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Abstra
tLinear Logi
 [Gir87℄ has been shown to in
orporate a fragment suitable for representingP=T -nets and giving an interleaving semanti
s to the 
omputations of su
h nets (e.g.[Bro89℄, [MOM89℄, [EW90℄). This result is generalized to 
oloured nets. Furthermore anew kind of high-level nets is de�ned: Linear Logi
 Petri Nets (LLPN). