at the corresp onding marking, w e again obtain

a clique of concurrency and, furthermore, the in termediate state, where the transition has

just consumed the input tok ens but not pro duced output y et, constitutes also a clique of

concurrency . Of course, those tok ens not touc hed b y the selected transition are con tained

in eac h of these cliques. Actually , the follo wing lemma is sligh tly more general, as it

allo ws also ev en ts to b e con tained in these cliques and states the ab o v e implication also

in its bac kw ard direction, whic h corresp onds to the situation that the transition is �red

bac kw ards.

Lemma L23 Let ( S; T ; F ) 2 N ets ( C S ) ^ t 2 T ^

t 2 c

2

^ c

1

= c

2

� f t g [

�

t

F

^ c

3

= c

2

� f t g [ t

�

F

.

Then c

1

is a clique of co

X

, c

2

is a clique of co

X

, c

3

is a clique of co

X

. 2

Pro of De�ne c := c

2

� f t g . First w e pro v e: c

2

is a clique of co

X

) ( c

1

is a clique of co

X

^ c

3

is a clique of co

X

). Assume c

2

is a clique co

X

. Then b y P25 w e ha v e 8 x 2 c : 8 y 2

im [ t ] : x co y suc h that c

1

and c

3

are cliques of co

X

.

No w w e sho w: c

1

is a clique of co

X

) c

2

is a clique of co

X

. Assume c

1

is a clique of co

X

.

Then for ev ery x 2 c w e can apply P28 as the condition 8 y 2

�

t

F

: x co y is satis�ed (and

P30 holds). So w e infer 8 x 2 c : x co t and conclude that c

2

is a clique of co

X

. That c

3

is

a clique of co

X

) c

2

is a clique of co

X

is pro v ed similar to the previous implications. 2

The previous lemma can b e extended to cuts in the follo wing sense: Giv en a cut in terpreted

as a marking and �ring a transition, that is enabled, again yields a cut. The only p oin t,
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whic h is left to b e pro v ed, is that the maximalit y of a clique is preserv ed under the �ring

rule.

Lemma L24 Let ( S; T ; F ) 2 N ets ( C S ) ^ t 2 T ^

t 2 c

2

^ c

1

= c

2

� f t g [

�

t

F

^ c

3

= c

2

� f t g [ t

�

F

.

Then c

1

2 C uts ( C S ) , c

2

2 C uts ( C S ) , c

3

2 C uts ( C S ). 2

Pro of By L23 it is already clear that c

1

2 C uts ( C S ) ) c

2

is a clique of co

X

and

c

2

2 C uts ( C S ) ) c

1

is a clique of co

X

suc h that all w e ha v e to pro v e the maximalit y of

c

2

resp. c

1

concerning co .

W e start with: c

1

2 C uts ( C S ) ) c

2

2 C uts ( C S ). Assume c

2

is not maximal with resp ect

to co . Then 9 c

0

2

2 C uts ( C S ) : c

2

� c

0

2

. With c

0

1

:= c

0

2

� f t g [

�

t

F

applying L23 yields that

c

0

1

is a clique of co

X

. Ob viously w e ha v e c

1

� c

0

1

but this con tradicts c

1

2 C uts ( C S ).

Similarly , w e sho w: c

2

2 C uts ( C S ) ) c

1

2 C uts ( C S ). Again assume 9 c

0

1

2 C uts ( C S ) :

c

1

� c

0

1

. De�ne c

0

2

:= c

0

1

�

�

t

F

[ f t g . L23 implies that c

0

2

is a clique of co

X

. But c

2

� c

0

2

is

not consisten t with c

2

2 C uts ( C S ).

Exc hanging

�

t

F

and t

�

F

directly leads to the pro of for c

2

2 C uts ( C S ) , c

3

2 C uts ( C S ).

2

By the help of this lemma one can construct an S -cut from ev ery cut, that ma y con tain

some ev en ts, b y �ring the corresp onding transitions.

Lemma L25 Let c 2 C uts ( C S ). Then 9 c

0

2 S C uts ( C S ) : c \ S � c

0

. 2

Pro of Let c

T

= c \ T and c

S

= c \ S . W e construct the set c

0

:= c

S

[ f s : 9 t 2 c

T

:

s 2 t

�

X

g (

�

t

X

w ould also do). With L24 it is clear that c

0

2 C uts ( C S ) and in particular

c

0

2 S C uts ( C S ). 2

So w e can easily pro v e that the class of S -cuts cannot b e empt y , whic h ensures that w e

can alw a ys �nd some initial marking, suc h that the formalism of elemen tary net systems

will b e applicable.

Lemma L26 S C uts ( C S ) 6= ; . 2

Pro of Cho ose some x 2 X . Certainly there is a cut c 2 C uts ( C S ) suc h that x 2 c .

Applying L25 to c giv es us a c

0

2 S C uts ( C S ). 2

F or ev ery transition w e can �nd an S -cut, at whic h it is enabled, and a di�eren t S -cut,

at whic h it is rev erse enabled. Although this observ ation is trivial, it yields together with

the follo wing results a nice and desired prop ert y of elemen tary net systems.

Remark R21 Let t 2 T .

a) 9 c 2 S C uts ( C S ) : (

�

t

X

� c );

b) 9 c 2 S C uts ( C S ) : ( t

�

X

� c ).

2

Pro of Let c

1

=

�

t

X

(or c

1

= t

�

X

). Then c

1

is a clique of co

X

and it can b e extended to

a cut c

2

2 C uts ( C S ) with c

1

� c

2

. Applying L25 w e can construct c 2 S C uts ( C S ) with

c � c

2

. 2

The remainder of this section is concerned with the question if it is p ossible to establish

the reac habilit y relation b et w een t w o arbitrary S -cuts conceiv ed as the markings of a net

asso ciated with a concurrency structure. F or this purp ose w e in tro duce t w o abbreviations:
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[ s

0

* c ]

N

and [ s

0

+ c ]

N

. s

0

is a place and c is a set of places. Although these de�nitions are

indep enden t of the underlying concurrency structure, w e will use this notation alw a ys with

the assumption that c is an S -cut, whic h should indicate the follo wing meaning: [ s

0

* c ]

N

is the set of net elemen ts that can b e obtained b y lo oking in to the future of s

0

, un til w e

reac h the sp eci�ed cut c . Similarly , [ s

0

+ c ]

N

refers to the past of s

0

up to c .

De�nition D23 Let N = ( S; T ; F ) b e a net ^ c � S ^ s

0

2 S .

a) [ s

0

* c ]

N

is the smallest set satisfying

s

0

2 [ s

0

* c ]

N

and x 2 [ s

0

* c ]

N

^ x =2 c ) x

�

F

� [ s

0

* c ]

N

.

b) [ s

0

+ c ]

N

is the smallest set satisfying

s

0

2 [ s

0

+ c ]

N

and x 2 [ s

0

+ c ]

N

^ x =2 c )

�

x

F

� [ s

0

+ c ]

N

.

2

Remark R22 [ s

0

* c ]

N

and [ s

0

+ c ]

N

are w ell-de�ned. 2

The follo wing list of prop erties follo ws immediately from the de�nitions.

Remark R23 Let N = ( S; T ; F ) b e a net and s

0

2 S ^ c � S .

a) [ s

0

* c ]

N

= [ s

0

+ c ]

N

0
where N

0

= ( S; T ; F

� 1

);

b) 8 t 2 [ s

0

* c ]

N

\ T : t

�

F

� [ s

0

* c ]

N

;

c) 8 t 2 [ s

0

+ c ]

N

\ T :

�

t

F

� [ s

0

+ c ]

N

;

d) 8 s 2 [ s

0

* c ]

N

\ S � c : s

0

�

F

� [ s

0

* c ]

N

;

e) 8 s 2 [ s

0

+ c ]

N

\ S � c :

�

s

0

F

� [ s

0

+ c ]

N

;

f ) x 2 [ s

0

* c ]

N

) x = s

0

_ 9 y 2 [ s

0

* c ]

N

� c : y F x ;

g) x 2 [ s

0

+ c ]

N

) x = s

0

_ 9 y 2 [ s

0

+ c ]

N

� c : x F y ;

h) t 2 T ^

�

t

F

� c ) t =2 [ s

0

* c ]

N

;

i) t 2 T ^ t

�

F

� c ) t =2 [ s

0

+ s ]

N

;

2

Inductiv ely w e pro v e that for ev ery x 2 [ s

0

* c ]

N

w e �nd an F -c hain from s

0

to x that

is completely con tained in [ s

0

* c ]

N

. Additionally , if x is lo cated on c , this is the only

elemen t on our c hain that migh t meet c (in tuitiv ely the c hain ends as so on as it meets

c ). Otherwise our c hain do es not in tersect with c , whic h is, lo osely sp eaking, the situation

that x is lo cated b efore c , or c is lo cated b efore s

0

and cannot b e reac hed b y a �nite c hain,

whic h migh t b e the case for acyclic structures.

Prop osition P48 Let N = ( S; T ; F ) 2 N ets ( C S ) ^ s

0

2 S ^ c 2 C uts ( C S ).

a) 8 x 2 [ s

0

* c ]

N

: 9 A : A = ( s

0

; : : : ; x ) is an F j [ s

0

* c ]

N

-c hain ^ S et ( A ) \ c = f x g \ c ;

b) 8 x 2 [ s

0

+ c ]

N

: 9 A : A = ( x; : : : ; s

0

) is an F j [ s

0

+ c ]

N

-c hain ^ S et ( A ) \ c = f x g \ c .

2

Pro of De�ne H ( x ) : , 9 A : A = ( s

0

; : : : ; x ) is an F j [ s

0

* c ]

N

-c hain ^ S et ( A ) \ c =

f x g \ c . Ob viously H ( s

0

) holds if w e simply c ho ose A = ( s

0

) suc h that x = s

0

. Assuming

H ( x ) holds and x =2 c w e pro v e H ( y ) for all y 2 x

�

F

. H ( x ) yields an F j [ s

0

* c ]

N

-c hain

A

x

= ( s

0

; : : : ; x ) with S et ( A

x

) \ c = f x g \ c . As y 2 [ s

0

* c ]

N

w e app end y to A whic h

giv es an F j [ s

0

* c ]

N

-c hain A

y

= ( s

0

; : : : ; x; y ). F rom x =2 c w e infer S et ( A

x

) \ c = ; suc h

that S et ( A

y

) \ c = f y g \ c . 2
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F urthermore, it will b e sho w that, if [ s

0

* c ]

N

is �nite, it m ust con tain some elemen t y

of c (in tuitiv ely the extension of [ s

0

* c ]

N

in to the future is restricted b y c ), whic h itself

implies that an F -c hain exists within [ s

0

* c ]

N

from s

0

to y . The last p oin t again implies

that [ s

0

* c ]

N

is �nite, b ecause due to k-densit y there is no w a y to circum v en t the cut

c . Altogether this cyclic c hain of implications establishes an equiv alence b et w een these

statemen ts en umerated in the next prop osition.

Prop osition P49 Let N = ( S; T ; F ) 2 N ets ( C S ) ^ s

0

2 S ^ c 2 C uts ( C S ).

Then the follo wing statemen ts are equiv alen t:

a) [ s

0

* c ]

N

is �nite;

b) c \ [ s

0

* c ]

N

6= ; ;

c) 9 y 2 c : 9 B : B = ( s

0

; : : : ; y ) is an F j [ s

0

* c ]

N

-c hain;

d) 9 x 2 c : 9 A : A = ( s

0

; : : : ; x ) is an F -c hain.

2

Pro of [ s

0

* c ]

N

is �nite ) c \ [ s

0

* c ]

N

6= ; : Assuming c \ [ s

0

* c ]

N

= ; w e sho w that

[ s

0

* c ]

N

is in�nite. If C S is acyclic it is in�nite b y R18, and, as for ev ery x 2 X w e ha v e

x

�

F

6= ; , w e get an in�nite [ s

0

* c ]

N

. Otherwise C S is cyclic and �nite. Then w e c ho ose

a line l 2 Lines ( C S ) with s

0

2 l and b y D6h there is some z 2 l \ c . As b y P40 there is

also an F -cycle A = ( s

0

; : : : ; z ; : : : ; s

0

) with S et ( A ) = l , w e certainly ha v e z 2 [ s

0

* c ]

N

. As

z 2 c \ [ s

0

* c ]

N

the implication holds.

c \ [ s

0

* c ]

N

6= ; ) 9 x 2 c : 9 A : A = ( s

0

; : : : ; x ) is an F j [ s

0

* c ]

N

-c hain: By P48a giv en

x 2 c \ [ s

0

* c ]

N

there is alw a ys an F j [ s

0

* c ]

N

-c hain A = ( s

0

; : : : ; x ).

9 x 2 c : 9 B : B = ( s

0

; : : : ; x ) is an F j [ s

0

* c ]

N

-c hain ) 9 y 2 c : 9 A : A = ( s

0

=

a

0

; a

1

: : : ; a

n

= y ) is an F -c hain: Cho ose A = B .

9 y 2 c : 9 B : B = ( s

0

; : : : ; y ) is an F -c hain ) [ s

0

* c ]

N

is �nite: F or cyclic C S this is

immediately clear b y R18. So assume C S is acyclic. Let B = ( s

0

; : : : ; y ) b e an F -c hain with

y 2 c and assume [ s

0

* c ]

N

is in�nite. Then b y P22 there m ust b e an in�nite F j [ s

0

* c ]

N

-

c hain C = ( s

0

; : : : ) with S et ( C ) \ c = ; . F urthermore, w e c ho ose an in�nite F

� 1

-c hain

D = ( s

0

; : : : ). P44 suggests that there is a line l

B

2 Lines ( C S ) with S et ( D ) [ S et ( B ) � l

B

.

Similarly , l

C

= S et ( D ) [ S et ( C ) constitutes a line l

C

2 Lines ( C S ). As l

B

\ c = f y g b y P4

and there m ust b e some z with l

C

\ c = f z g , w e conclude that z 2 S et ( C ). But this is a

con tradiction with S et ( C ) \ c = ; . 2

Generally ev ery statemen t concerning [ s

0

* c ]

N

has a coun terpart in v olving [ s

0

+ c ]

N

, as it

can easily seen b y rev ersal of the 
o w relation.

Prop osition P50 Let N = ( S; T ; F ) 2 N ets ( C S ) ^ s

0

2 S ^ c 2 C uts ( C S ).

Then the follo wing statemen ts are equiv alen t:

a) [ s

0

+ c ]

N

is �nite;

b) c \ [ s

0

+ c ]

N

6= ; ;

c) 9 y 2 c : 9 B : B = ( y ; : : : ; s

0

) is an F j [ s

0

+ c ]

N

-c hain;

d) 9 x 2 c : 9 A : A = ( x; : : : ; s

0

) is an F -c hain.

2

Pro of Analogous to P49. 2
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Once w e kno w that our concurrency structure is acyclic and that [ s

0

* c ]

N

is �nite, w e

can b e sure that ev ery transition-elemen t o ccurring (directly) after c cannot b e con tained

in [ s

0

* c ]

N

. In other w ords, there is no c hance starting at s

0

to b ypass the cut, if w e

follo w the 
o w relation. Notice that this prop osition cannot b e generally satis�ed in cyclic

structures.

Prop osition P51 Let C S b e acyclic ^ N = ( S; T ; F ) 2 N ets ( C S ) ^

s

0

2 S ^ c 2 S C uts ( C S ).

a) [ s

0

* c ]

N

is �nite ^ s 2 c ^ t 2 s

�

F

) t =2 [ s

0

* c ]

N

;

b) [ s

0

+ c ]

N

is �nite ^ s 2 c ^ t 2

�

s

F

) t =2 [ s

0

+ c ]

N

.

2

Pro of Let [ s

0

* c ]

N

b e �nite, s 2 c , t 2 s

�

F

and supp ose t 2 [ s

0

* c ]

N

. Then P48a suggests

there is an F j [ s

0

* c ]

N

-c hain A = ( s

0

; : : : ; t ) with S et ( A ) \ c = ; . F urthermore as there

is some x 2 c \ [ s

0

* c ]

N

b y P49 w e can apply P48a again whic h yields an F j [ s

0

* c ]

N

-

c hain B = ( s

0

; : : : ; x ) with S et ( B ) \ c = f x g . No w observ e that the preconditions of

P45 are satis�ed (w e ha v e t w o F -c hains B = ( s

0

; : : : ; x ) and D = ( s; t ) with x; s 2 c ).

So w e conclude that all F -c hains A = ( s

0

; : : : ; t ) m ust meet c , that is, S et ( A ) \ c 6= ; .

Con tradiction. 2

Giv en s

0

and a cut c there are t w o p ossibilities, whic h are not m utually exclusiv e in cyclic

structures: s

0

is lo cated b efore c , whic h implies that [ s

0

* c ]

N

is �nite. Or s

0

o ccurs after

c , whic h means that [ s

0

+ c ]

N

is �nite.

Lemma L27 Let N = ( S; T ; F ) 2 N ets ( C S ) ^ s

0

2 S ^ c 2 S C uts ( C S ).

Then [ s

0

* c ]

N

is �nite _ [ s

0

+ c ]

N

is �nite. 2

Pro of As c 2 C uts ( C S ) there is some x 2 c with s

0

l i

X

x . This implies b y C9 that there

is an F -c hain A = ( s

0

; : : : ; x ) or A = ( x; : : : ; s

0

). Applying P49 in the former case or P50

in the later case pro v es the lemma. 2

W e ha v e seen that, if [ s

0

* c ]

N

is �nite, it m ust b e restricted b y c . As c is a S -cut, w e

can �nd a transition with a p ostset co v ered b y c . c , in terpreted as a marking, enables this

transition in bac kw ard direction. Similarly , if [ s

0

+ c ]

N

is �nite, c enables some transition in

forw ard direction. In b oth cases this transition is also con tained in [ s

0

* c ]

N

resp. [ s

0

+ c ]

N

.

This prop osition giv es a �rst hin t ho w the �niteness of either [ s

0

* c ]

N

or [ s

0

+ c ]

N

ma y b e

exploited to decrease the distance b et w een a cut c and a part s

0

of some other cut.

Lemma L28 Let N = ( S; T ; F ) 2 N ets ( C S ) ^ s

0

2 S ^ c 2 S C uts ( C S ).

a) [ s

0

* c ]

N

is �nite ) 9 t 2 T \ [ s

0

* c ]

N

: t

�

F

� c ;

b) [ s

0

+ c ]

N

is �nite ) 9 t 2 T \ [ s

0

+ c ]

N

:

�

t

F

� c .

2

Pro of Assume [ s

0

* c ]

N

is �nite and 8 t 2 [ s

0

* c ]

N

\ T : : ( t

�

F

� c ). W e conclude that

8 t 2 [ s

0

* c ]

N

\ T : 9 s 2 t

�

F

: s =2 c and with the additional fact that 8 s 2 [ s

0

* c ]

N

\ S : s =2

c ) s

�

F

� [ s

0

* c ]

N

w e can construct an in�nite F j [ s

0

* c ]

N

-c hain A = ( s

0

= a

0

; a

1

; : : : )

with a

i

=2 c for all i . No w either S et ( A ) is in�nite, whic h con tradicts our initial assumption

that [ s

0

* c ]

N

is �nite, or A is not acyclic, whic h means it con tains an F -cycle B with

S et ( B ) � S et ( A ) implying S et ( B ) \ c = ; . But this is not reconcilable with ASS3. A

similar pro of sho ws the second part of the lemma. 2
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With the previous lemma w e can immediately deriv e a �rst reac habilit y result: Imagine

the situation, where w e ha v e an arbitrary cut c , whic h will b e in terpreted as a marking

and some place s

0

, w e w an t to reac h (that is, it should b e con tained in some �nal marking

c

0

that is reac hable from c ) b y �ring transitions. That this is indeed p ossible is clear b y

the follo wing argumen t: W e kno w that [ s

0

* c ]

N

or [ s

0

+ c ]

N

is �nite. Rep eated application

of the previous lemma giv es us a sequence of transitions to �re (whic h mo v es c to w ards

s

0

) successiv ely reducing the cardinalit y of either [ s

0

* c ]

N

of [ s

0

+ c ]

N

. Finally there will

b e no transition left b et w een s

0

and the curren t marking, whic h means that s

0

is actually

reac hed. As only transitions con tained in either [ s

0

* c ]

N

or [ s

0

+ c ]

N

are used, w e can ev en

infer a stricter reac habilit y R

N

0
instead of R

N

where N

0

is deriv ed from N b y remo ving

unnecessary transitions, that ha v e not b een �red in this pro cedure.

Lemma L29 Let N = ( S; T ; F ) 2 N ets ( C S ) ^ s

0

2 S ^ c 2 S C uts ( C S ).

a) [ s

0

+ c ]

N

is �nite ) 9 c

0

2 S C uts ( C S ) : s

0

2 c

0

^ c R

N

0

c

0

where T

0

:= T \ [ s

0

+ c ]

N

, F

0

:= ( F j S [ T

0

) and N

0

:= ( S; T

0

; F

0

).

b) [ s

0

* c ]

N

is �nite ) 9 c

0

2 S C uts ( C S ) : s

0

2 c

0

^ c R

N

0

c

0

where T

0

:= T \ [ s

0

* c ]

N

, F

0

:= ( F j S [ T

0

) and N

0

:= ( S; T

0

; F

0

);

2

Pro of W e pro v e the �rst part of the lemma b y induction. Assume [ s

0

+ c ]

N

is �nite and

de�ne H ( n ) : , ( j [ s

0

+ c ]

N

\ T j = n ) 9 c

0

2 S C uts ( C S ) : s

0

2 c

0

^ c R

N

0

c

0

). H (0) is

satis�ed as j [ s

0

+ c ]

N

\ T j = 0 implies [ s

0

+ c ]

N

= f s

0

g and s

0

2 c suc h that w e can simply

c ho ose c

0

= c . Assuming H ( n � 1) holds for n > 0 w e ha v e to pro v e H ( n ): L28 giv es us

a t 2 T

0

with

�

t

F

� c . L24 yields a cut c

00

2 S C uts ( C S ), whic h is c

00

= ( c �

�

t

F

) [ t

�

F

with c R

N

c

00

, and as t 2 T

0

w e also ha v e c R

N

0

c

00

. Applying H ( n � 1) to c

00

(note that

j [ s

0

+ c

00

]

N

\ T � f t g j = n � 1) yields a c

0

2 S C uts ( C S ) with s

0

2 c

0

and c

00

R

N

0

c

0

. By

transitivit y of R

N

0
w e conclude c R

N

0
c

0

. 2

Remark R24 Let N = ( S; T ; F ) and N

0

= ( S; T

0

; F

0

) b e nets with

T

0

� T and F

0

= F j ( S [ T

0

) .

Then R

N

0

� R

N

. 2

With the fact that additional transitions can nev er diminish the reac habilit y and that at

least one of the t w o sets [ s

0

+ c ]

N

or [ s

0

* c ]

N

is �nite w e get a �rst imp ortan t reac habilit y

result.

Lemma L30 Let N = ( S; T ; F ) 2 N ets ( C S ) ^ s

0

2 S ^ c 2 S C uts ( C S ).

Then 9 c

0

2 S C uts ( C S ) : s

0

2 c

0

^ c R

N

c

0

. 2

Pro of By L27 and L29 with the fact that R

0

N

� R

N

(R24). 2

Giv en t w o cuts the distance b et w een t w o cuts can b e measured in terms of the cardinalit y

of their in tersection. If the o v erlapping is large w e assume that w e do not need m uc h more

e�ort to reac h one from the other, suc h that the distance is short. If the in tersection is

empt y , then w e assume the t w o cuts are far a w a y from eac h other.

F rom this p oin t of view the preceding lemma pro vides a metho d to decrease the distance

b et w een t w o cuts, whic h are disjunct initially . Unfortunately this metho d do es not gener-

ally succeed for t w o cuts, whic h ha v e a non-empt y in tersection, as for �nite structures b oth

[ s

0

+ c ]

N

and [ s

0

* c ]

N

are �nite suc h that there is no global co ordination determining on

whic h w a y (for a cycle there are t w o ma jor p ossibiliti es) these t w o cuts should approac h
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eac h other. A solution to this problem is to start with the assumption that w e ha v e t w o

cuts c and c

0

whic h in tersect eac h other and to allo w only those mo v emen ts co v ered b y

the degree of freedom C O ( c \ c

0

). That is, sp eaking in terms of the tok en game, w e simply

�x those tok ens in c \ c

0

and let c and c

0

approac h eac h other using the same metho d w e

emplo y ed for our �rst reac habilit y result.

Scop e S4 Let N = ( S; T ; F ) 2 N ets ( C S ) ^ c; c

0

2 S C uts ( C S ) ^

c \ c

0

6= ; ^ s

0

2 c

0

� c ^ Z = C O ( c \ c

0

).

W e start with t w o o v erlapping S -cuts c and c

0

and the goal is to decrease the distance

b et w een c and c

0

(that is to increase their o v erlapping) in terpreted as markings b y applying

the rules of the tok en game. As w e w an t to ac hiev e this within the degree of freedom Z

(that is w e do not w an t to �re an y transitions not con tained in Z ) w e ha v e to pro v e that

[ s

0

+ c ]

N

or [ s

0

* c ]

N

is �nite and completely co v ered b y Z .

Scop e S5 As c 2 C uts ( C S ) giv en s

0

there m ust b e some x 2 c with x l i

X

s

0

. ASS4a

suggests that there is an F j Z -c hain A = ( x; : : : ; s

0

) or A = ( s

0

; : : : ; x ). F or the follo wing

w e assume that w e are faced with the former case.

W e will immediately sho w that in this case [ s

0

+ c ]

N

is necessarily con tained in Z . The

follo wing lemma is ev en stronger than this claim but is not di�cult to pro v e it b y structural

induction guided b y the de�nition of [ s

0

+ c ]

N

.

Lemma L31 8 y 2 [ s

0

+ c ]

N

: 9 x 2 c \ l i

X

[ y ] : 9 A : A = ( x; : : : ; y ) is an F j Z -c hain. 2

Pro of W e pro v e this b y induction o v er [ s

0

+ c ]

N

. F or y = s

0

the lemma holds b y the

assumption of 5.12. Assuming the lemma is pro v ed for y =2 c w e sho w that it also holds for

y

0

2

�

y

F

. So w e ha v e an F j Z -c hain A = ( x; : : : ; y ) for some x 2 c \ l i

X

[ y ]. If y 2 S there

is an unique y

0

and A has the form A = ( s; : : : ; y

0

; y ), whic h implies y

0

2 Z . Otherwise

y 2 T and w e exploit P25 to infer y

0

2 Z . As c 2 C uts ( C S ) w e �nd a x

0

2 c with

x

0

l i y

0

. Applying ASS4a with the fact that x

0

; y

0

2 Z requires that either an F j Z -c hain

A

0

= ( x

0

; : : : ; y

0

) or an F j Z -c hain A

0

= ( y

0

; : : : ; x

0

) exists. Let us consider the latter case

�rst: If y

0

2 T then y 2 S and A = ( x; : : : ; y

0

; y ) otherwise if y

0

2 S then y 2 T and

A

0

= ( y

0

; y ; : : : ; x

0

). Com bining A and A

0

w e construct a further F j Z -c hain B = ( x; : : : ; x

0

)

whic h yields a con tradiction with ASS4b b ecause x co x

0

. Hence w e are sure that w e can

only ha v e an F j Z -c hain A

0

= ( x

0

; : : : ; y

0

). 2

The an ticipated claim immediately follo ws from this.

Lemma L32 [ s

0

+ c ]

N

� Z . 2

Pro of Immediately from L31. 2

2 S5

That [ s

0

+ c ]

N

or [ s

0

* c ]

N

(whic h can b e pro v ed similarly in case of A = ( s

0

; : : : ; x )) is

con tained in Z is not enough. As reac habilit y means that only a �nite n um b er of transitions

ma y b e �red w e m ust ensure that one of these t w o sets is �nite and has the additionally

prop ert y to b e co v ered Z .

Lemma L33 ([ s

0

+ c ]

N

is �nite ^ [ s

0

+ c ]

N

� Z ) _ ([ s

0

* c ]

N

is �nite ^ [ s

0

* c ]

N

� Z ). 2

Pro of With A = ( x; : : : ; s

0

) in 5.12 w e ha v e found that [ s

0

+ c ]

N

� Z . Applying P49

w e additionally �nd that [ s

0

+ c ]

N

is �nite. The other p ossibilit y is A = ( s

0

; : : : ; x ) whic h
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implies that [ s

0

* c ]

N

is �nite b y P49 and w e can pro ceed analogously to L31 to pro v e

[ s

0

* c ]

N

� Z . 2

With the preceding lemma w e deriv e the desired reac habilit y result: Giv en S -cuts c and c

0

with non-empt y in tersection and an arbitrary s

0

con tained in c

0

but not in c w e can �nd a

further S -cut c

00

that is reac hable from c and additionally co v ers s

0

. Those tok ens con tained

in the in tersection of c and c

0

are again con tained in c

00

, that is, it is not necessary to mo v e

them.

Lemma L34 9 c

00

2 S C uts ( C S ) : s

0

2 c

00

^ c \ c

0

� c

00

^ c R

N

c

00

. 2

Pro of Assume w e ha v e a �nite [ s

0

+ c ]

N

� Z . Otherwise w e m ust ha v e a �nite [ s

0

* c ]

N

�

Z according to L33 and an analogous pro of succeeds. L29 giv es us a c

00

2 S C uts ( C S ) with

s

0

2 c

00

and c R

N

0

c

00

, where N

0

= ( S; T

0

; F

0

), T

0

= T \ [ s

0

+ c ]

N

and F

0

= F j ( S [ T ).

Certainly c R

N

0

c

00

implies c R

N

c

00

, so it is only left to pro v e that c \ c

0

� c

00

: F or ev ery

t 2 [ s

0

+ c ]

N

\ T w e ha v e im [ t ] \ ( c \ c

0

) = ; b y L32. This means that for all m; m

0

with

m r

N

0

m

0

w e ha v e ( c \ c

0

) � m , ( c \ c

0

) � m

0

(tok ens in c \ c

0

are not touc hed) and

li�ting this prop ert y to R

N

0

w e �nd with c R

N

0

c

00

that ( c \ c

0

) � c (whic h is certainly

true) implies ( c \ c

0

) � c

00

. 2

2 S5

Notice that the previous result indeed decreases the distance b et w een c and c

0

as c is

carried o v er to c

00

and the in tersection of c

00

and c is strictly greater than the in tersection

of c

0

and c . A t least the elemen t s

0

is added to the set.

Corollary C11 Let N 2 N ets ( C S ) ^ c; c

0

2 S C uts ( C S ).

Then 9 c

00

2 S C uts ( C S ) : c \ c

0

� c

00

\ c

0

^ c R

N

c

00

. 2

Pro of W e distinguish t w o cases: Either c \ c

0

= ; or c \ c

0

6= ; . In the �rst case w e apply

L30: W e c ho ose a s

0

2 c

0

and the lemma giv es us a c

00

2 S C uts ( C S ) with c R c

00

and

s

0

2 c

00

. Note that c \ c

0

= ; � f s

0

g � c

00

\ c

0

trivially holds. In the latter case w e ha v e

c \ c

0

6= ; and w e apply L34: Cho osing s

0

2 c

0

� c yields a c

00

2 S C uts ( C S ) with s

0

2 c

00

,

c \ c

0

� c

00

and c R c

00

. This implies c \ c

0

� c

00

\ c

0

and ev en c \ c

0

� c

00

\ c

0

b ecause

s

0

=2 c \ c

0

but s

0

2 c

00

\ c

0

. 2

Successiv e decrease of the distance b et w een t w o cuts �nally iden ti�es them after a �nite

n um b er of steps. Hence our main result concerning the reac habilit y b et w een t w o arbitrary

S -cuts is established.

Prop osition P52 Let N 2 N ets ( C S ) ^ c; c

0

2 S C uts ( C S ).

Then c R

N

c

0

. 2

Pro of T o pro v e this b y (rev erse) induction o v er j c \ c

0

j (remem b er that j c \ c

0

j is

�nite b y R3) w e de�ne H ( n ) : , ( j c \ c

0

j = n ) c R

N

c

0

). H ( j c

0

j ) holds b ecause

n = j c

0

j implies c = c

0

and c R

N

c

0

holds trivially . Assuming H ( i ) holds for all i with

n < i � j c

0

j w e pro v e H ( n ): Giv en c; c

0

2 S C uts ( C S ) w e apply C11, whic h yields a

c

00

2 S C uts ( C S ) satisfying j c

00

\ c

0

j > j c \ c

0

j = n and c R

N

c

00

. So w e can apply H ( i )

for some i = j c

00

\ c

0

j > n whic h pro v es c

00

R

N

c

0

. By transitivit y of R

N

w e conclude

c R

N

c

0

. 2
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5.13 Elemen tary Net Systems

The reac habilit y results deriv ed in the previous section indicate that elemen tary net sys-

tems are an adequate formalism yielding a concise represen tation of concurrency struc-

tures. W e simply c ho ose an arbitrary net asso ciated with the concurrency structure and

an arbitrary S -cut as initial case. Notice that the initial case has no further signi�cance

b ey ond the fact that it represen ts the case class of the elemen tary net systems.

Scop e S6 Let ( S; T ; F ) 2 N ets ( C S ) ^ c

0

2 S C uts ( C S ) ^ N S = ( S; T ; F ; c

0

).

As all reac hable cases are S -cuts in the concurrency structure, whic h ha v e b een required

to b e �nite, w e can iden tify the case class with the sequen tial case class, where only single

transitions are �red to generate new cases.

Prop osition P53 S eq C aseC l ass ( N S ) = C aseC l ass ( N S ). 2

Pro of It is su�cien t to sho w S R

N

= R

N

. S R

N

� R

N

is immediately clear. R

N

� S R

N

follo ws from r

N

� S R

N

b y transitiv e closure. Giv en c; c

0

� S with c r

N

c

0

there is an

ev en t E with c [ E > c

0

. As c

0

2 S C uts ( C S ) w e are sure that c

0

is �nite (R3), and from

P22 w e infer that all cases c 2 C aseC l ass ( C S ) m ust b e �nite, to o. So w e can write E as

E = f t

0

; : : : ; t

n

g and w e �nd a �nite sequence ( c = c

0

; : : : ; c

n +1

= c

0

) with c

i

[ t

i

> c

i +1

for

i 2 [0 ; n ] pro ving c S R

N

c

0

. 2

Stated in a di�eren t form, the reac habilit y result of the previous section simply corresp onds

to the iden ti�cation of the case class of the elemen tary net systems with the class of S -cuts

of the underlying concurrency structure.

Prop osition P54 C aseC l ass ( N S ) = S C uts ( C S ). 2

Pro of Let N S = ( S; T ; F ; c

0

) with c

0

2 S C uts ( C S ).

C aseC l ass ( N S ) � S C uts ( C S ): By P53 w e can equiv alen tly pro v e S eq C aseC l ass ( N S ) �

S C uts ( C S ). W e ha v e c

0

2 S C uts ( C S ) and according to L24 w e cannot lea v e the class of

S C uts ( C S ) b y �ring single transitions forw ard or bac kw ard.

S C uts ( C S ) � C aseC l ass ( N S ): It is su�cien t to sho w that for ev ery c 2 S C uts ( C S ) w e

ha v e c

0

R

N

c whic h can b e directly deriv ed using P52 and the fact that c

0

2 S C uts ( C S ).

2

There is actually no information lost in carrying out the step from concurrency structures

to elemen tary net systems, b ecause the concurrency relation b et w een lo cal states can

alw a ys b e reconstructed from the the case class. The full concurrency relation can then

b e easily deriv ed using the propagation rules (in particular P28), and �nally the relation

of causalit y emerges as the irre
exiv e complemen t.

Remark R25 Let s; s

0

2 S .

Then s co

X

s

0

, 9 c 2 C aseC l ass ( N S ) : s; s

0

2 c . 2

The nice and desirable prop ert y that the elemen tary net systems is safe as w ell as secure is

a direct consequence of the fact that immediate temp oral predecessors are alw a ys causally

related to the immediate temp oral successors. The prop ert y of b eing safe can b e seen as

a natural prop ert y of ph ysical systems, where ev ery asp ect of causalit y should b e co v ered

b y the causalit y relation l i and should not emerge from con tacts one the lev el of the

tok en game (that is, a cut should not ha v e a causal in
uence on itself ). Securit y can

b e in terpreted in the follo wing w a y: T ransitions resp. ev en ts should only w ait for their
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preconditions to b e satis�ed and b ecome activ ated without care of their p ostconditions,

whic h are an yw a y lo cated in the future and therefore not accessible.

Prop osition P55 N S is safe and secure. 2

Pro of T o violate the condition that N S is secure it is necessary to ha v e a transition

t 2 T and a case c 2 C aseC l ass ( N S ) with s; s

0

2 c suc h that s F t ^ t F s

0

. But this

implies s l i s

0

(b y R12) whic h is imp ossible since c 2 S C uts ( C S ) according to P54. This

pro v es that N S is secure whic h also implies the w eak er prop ert y that N S is safe. 2

That ev ery transition's preconditions (and p ostconditions) are co v ered b y some S -cut

sho ws, as ev ery S -cut is reac hable, that ev ery transition is in v olv ed in the dynamics of

our elemen tary net systems and ma y ev en tually �re. This implies that no transition is

sup er
uous, whic h is also true for ev ery place, as ev ery single lo cal state ma y b e extended

to a (reac hable) S -cut.

Prop osition P56 N S is prop er. 2

Pro of F rom the fact that N is connected w e can deriv e T = P r oper T ( N S ) ) S =

P r oper S ( N S ). So it is su�cien t to pro v e T = P r oper T ( N S ). F or ev ery t 2 T w e kno w that

�

T

F

is a clique of co

X

and can b e extended to a cuts c 2 S C uts ( C S ) with

�

t

F

� c . By P54

w e ha v e c 2 C aseC l ass ( C S ), suc h that, as N S is safe, there is some c

0

2 C aseC l ass ( C S )

with c [ t > c

0

pro ving that t 2 P r oper T ( N S ). 2

2 S6

2 S6

The p ossibilit y to describ e a concurrency structure b y an elemen tary net systems yields a

simple and compact notation and facilitates reasoning ab out the dynamics, as the usual

tok en game can b e applied. This is demonstrated b y the follo wing t w o examples in Fig.

10, whic h are elemen tary net systems that corresp ond to the concurrency structures of

Fig. 1.a and Fig. 2.a. Of course the in v erse nets or other cuts as initial markings w ould

also b e p ossible.
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Figure 10: Concurrency structures as elemen tary net systems
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6 Conclusion and Op en Questions

In this treatmen t w e started out from the basic notions of causalit y and concurrency

as binary relations one some uniform set. In our standard in terpretation concurrency

structures are in tended for the represen tation of acyclic as w ell as cyclic pro cesses in

time-space excluding the existence of state-space (that w ould b e spanned b y alternativ es).

Sev eral mainly ph ysically motiv ated p ostulates ha v e b een in tro duced as axioms that a

concurrency structure should satisfy in order to conform to ph ysical exp erience. After the

clari�cation of elemen tary prop erties of concurrency and causalit y follo wing from these

axioms a considerable amoun t of e�ort has b een sp en t to build a bridge from concurrency

theory to the formalism of nets. That the suggested corresp ondence b et w een a concurrency

structure and a set of t w o nets of whic h one is the in v erse of the other is reasonable is

justi�ed �nally b y the ma jor result that the class of S -cuts exactly coincides with the case

class of an elemen tary net systems based up on one of these nets.

In the b eginning it w as men tioned that our set of concurrency axioms is a sligh t mo d-

i�cation of the original theory . A t �rst, the prop ert y of coherence on lines (D6f), whic h

replaces the original axiom of im -coherence im

�

X

= X � X , is necessary to sho w that the

class of S -cuts is connected in terms of the reac habilit y-relation. If there is a line, where

b et w een t w o elemen ts there is an in�nite n um b er of further elemen ts (as it w as sho wn to

b e p ossible in Best und Mer c er on 1985 ), there is no �nite �ring sequence (on the lev el of

elemen tary net systems), that could establish a link b et w een t w o S -cuts, if eac h of them

con tains one of these elemen ts. The second mo di�cation of the axioms is a restriction to

structures with a �nite concurrency neigh b orho o d ( 8 x 2 X : co [ x ] is �nite), whic h seems

to b e ev en stronger than the requiremen t for �nite cuts. None of these restrictions ha v e b e

presen t in the original concurrency theory and it is not clear if they are really necessary .

F ormally this additional axiom helps us to deriv e the existence of exactly t w o classes of

concurrency structures, namely cyclic and acyclic ones. F urthermore the axiom leads to

the cone-in tersection-prop ert y for acyclic structures, whic h is di�cult to formalize without

an underlying partial order.

A �rst hin t that concurrency theory can b e form ulated without assuming an underlying

partial order w as already giv en in Petri 1980a . T o our kno wledge a consequen t examination

of this approac h do es not exist. The idea that the in tro duction of a consisten t orien tation

on a concurrency structure yields exactly t w o nets w as stated in Petri 1988b without pro ofs

and a connection b et w een concurrency theory and elemen tary net systems, in particular

that the case-class migh t coincide with the class of S -cuts, has already b een conjectured

in Petri 1980a .

Unfortunately , w e ha v e not succeeded in pro ving all of these prop erties men tioned ab o v e

directly from the axioms that ha v e b een c hosen as a starting p oin t. Indeed some assump-

tions ha v e b een necessary to deriv e the �nal results. Hop efully , these assumptions can

b e pro v ed in near future directly from the prop osed axioms (ma yb e with additional but

more elemen tary assumptions), but, if this is not the case, one has to p ose the question

if these axioms are really strong enough. F or the momen t w e ha v e to conceiv e these as-

sumptions as additional axioms, whic h ma y b e not indep enden t of the other ones. It is

b eliev ed that some of these assumptions, in paticular ASS3 and ASS4 as not so restricting

as it migh t seem. They migh t b e satis�ed for cyclic mo dels deriv ed from acyclic ones, b y
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a folding whic h is large enough in the temp oral direction. Apart from in v estigating these

assumptions there are sev eral further in teresting questions w orth to study .

An immediate question emerging from the preceding section is whether the initial case

in elemen tary net systems is really necessary to reconstruct the underlying concurrency

structure. It migh t b e p ossible to pro v e that under certain conditions (e.g. the requiremen t

for prop er and secure elemen tary net systems) there is only one p ossible case class for a

giv en net, whic h could b e called the natural case class of that net.

A second in teresting asp ect of concurrency theory whic h should b e addressed in a more

general framew ork is the notion of cyclic, partial orders whic h could b e de�ned in suc h

a w a y that not a full but only a mo dest transitivit y is required whic h just prev en ts the

order relation from getting meaningless (that is the case if ev ery elemen t is b efore ev ery

other one). Once an appropriate de�nition of cyclic, partial orders is found it migh t giv e a

more con v enien t formal basis for concurrency theory . In fact an alternativ e and in teresting

approac h for dealing with cyclic structures has b een prop osed in Petri 1980a on the basis

of so-called separation quadruples whic h are simply unordered pairs of unordered pairs

ff u; v g ; f x; y gg suc h that u and v separate x and y on some line. The set of all separation

quadruples can b e used as an alternativ e represen tation of concurrency structures. Cer-

tainly it pro vides a uni�ed frame to cop e with cyclic as w ell as acyclic structures, but as

this set is quite large, it is not clear, if it really facilitates reasoning ab out concurrency

theory .

An imp ortan t and probably the most ingenious concept that is related to concurrency the-

ory is the notion of D-con tin uit y that is v ery di�eren t from usual approac h to con tin uit y .

A �rst goal migh t b e to giv e an adequate de�nition of D-con tin uit y , that is appropriate for

cyclic as w ell as acyclic structures (a formalism of generalized orders will certainly help-

ful here). A second step is to examine if the axioms of concurrency theory really imply

D-con tin uit y or if some further requiremen ts are necessary . But not only horizon tal con-

tin uit y (that is con tin uit y within one lev el of abstraction) is an imp ort issue. The v ertical

con tin uit y (whic h is a top ological con tin uit y b et w een di�eren t views) is also w orth to in-

v estigate. In particular the relation b et w een these apparen tly di�eren t forms of con tin uit y

w ould b e in teresting.

A further direction of future in v estigation is certainly driv en b y the demand for the ap-

plication of concurrency theory to real-w orld problems. So far it is ev en not clear ho w

to describ e elemen tary exp erimen ts of classical mec hanics using concurrency theory or if

it is necessary to extend the theory in some w a y to ac hiev e this. Certainly the connec-

tion b et w een D-con tin uit y and con tin uous mo v emen ts has to b e exploited here. Related to

these questions is ob viously the necessit y to represen t analogous quan tities lik e p osition,

v elo cit y , acceleration and their measuremen t. Is it really p ossible to pro vide a solution

within concurrency theory?

W e ha v e seen that the in�nite t w o-dimensional grid is not K-dense. In terestingly , fold-

ing this grid to a torus in di�eren t w a ys yields the sp ecial sub class of �nite and regular

concurrency structures called cycloids. Cycloids ha v e man y nice mathematical prop erties

and are conjectured to serv e as a basis to solv e tec hnical safet y and securit y problems

in rep etitiv e dynamical systems. The most astonishing feature of the class of cyclio ds is

probably that cycloids can b e transformed to other cycloids with the help of the Loren tz-

transformation kno wn from sp ecial relativit y theory . The n um b er of ev en ts and lo cal
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states turn out to b e Loren tz-in v arian ts. So the Loren tz-transformation corresp onds to

a retiming-transformation and migh t ha v e applications in the �eld of data 
o w systems.

A �nal and this is probably the most di�cult demand is to include alternativ es in to the

theory to con tribute to the needs of information pro cessing. So far concurrency theory

only co v ers the asp ect of sync hronization, but for the storage of concrete bits and their

transformation w e need a means to express the dimension of state-space. Once information

pro cessing is captured b y the theory , it migh t help to cop e with general ph ysics, if this is

view ed as an informational pro cess. A formally elegan t w a y to in tro duce state-space is to

de�ne a relation al (for m utually exclusiv e alternativ es) whic h migh t share up to a certain

degree man y prop erties of co . A t some lev el then the theory m ust mirror the fundamen tal

di�erence b et w een concurrency and alternativ e. Certainly there will b e sev eral ph ysical

restrictions to b e form ulated as axioms (W e m ust lo ok out for ph ysical la ws, whic h remain

in v arian t, if w e c hange the lev el of abstraction.), and some of them migh t b e motiv ated

from the �eld of quan tum mec hanics. The w a v e/particle-dualit y of quan tum-mec hanics,

for instance, migh t indicate that di�eren t p ossibiliti es for future temp oral ev olution can

b e tak en concurren tly (for w a v es) as w ell as in strict alternativ e fashion (for particles).

This observ ation could motiv ate the p ossibilit y of non-empt y in tersection b et w een al and

co . The general aim migh t b e to dev elop a deterministic and rev ersible theory (for closed

systems) suc h that on the lev el of nets, whic h are already equipp ed with a means to

express alternativ es (b y branc hed places), a deterministic and rev ersible dynamics (that

is all forw ard and bac kw ard alternativ es are solv ed) emerges with the usual tok en game.

As a theory including alternativ es and concurrency sim ultaneously will b e quite complex,

a �rst approac h migh t b e to consider structures with causalit y and alternativ es but ex-

cluding concurrency . Certainly this is not su�cien t for information pro cessing purp oses,

as w e ha v e no concurren t 
o ws of information, whic h could in teract with eac h other (as w e

kno w it from the theory of information-
o w-graphs). But nev ertheless w e can p ose sev eral

questions: Do es this theory of alternativ es simply corresp ond to a dualization of concur-

rency theory and their asso ciated nets? What is the meaning of K-densit y in this con text?

What ab out the Loren tz-transformation men tioned ab o v e? Is there some coun terpart for

it in this theory of alternativ es, and has it an y ph ysical signi�cance?

7 Ac kno wledgemen ts and Recen t W orks

This w ork is a revised v ersion of the author's \Studienarb eit" ( Stehr 1993 ) �nished in

Decem b er 1993 at the Computer Science Departmen t of the Univ ersit y of Ham burg. The

sup ervisor w as Prof. Dr. Jozef Grusk a (Slo v ak Academ y of Science) a ma jor fo cus of

his in terests b eing the relation b et w een ph ysics and computer science. He w as op en for

n umerous fruitful discussions and con tributed to this w ork with comp eten t advice. Some

mo di�cations in tro duced in this revised v ersion are due to Olaf Kummer, who wrote

a \Diplomarb eit" ( Kummer 1996 ) on this sub ject, where man y of the ideas ha v e b een

further elab orated. In particular a pro of of ASS1 has b een giv en there. All of the other

assumptions ASS2, ASS3 and ASS4 ha v e b een found to b e indep enden t of the axioms.

It has b een furthermore sho wn that ASS3 and ASS4 can b e deduced from app earen tly

more elemen tary assumptions ab out concurrency and causalit y . Also the pro ofs based on

ASS2 has b een optimized. The di�culties with cyclic concurrency structures initiated the
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axiomization and in v estigation of (partial) cyclic orders in Stehr 1996 , whic h are of similar

mathematical generalit y as partial orders. Concurrency theory on the basis of cyclic orders

is certainly p ossible, but has not b een studied so far.
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A Notation and Basic De�nitions

W e will use �rst order predicate logic with the usual sym b ols : , ^ , _ , ) , , and 9 , 8 . F or

b etter readabilit y w e will often use natural language to form ulate logical statemen ts. In

particular relations and functions are frequen tly notated b y sp ecial sym b ols or in natural

language to remem b er the meaning of their argumen ts. In an y case the notation should

b e precise enough to a v oid loss of formal accuracy .

Sets

W e will assume the usal axioms of elemen tary set theory based on the binary elemen t-

predicate 2 only whic h p ostulate the existance of certain sets. If H ( x ) is a predicate with

x as free v ariable then sets will b e constructed with the notation f x : H ( x ) g applying the

comprehension axiom. F urthermore w e will use the follo wing con v en tional abbreviations:

De�nition D24

a) A = B : , 8 a : ( a 2 A , a 2 B );

b) A [ B := f x : x 2 A _ x 2 B g ;

c) A \ B := f x : x 2 A ^ x 2 B g ;

d) A := f a : a 62 A g ;

e) B � A := B \ A ;

f ) A � B : , A [ B = B ;

g) A � B : , A � B ^ A 6= B ;

h) P ( A ) := f B : B � A g ;

i) A

X

:= X � A ;

j)

S

A := f x : 9 a 2 A : x 2 a g ;

k)

T

A := f x : 8 a 2 A : x 2 a g .

2

The usal order and op erations on natural n um b ers and in tegers are assumed.

De�nition D25

a) N := f 0 ; 1 ; 2 ; : : : g ;

b) N [ a; b ] := f x : a � x ^ x � b g .

c) Z := f : : : ; 2 ; � 1 ; 0 ; 1 ; 2 ; : : : g ;

2

T uples and Relations

T uples are de�ned in the con v en tional w a y . They are denoted b y ( a

0

; a

1

; : : : ; a

n

). A r elation

is a subset of a cartesian pro duct of sets:

De�nition D26 A

0

� A

1

� A

2

� : : : � A

n

:=

f ( a

0

; a

1

; a

2

; : : : ; a

n

) : a

0

2 A

0

^ a

1

2 A

1

^ a

2

2 A

2

^ : : : ^ a

n

2 A

n

g . 2
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In particular w e are in terested in binary relations S; R � X � X . Hence w e use the follo wing

abbreviations:

De�nition D27

a) a R b : , ( a; b ) 2 R ;

b) I d

A

:= f ( a; a ) : a 2 A g ;

c) R

� 1

:= f ( b; a ) : aRb g ;

d) R

X

:= X � X � R

e) R [ A ] := f b : 9 a 2 A : aRb g ;

f ) D om ( R ) := f a : 9 b : aRb g ( domain of R );

g) Ran ( R ) := f b : 9 a : aRb g ( r ange of R );

h) B ase ( R ) := D om ( R ) [ Ran ( R ) ( b ase of R );

i) R

X

:= R [ id

X

;

j)

b

R

X

:= R [ R

� 1

[ I d

X

;

k) R

�

S := f ( a; c ) : 9 b : ( aRb ^ bS c ) g ;

l) R � S := S

�

R ;

m) R

1

:= R ; R

n +1

:= R

n

�

R ;

n) R

+

:=

S

n 2 N

R

n +1

;

o) R

�

X

:= R

+

[ I d

X

;

p) l R := R [ R

� 1

;

q) R j X := R \ ( X � X );

r) a

~

R

X

b : , R

X

[ a ] = R

X

[ b ].

2

De�nition D28

a) R is r e
exive on X : , I d

X

� R ;

b) R is irr e
exive on X : , I d

X

\ R = ; ;

c) R is symmetric : , R = R

� 1

;

d) R is asymmetric : , R \ R

� 1

= ; ;

e) R is antisymmetric on X : , R \ R

� 1

� I d

X

;

f ) R is tr ansitive : , R � R � R ;

g) R is a similarity on X : , R j X is re
exiv e on X and symmetric;

h) R is an e quivalenc e on X : , R j X is re
exiv e on X , symmetric and transitiv e.

2

De�nition D29

a) R is cyclic on X : , R

+

= X � X ;

b) R is acyclic on X : , R

+

\ id

X

= ; .

2

De�nition D30

a) ( X ; R ) is a p oset : , R is transitiv e, re
exiv e on X and an tisymmetric;

b) ( X ; R ) is a strict p oset : , R is transitiv e, irre
exiv e on X and asymmetric.

2

De�nition D31 Let ( X ; R ) b e a p oset.
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a) ( X ; R ) is total : , X � X � R [ R

� 1

.

b) Y is a c hain of ( X ; R ) : , Y � X and ( Y ; R ) is total.

c) C hains ( X ; R ) := f ( Y ; R ) : Y is a c hain of ( X ; R ) g .

2

De�nition D32 Let ( X ; R ) b e a p oset and Y � X .

a) M ax ( R; Y ) := f y : y 2 Y ^ :9 z 2 Y : ( y R z ^ z 6= y );

b) M in ( R; Y ) := f y : y 2 Y ^ :9 z 2 Y : ( z R y ^ z 6= y );

c) M ax ( R ) := M ax ( R; B ase ( R ));

d) M in ( R ) := M in ( R; B ase ( R ));

2

De�nition D33 Let ( X ; R ) b e a p oset and Y � X .

a) U pper B ounds ( R; Y ) := f x : 8 y 2 Y : y R x g ;

b) Low er B ounds ( R; Y ) := f x : 8 y 2 Y : x R y g ;

c) S up ( R; Y ) := M in ( R; U pper B ounds ( R; Y ));

d) I nf ( R; Y ) := M ax ( R; Low er B ounds ( R; Y )).

2

Axiom A16 [Zorn's Lemma] Let ( X ; R ) b e a p oset.

( 8 Y 2 C hains ( X ; R ) : S up ( R; Y ) 6= ; ) ) ( M ax ( R ) 6= ; ). 2

De�nition D34 Let R � X � X b e a similarit y and S � X .

a) S is a clique of R : , S � S � R ;

b) C l iq ues ( R ) := f S : S is a clique of R g ;

c) S is a ken of R : , S 2 M ax ( � ; C l iq ues ( R ));

d) K ens ( R ) := f S : S is a k en of R g .

2

De�nition D35 Let R b e an equiv alence on X .

a) [ x ]

R

:= f x

0

: x

0

Rx g ( the e quivalenc e class of x with r esp e ct to R );

b) X=R := f [ x ]

R

: x 2 X g ( X mo dulo R ).

2

De�nition D36 Let R � X � X b e an equiv alence on X and S � X � X .

S=R := f ([ a ]

R

; [ b ]

R

) : a S b g ( S mo dulo R ). 2

F unctions

De�nition D37 F : A ! B : ,

F � A � B and 8 ( a; b ) 2 F : 8 ( c; d ) 2 F : ( a = c ) b = d )

( F is a (p artial) function fr om A to B ). 2

De�nition D38 F is a function : , 9 A; B : F : A ! B . 2

De�nition D39 Let F b e a function.
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a) y = F ( x ) : , ( x; y ) 2 F ;

b) F

� 1

( y ) := f x : y = f ( x ) g .

2

De�nition D40 Let F b e a function.

a) F is total on A : , D om ( F ) = A ;

b) F is surje ctive on B : , Ran ( F ) = B ;

c) F is inje ctive : , f unction ( F ) ^ f unction ( F

� 1

);

d) F is bije ctive on B : , F is surjectiv e on B and injectiv e.

2

Sequences

De�nition D41 Let F b e a function.

a) F is a �nite se quenc e : , D om ( F ) � N [0 ; n ] for some n ;

b) F is a ! -se quenc e : , D om ( F ) = N ;

c) F is a ! ! -se quenc e : , D om ( F ) = Z ;

d) F is a se quenc e : , F is a �nite, ! -, or ! ! -sequence.

2

W e will denote a sequence F b y ( x

i

)

i 2 I

where I = D om ( F ) and x

i

= F ( i ). A �nite

sequence F ma y also b e notated as ( x

0

; x

1

; : : : ; x

n

), a ! -sequence as ( x

0

; x

1

; : : : ) and a

! ! -sequence as ( : : : ; x

� 1

; x

0

; x

1

; : : : ).

De�nition D42 Let F = ( x

i

)

i 2 I

b e a sequence.

a) I ndex ( F ) := D om ( F ) the index set of F ;

b) S et ( F ) := Ran ( F ) the r ange of F ;

c) x 2 F : , x 2 S et ( F ) x is c ontaine d in F .

d) j F j = j I j the size of F ;

e) F ir st ( F ) = F ( z ) if f z g = M in ( � ; I )) the �rst element of F ;

f ) Last ( F ) = F ( z ) if f z g = M ax ( � ; I )) the last element of F ;

2

De�nition D43 Let F b e a sequence.

a) F is a R -chain : , 8 i; j 2 I ndex ( F ) : i + 1 = j ) F ( i ) R F ( j );

b) F is a R -cycle : , F is a R -c hain and Last ( F ) = F ir st ( F ).

2

De�nition D44 Let F b e an R -c hain.

a) F is cyclic : , Last ( F ) = F ir st ( F );

b) F is acyclic : , 8 i; j 2 I ndex ( F ) : i 6= j ) F ( i ) 6= F ( j ).

2

De�nition D45 Let R; S � X � X and F b e a R -c hain.

S j F = f ( F

i

; F

j

) : j = i + 1 ^ F

i

S F

j

g . 2

77



Nets

De�nition D46 ( S; T ; F ) is a net : ,

S \ T = ; ^ F � ( S � T ) [ ( T � S ). 2

De�nition D47 Let N = ( S; T ; F ) b e a net.

a) S

N

:= S ( the set of S -elements or plac es );

b) T

N

:= N ( the set of T -elements or tr ansitions );

c) F

N

:= F ( the 
ow r elation );

d) X

N

:= S [ T ( the set of net elements ).

2

De�nition D48 Let N = ( S; T ; F ) b e a net and Y � X

N

.

a) Y

�

F

:= F [ Y ] ( the p ostset of Y with r esp e ct to F );

b)

�

Y

F

:= F

� 1

[ Y ] ( the pr eset of Y with r esp e ct to F ).

2

De�nition D49 Let N = ( S; T ; F ) b e a net and X = X

N

.

a) N is primitive : , 8 x 2 X :

�

x

F

[ x

�

F

6= ; ;

b) N is pur e : , 8 x 2 X : (

�

x

F

\ x

�

F

= ; );

c) N is simple : , 8 x; y 2 X : (

�

x

F

=

�

y

F

^ x

�

F

= y

�

F

) x = y );

d) N is c onne cte d : , ( F [ F

� 1

)

+

= X � X ;

e) N is cyclic : , F

+

= X � X ;

f ) N is acyclic : , F

+

\ id

X

= ; ;

2

De�nition D50 Let N = ( S; T ; F ) and N

0

= ( S

0

; T

0

; F

0

) b e nets.

a) N

0

is a subnet of N : ,

S

0

� S ^ T

0

� T ^

F

0

= F \ (( S

0

� T

0

) [ ( T

0

� S

0

));

2

De�nition D51 Let N = ( S; T ; F ) b e a net.

a) t and t

0

ar e indep endent in N : ,

(

�

t

F

[ t

�

F

) \ (

�

t

0

F

[ t

0

�

F

).

2

De�nition D52 Let N = ( S; T ; F ) b e a net.

a) M is a marking in N : , M � S ;

b) E is an event in N : , E � T and E 6= ; ;

c) ( M [ E > M

0

)

N

: ,

M ; M

0

� S and E � T and

8 t; t

0

2 E : ( t 6= t

0

) t

�

F

\ t

0

�

F

= ; ^

�

t

F

\

�

t

0

F

= ; ) ^

(

S

t

�

F

: t 2 E = M

0

� M ^

S

�

t

F

: t 2 E = M � M

0

)

( M

0

is r e achable fr om M by the step E in N );
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d) E is a step in N : , 9 M ; M

0

: M [ E > M

0

;

e) S teps ( N ) := f E : E is a step in N g ;

f ) M r

N

M

0

: , 9 E : M [ E > M

0

( M

0

is r e achable fr om M in one step in N );

g) M R

N

M

0

: , M ( r

N

[ r

N

� 1

)

�

P ( S )

M

0

( M

0

is r e achable fr om M in N ).

h) M sr

N

M

0

: , 9 t 2 T : M [ f t g > M

0

( M

0

is sequen tially reac hable from M in one step in N );

i) M S R

N

M

0

: , M ( sr

N

[ sr

N

� 1

)

�

P ( S )

M

0

( M

0

is sequen tially reac hable from M in N ).

2

F undamen tal Situations

De�nition D53 Let N = ( S; T ; F ) b e a net and t; t

0

2 T and M � S .

a) t is enable d at M : ,

�

t

F

� M ^ t

�

F

\ M = ; ;

b) t is r everse enable d at M : , t

�

F

� M ^

�

t

M

\ M = ; ;

c) t has a c ontact at M : ,

�

t

F

� M ^ t

�

F

\ M 6= ; ;

d) t has a r everse c ontact at M : , t

�

F

� M ^

�

t

F

\ M 6= ; ;

e) t and t

0

ar e in c on
ict at M : ,

t and t

0

are enabled at M and ( t

�

F

[

�

t

F

) \ ( t

0

�

F

[

�

t

0

F

) 6= ; ;

f ) t and t

0

ar e in r everse c on
ict at M : ,

t and t ' are rev erse enabled at M and ( t

�

F

[

�

t

F

) \ ( t

0

�

F

[

�

t

0

F

) 6= ; ;

g) t has a tr ansjunction at M : ,

�

t

F

\ M 6= ; ^ t

�

F

\ M 6= ; .

2

Elemen tary Net Systems

De�nition D54 ( S; T ; F ; C ) is an elementary net systems (ENS) : ,

( S; T ; F ) is a net and C � S . 2

De�nition D55

Let N S = ( S; T ; F ; C ) b e an elemen tary net system and N = ( S; T ; F ).

a) C aseC l ass ( N S ) := [ C ]

R

N

( the c ase class of N S );

b) S eq C aseC l ass ( N S ) := [ C ]

S R

N

( the se quential c ase class of N S ).

2

De�nition D56 Let N S = ( S; T ; F ; C ) b e an elemen tary net system.

a) P r oper S ( N S ) := (

S

C aseC l ass ( N S )) � (

T

C aseC l ass ( N S ))

( the pr op er S-elements of N S );

b) P r oper T ( N S ) :=

S

f e : 9 m; m

0

2 C aseC l ass ( N S ) : m [ e > m

0

g

( the pr op er T-elements of N S );

c) N S is prop er : , S = P r oper S ( N S ) ^ T = P r oper T ( N S ).
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2

De�nition D57 Let N S = ( S; T ; F ; C

0

) b e an elemen tary net system.

a) N S is safe : , 8 M 2 C aseC l ass ( N S ) : :9 t 2 T :

( t has a con tact or a rev erse con tact at M );

b) N S is secure : , N S is safe and 8 M 2 C aseC l ass ( N S ) : :9 t 2 T :

( t has a transjunction at M ).

2
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B Mo dels of Concurrency Theory

The concurrency structure of �g. 1.a:

X = f 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 ; 10 ; 11 ; 1 2 g

co = l f (9 ; 1) ; (9 ; 2) ; ( 9 ; 3) ; (1 0 ; 3) ; (1 0 ; 4) ; ( 10 ; 5) ; ( 10 ; 9) ; ( 11 ; 5) ; ( 11 ; 6) ; ( 11 ; 7) ;

(11 ; 10) ; (1 2 ; 1) ; ( 12 ; 7) ; ( 12 ; 8) ; ( 12 ; 9) ; ( 12 ; 11 ) g

l i = l f (2 ; 1) ; (3 ; 1) ; ( 3 ; 2) ; (4 ; 1) ; (4 ; 2 ) ; (4 ; 3) ; ( 5 ; 1) ; ( 5 ; 2) ; (5 ; 3 ) ; (5 ; 4 ) ; (6 ; 1) ; ( 6 ; 2) ;

(6 ; 3) ; (6 ; 4) ; ( 6 ; 5) ; ( 7 ; 1) ; (7 ; 2 ) ; (7 ; 3) ; (7 ; 4) ; ( 7 ; 5) ; (7 ; 6) ; (8 ; 1 ) ; (8 ; 2) ; ( 8 ; 3) ;

(8 ; 4) ; (8 ; 5) ; ( 8 ; 6) ; ( 8 ; 7) ; (9 ; 4 ) ; (9 ; 5) ; (9 ; 6) ; ( 9 ; 7) ; (9 ; 8) ; (1 0 ; 1) ; (1 0 ; 2) ; (1 0 ; 6) ;

(10 ; 7) ; (10 ; 8) ; (1 1 ; 1) ; (1 1 ; 2) ; (1 1 ; 3) ; (1 1 ; 4) ; ( 11 ; 8) ; ( 11 ; 9) ; ( 12 ; 2) ; ( 12 ; 3) ;

(12 ; 4) ; (12 ; 5) ; (1 2 ; 6) ; (1 2 ; 10) g

~co

X

= f (1 ; 1) ; (2 ; 2 ) ; (3 ; 3) ; ( 4 ; 4) ; ( 5 ; 5) ; (6 ; 6 ) ; (7 ; 7) ; (8 ; 8) ; ( 9 ; 9) ; ( 10 ; 10) ; (11 ; 11 ) ; (12 ; 12) g

~

l i

X

= f (1 ; 1) ; (2 ; 2 ) ; (3 ; 3) ; ( 4 ; 4) ; ( 5 ; 5) ; (6 ; 6 ) ; (7 ; 7) ; (8 ; 8) ; ( 9 ; 9) ; ( 10 ; 10) ; (11 ; 11 ) ; (12 ; 12) g

C uts ( C S ) = ff 1 ; 9 ; 12 g ; f 2 ; 9 g ; f 3 ; 9 ; 1 0 g ; f 4 ; 10 g ; f 5 ; 10 ; 1 1 g ; f 6 ; 1 1 g ; f 7 ; 1 1 ; 12 g ; f 8 ; 12 g g

Lines ( C S ) = ff 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 g ; f 1 ; 2 ; 3 ; 4 ; 8 ; 11 g ; f 1 ; 2 ; 6 ; 7 ; 8 ; 10 g ; f 2 ; 3 ; 4 ; 5 ; 6 ; 1 2 g ;

f 2 ; 6 ; 10 ; 12 g ; f 4 ; 5 ; 6 ; 7 ; 8 ; 9 g ; f 4 ; 8 ; 9 ; 11 gg

P

C S

= f (1 ; 2) ; (1 ; 8 ) ; (3 ; 2) ; ( 3 ; 4) ; ( 5 ; 4) ; (5 ; 6 ) ; (7 ; 6) ; (7 ; 8) ; ( 9 ; 4) ; ( 9 ; 8) ; (1 0 ; 2) ; (1 0 ; 6) ;

(11 ; 4) ; (11 ; 8) ; (1 2 ; 2) ; (1 2 ; 6) g

D

C S

= f (1 ; 9) ; (1 ; 1 2) ; (2 ; 9 ) ; (3 ; 9) ; (3 ; 10) ; (4 ; 10 ) ; (5 ; 10 ) ; (5 ; 11 ) ; (6 ; 11 ) ; (7 ; 11 ) ; (7 ; 1 2) ;

(8 ; 12) g

D om ( P ) = f 1 ; 3 ; 5 ; 7 ; 9 ; 1 0 ; 11 ; 12 g

Ran ( P ) = f 2 ; 4 ; 6 ; 8 g

D om ( D ) = f 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 g

Ran ( D ) = f 9 ; 10 ; 11 ; 12 g

The concurrency structure of �g. 2.a:

X = f 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 ; 10 ; 11 ; 1 2 ; 13 ; 14 ; 1 5 ; 16 ; 17 ; 1 8 ; 19 ; 20 ; 21 ; 22 ; 23 ; 24 g

co = l f (2 ; 1) ; (3 ; 1) ; ( 3 ; 2) ; (4 ; 1) ; (4 ; 2 ) ; (4 ; 3) ; ( 5 ; 2) ; ( 5 ; 4) ; (6 ; 1 ) ; (6 ; 3 ) ; (6 ; 5) ;

(9 ; 8) ; (10 ; 1 ) ; (10 ; 3 ) ; (10 ; 5 ) ; (10 ; 7 ) ; (10 ; 8) ; (1 0 ; 9) ; (1 1 ; 8) ; (1 1 ; 10) ;

(12 ; 7) ; (12 ; 9) ; (1 2 ; 11) ; ( 13 ; 8) ; ( 13 ; 10 ) ; (13 ; 1 2) ; (1 4 ; 8) ; (1 4 ; 10) ; ( 14 ; 12 ) ;

(14 ; 13) ; (1 5 ; 7) ; ( 15 ; 9) ; ( 15 ; 11) ; (15 ; 1 3) ; (1 5 ; 14) ; ( 16 ; 7) ; ( 16 ; 9) ; ( 16 ; 11 ) ;

(16 ; 13) ; (1 6 ; 14) ; ( 16 ; 15 ) ; (17 ; 1 4) ; (1 7 ; 16) ; ( 18 ; 13 ) ; (18 ; 1 5) ; (1 8 ; 17) ; ( 19 ; 3) ;

(19 ; 4) ; (19 ; 14) ; ( 19 ; 16) ; (19 ; 18 ) ; (20 ; 1) ; (2 0 ; 2) ; (2 0 ; 14) ; ( 20 ; 16 ) ; (20 ; 1 8) ;

(20 ; 19) ; (2 1 ; 3) ; ( 21 ; 4) ; ( 21 ; 13) ; (21 ; 1 5) ; (2 1 ; 17) ; ( 21 ; 19) ; (21 ; 2 0) ; (2 2 ; 1) ;

(22 ; 2) ; (22 ; 13) ; ( 22 ; 15) ; (22 ; 17 ) ; (22 ; 19) ; ( 22 ; 20) ; (22 ; 21 ) ; (23 ; 3) ; (2 3 ; 4) ;

(23 ; 20) ; (2 3 ; 22) ; ( 24 ; 1) ; (24 ; 2) ; (24 ; 1 9) ; (2 4 ; 21) ; ( 24 ; 23) g

l i = l f (5 ; 1) ; (5 ; 3) ; ( 6 ; 2) ; (6 ; 4) ; (7 ; 1 ) ; (7 ; 3) ; ( 7 ; 5) ; ( 8 ; 1) ; (8 ; 3 ) ; (8 ; 5 ) ; (9 ; 2) ; ( 9 ; 4) ;

(9 ; 6) ; (10 ; 2 ) ; (10 ; 4 ) ; (10 ; 6 ) ; (11 ; 1 ) ; (11 ; 2) ; (1 1 ; 3) ; (1 1 ; 4) ; (1 1 ; 5) ; (1 1 ; 6) ;

81



(11 ; 7) ; (11 ; 9) ; (1 2 ; 1) ; (1 2 ; 2) ; (1 2 ; 3) ; (1 2 ; 4) ; ( 12 ; 5) ; ( 12 ; 6) ; ( 12 ; 8) ; ( 12 ; 10 ) ;

(13 ; 1) ; (13 ; 2) ; (1 3 ; 3) ; (1 3 ; 4) ; (1 3 ; 5) ; (1 3 ; 6) ; ( 13 ; 7) ; ( 13 ; 9) ; ( 13 ; 11 ) ; (14 ; 1 ) ;

(14 ; 2) ; (14 ; 3) ; (1 4 ; 4) ; (1 4 ; 5) ; (1 4 ; 6) ; (1 4 ; 7) ; ( 14 ; 9) ; ( 14 ; 11) ; (15 ; 1 ) ; (15 ; 2 ) ;

(15 ; 3) ; (15 ; 4) ; (1 5 ; 5) ; (1 5 ; 6) ; (1 5 ; 8) ; (1 5 ; 10) ; ( 15 ; 12 ) ; (16 ; 1 ) ; (16 ; 2) ; (1 6 ; 3) ;

(16 ; 4) ; (16 ; 5) ; (1 6 ; 6) ; (1 6 ; 8) ; (1 6 ; 10) ; ( 16 ; 12 ) ; (17 ; 1 ) ; (17 ; 2 ) ; (17 ; 3) ; (1 7 ; 4) ;

(17 ; 5) ; (17 ; 6) ; (1 7 ; 7) ; (1 7 ; 8) ; (1 7 ; 9) ; (1 7 ; 10) ; ( 17 ; 11 ) ; (17 ; 1 2) ; (1 7 ; 13) ; ( 17 ; 15 ) ;

(18 ; 1) ; (18 ; 2) ; (1 8 ; 3) ; (1 8 ; 4) ; (1 8 ; 5) ; (1 8 ; 6) ; ( 18 ; 7) ; ( 18 ; 8) ; ( 18 ; 9) ; ( 18 ; 10 ) ;

(18 ; 11) ; (1 8 ; 12) ; ( 18 ; 14 ) ; (18 ; 1 6) ; (1 9 ; 1) ; ( 19 ; 2) ; ( 19 ; 5) ; ( 19 ; 6) ; ( 19 ; 7) ; ( 19 ; 8) ;

(19 ; 9) ; (19 ; 10) ; ( 19 ; 11) ; (19 ; 12 ) ; (19 ; 13) ; ( 19 ; 15) ; (19 ; 17 ) ; (20 ; 3) ; (2 0 ; 4) ; (2 0 ; 5) ;

(20 ; 6) ; (20 ; 7) ; (2 0 ; 8) ; (2 0 ; 9) ; (2 0 ; 10) ; ( 20 ; 11 ) ; (20 ; 1 2) ; (2 0 ; 13) ; ( 20 ; 15 ) ; (20 ; 1 7) ;

(21 ; 1) ; (21 ; 2) ; (2 1 ; 5) ; (2 1 ; 6) ; (2 1 ; 7) ; (2 1 ; 8) ; ( 21 ; 9) ; ( 21 ; 10) ; (21 ; 1 1) ; (2 1 ; 12) ;

(21 ; 14) ; (2 1 ; 16) ; ( 21 ; 18 ) ; (22 ; 3 ) ; (22 ; 4) ; (2 2 ; 5) ; (2 2 ; 6) ; (2 2 ; 7) ; (2 2 ; 8) ; ( 22 ; 9) ;

(22 ; 10) ; (2 2 ; 11) ; ( 22 ; 12 ) ; (22 ; 1 4) ; (2 2 ; 16) ; ( 22 ; 18 ) ; (23 ; 1 ) ; (23 ; 2) ; (2 3 ; 5) ; (2 3 ; 6) ;

(23 ; 7) ; (23 ; 8) ; (2 3 ; 9) ; (2 3 ; 10) ; ( 23 ; 11 ) ; (23 ; 1 2) ; (2 3 ; 13) ; ( 23 ; 14 ) ; (23 ; 1 5) ; (2 3 ; 16) ;

(23 ; 17) ; (2 3 ; 18) ; ( 23 ; 19 ) ; (23 ; 2 1) ; (2 4 ; 3) ; ( 24 ; 4) ; ( 24 ; 5) ; ( 24 ; 6) ; ( 24 ; 7) ; ( 24 ; 8) ;

(24 ; 9) ; (24 ; 10) ; ( 24 ; 11) ; (24 ; 12 ) ; (24 ; 13) ; ( 24 ; 14) ; (24 ; 15 ) ; (24 ; 16) ; ( 24 ; 17) ;

(24 ; 18) ; (2 4 ; 20) ; ( 24 ; 22 ) g

~co

X

= f (1 ; 1) ; (2 ; 2 ) ; (3 ; 3) ; ( 4 ; 4) ; ( 5 ; 5) ; (6 ; 6 ) ; (7 ; 7) ; (8 ; 8) ; ( 9 ; 9) ; ( 10 ; 10) ;

(11 ; 11) ; (1 2 ; 12) ; ( 13 ; 13 ) ; (14 ; 1 4) ; (1 5 ; 15) ; ( 16 ; 16 ) ; (17 ; 1 7) ; (1 8 ; 18) ; ( 19 ; 19 ) ;

(20 ; 20) ; (2 1 ; 21) ; ( 22 ; 22 ) ; (23 ; 2 3) ; (2 4 ; 24) g

~

l i

X

= f (1 ; 1) ; (2 ; 2 ) ; (3 ; 3) ; ( 4 ; 4) ; ( 5 ; 5) ; (6 ; 6 ) ; (7 ; 7) ; (8 ; 8) ; ( 9 ; 9) ; ( 10 ; 10) ; (11 ; 11 ) ;

(12 ; 12) ; (1 3 ; 13) ; ( 14 ; 14 ) ; (15 ; 1 5) ; (1 6 ; 16) ; ( 17 ; 17 ) ; (18 ; 1 8) ; (1 9 ; 19) ; ( 20 ; 20 ) ;

(21 ; 21) ; (2 2 ; 22) ; ( 23 ; 23 ) ; (24 ; 2 4) g

C uts ( C S ) = ff 1 ; 2 ; 3 ; 4 g ; f 1 ; 2 ; 2 0 ; 22 g ; f 1 ; 2 ; 24 g ; f 1 ; 3 ; 6 g ; f 1 ; 3 ; 9 ; 10 g ; f 2 ; 4 ; 5 g ;

f 2 ; 4 ; 7 ; 8 g ; f 3 ; 4 ; 19 ; 2 1 g ; f 3 ; 4 ; 2 3 g ; f 5 ; 6 g ; f 5 ; 9 ; 10 g ; f 6 ; 7 ; 8 g ; f 7 ; 8 ; 9 ; 10 g ;

f 7 ; 9 ; 12 g ; f 7 ; 9 ; 1 5 ; 16 g ; f 8 ; 10 ; 11 g ; f 8 ; 10 ; 13 ; 14 g ; f 1 1 ; 12 g ; f 11 ; 15 ; 1 6 g ;

f 12 ; 13 ; 14 g ; f 13 ; 14 ; 1 5 ; 16 g ; f 13 ; 15 ; 1 8 g ; f 13 ; 15 ; 21 ; 22 g ; f 14 ; 1 6 ; 17 g ;

f 14 ; 16 ; 19 ; 20 g ; f 17 ; 1 8 g ; f 1 7 ; 21 ; 22 g ; f 18 ; 19 ; 20 g ; f 1 9 ; 20 ; 21 ; 2 2 g ;

f 19 ; 21 ; 24 g ; f 20 ; 22 ; 2 3 g ; f 2 3 ; 24 gg

Lines ( C S ) = ff 1 ; 5 ; 7 ; 11 ; 13 ; 1 7 ; 19 ; 23 g ; f 1 ; 5 ; 7 ; 11 ; 1 4 ; 18 ; 21 ; 2 3 g ;

f 1 ; 5 ; 8 ; 1 2 ; 15 ; 17 ; 1 9 ; 23 g ; f 1 ; 5 ; 8 ; 12 ; 16 ; 1 8 ; 21 ; 23 g ; f 2 ; 6 ; 9 ; 1 1 ; 13 ; 17 ; 1 9 ; 23 g ;

f 2 ; 6 ; 9 ; 1 1 ; 14 ; 18 ; 2 1 ; 23 g ; f 2 ; 6 ; 10 ; 12 ; 1 5 ; 17 ; 19 ; 2 3 g ; f 2 ; 6 ; 1 0 ; 12 ; 16 ; 1 8 ; 21 ; 23 g ;

f 3 ; 5 ; 7 ; 1 1 ; 13 ; 17 ; 2 0 ; 24 g ; f 3 ; 5 ; 7 ; 11 ; 14 ; 1 8 ; 22 ; 24 g ; f 3 ; 5 ; 8 ; 1 2 ; 15 ; 17 ; 2 0 ; 24 g ;

f 3 ; 5 ; 8 ; 1 2 ; 16 ; 18 ; 2 2 ; 24 g ; f 4 ; 6 ; 9 ; 11 ; 13 ; 1 7 ; 20 ; 24 g ; f 4 ; 6 ; 9 ; 1 1 ; 14 ; 18 ; 2 2 ; 24 g ;

f 4 ; 6 ; 10 ; 12 ; 15 ; 1 7 ; 20 ; 24 g ; f 4 ; 6 ; 10 ; 1 2 ; 16 ; 18 ; 2 2 ; 24 g g

P

C S

= f (1 ; 5) ; (1 ; 2 3) ; (2 ; 6 ) ; (2 ; 23 ) ; (3 ; 5) ; (3 ; 24 ) ; (4 ; 6) ; ( 4 ; 24) ; ( 7 ; 5) ; ( 7 ; 11) ;

(8 ; 5) ; (8 ; 12 ) ; (9 ; 6) ; ( 9 ; 11) ; (10 ; 6) ; (10 ; 1 2) ; (1 3 ; 11) ; ( 13 ; 17) ; (14 ; 1 1) ; (1 4 ; 18) ;

(15 ; 12) ; (1 5 ; 17) ; ( 16 ; 12 ) ; (16 ; 1 8) ; (1 9 ; 17) ; ( 19 ; 23 ) ; (20 ; 1 7) ; (2 0 ; 24) ; ( 21 ; 18 ) ;
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(21 ; 23) ; (2 2 ; 18) ; ( 22 ; 24 ) g

D

C S

= ;

D om ( P ) = f 1 ; 2 ; 3 ; 4 ; 7 ; 8 ; 9 ; 10 ; 13 ; 1 4 ; 15 ; 16 ; 1 9 ; 20 ; 21 ; 2 2 g

Ran ( P ) = f 5 ; 6 ; 11 ; 12 ; 17 ; 1 8 ; 23 ; 24 g

The concurrency structure of �g. 6:

X = f 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 ; 10 ; 11 ; 1 2 ; 13 ; 14 ; 1 5 ; 16 g

co = l f (11 ; 1) ; (11 ; 2 ) ; (11 ; 3) ; (1 2 ; 3) ; (1 2 ; 4) ; (1 2 ; 5) ; (1 2 ; 11) ; ( 13 ; 5) ; (13 ; 6) ;

(13 ; 7) ; (13 ; 12) ; ( 14 ; 7) ; ( 14 ; 8) ; ( 14 ; 9) ; ( 14 ; 13 ) ; (15 ; 1 ) ; (15 ; 9 ) ; (15 ; 10) ;

(15 ; 11) ; (1 5 ; 14) ; ( 16 ; 1) ; (16 ; 7) ; (16 ; 8 ) ; (16 ; 9 ) ; (16 ; 1 0) ; (1 6 ; 11) ; ( 16 ; 13 ) ;

(16 ; 14) ; (1 6 ; 15) g

l i = l f (2 ; 1) ; (3 ; 1) ; ( 3 ; 2) ; (4 ; 1) ; (4 ; 2 ) ; (4 ; 3) ; ( 5 ; 1) ; ( 5 ; 2) ; (5 ; 3 ) ; (5 ; 4 ) ; (6 ; 1) ; ( 6 ; 2) ;

(6 ; 3) ; (6 ; 4) ; ( 6 ; 5) ; ( 7 ; 1) ; (7 ; 2 ) ; (7 ; 3) ; (7 ; 4) ; ( 7 ; 5) ; (7 ; 6) ; (8 ; 1 ) ; (8 ; 2) ; ( 8 ; 3) ;

(8 ; 4) ; (8 ; 5) ; ( 8 ; 6) ; ( 8 ; 7) ; (9 ; 1 ) ; (9 ; 2) ; (9 ; 3) ; ( 9 ; 4) ; (9 ; 5) ; (9 ; 6 ) ; (9 ; 7) ; ( 9 ; 8) ;

(10 ; 1) ; (10 ; 2) ; (1 0 ; 3) ; (1 0 ; 4) ; (1 0 ; 5) ; (1 0 ; 6) ; ( 10 ; 7) ; ( 10 ; 8) ; ( 10 ; 9) ; ( 11 ; 4) ;

(11 ; 5) ; (11 ; 6) ; (1 1 ; 7) ; (1 1 ; 8) ; (1 1 ; 9) ; (1 1 ; 10) ; ( 12 ; 1) ; (12 ; 2) ; (12 ; 6 ) ; (12 ; 7 ) ;

(12 ; 8) ; (12 ; 9) ; (1 2 ; 10) ; ( 13 ; 1) ; ( 13 ; 2) ; ( 13 ; 3) ; ( 13 ; 4) ; (13 ; 8) ; (13 ; 9 ) ; (13 ; 1 0) ;

(13 ; 11) ; (1 4 ; 1) ; ( 14 ; 2) ; ( 14 ; 3) ; ( 14 ; 4) ; ( 14 ; 5) ; ( 14 ; 6) ; (14 ; 10 ) ; (14 ; 11) ; ( 14 ; 12) ;

(15 ; 2) ; (15 ; 3) ; (1 5 ; 4) ; (1 5 ; 5) ; (1 5 ; 6) ; (1 5 ; 7) ; ( 15 ; 8) ; ( 15 ; 12) ; (15 ; 1 3) ; (1 6 ; 2) ;

(16 ; 3) ; (16 ; 4) ; (1 6 ; 5) ; (1 6 ; 6) ; (1 6 ; 12) g

C uts ( C S ) = ff 1 ; 11 ; 15 ; 16 g ; f 2 ; 11 g ; f 3 ; 11 ; 1 2 g ; f 4 ; 1 2 g ; f 5 ; 1 2 ; 13 g ; f 6 ; 13 g ;

f 7 ; 13 ; 14 ; 16 g ; f 8 ; 14 ; 16 g ; f 9 ; 14 ; 1 5 ; 16 g ; f 10 ; 15 ; 1 6 gg

Lines ( C S ) = ff 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 ; 10 g ; f 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 1 0 ; 14 g ; f 1 ; 2 ; 3 ; 4 ; 8 ; 9 ; 10 ; 1 3 g ;

f 1 ; 2 ; 6 ; 7 ; 8 ; 9 ; 10 ; 12 g ; f 1 ; 2 ; 6 ; 10 ; 1 2 ; 14 g ; f 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 15 g ;

f 2 ; 3 ; 4 ; 5 ; 6 ; 1 6 g ; f 2 ; 3 ; 4 ; 8 ; 13 ; 15 g ; f 2 ; 6 ; 7 ; 8 ; 12 ; 1 5 g ; f 2 ; 6 ; 12 ; 16 g ;

f 4 ; 5 ; 6 ; 7 ; 8 ; 9 ; 10 ; 11 g ; f 4 ; 5 ; 6 ; 10 ; 1 1 ; 14 g ; f 4 ; 8 ; 9 ; 10 ; 11 ; 1 3 gg

P

C S

= f (1 ; 2) ; (1 ; 1 0) ; (3 ; 2 ) ; (3 ; 4) ; (5 ; 4) ; ( 5 ; 6) ; (7 ; 6 ) ; (7 ; 8 ) ; (9 ; 8) ; ( 9 ; 10) ; (11 ; 4) ;

(11 ; 10) ; (1 2 ; 2) ; ( 12 ; 6) ; ( 13 ; 4) ; ( 13 ; 8) ; ( 14 ; 6) ; ( 14 ; 10 ) ; (15 ; 2 ) ; (15 ; 8) ; (1 6 ; 2) ; (1 6 ; 6) g

D

C S

= f (1 ; 11) ; (1 ; 15) ; ( 1 ; 16) ; ( 2 ; 11) ; ( 3 ; 11) ; ( 3 ; 12) ; ( 4 ; 12) ; (5 ; 12) ; (5 ; 13 ) ; (6 ; 13 ) ;

(7 ; 13) ; (7 ; 1 4) ; (7 ; 1 6) ; (8 ; 1 4) ; (8 ; 1 6) ; (9 ; 14) ; ( 9 ; 15) ; ( 9 ; 16) ; ( 10 ; 15 ) ; (10 ; 1 6) ;

(14 ; 16) ; (1 5 ; 16) g

D om ( P ) = f 1 ; 3 ; 5 ; 7 ; 9 ; 1 1 ; 12 ; 13 ; 1 4 ; 15 ; 16 g

Ran ( P ) = f 2 ; 4 ; 6 ; 8 ; 1 0 g

D om ( D ) = f 1 ; 2 ; 3 ; 4 ; 5 ; 6 ; 7 ; 8 ; 9 ; 10 ; 14 ; 1 5 g

Ran ( D ) = f 11 ; 12 ; 13 ; 14 ; 1 5 ; 16 g
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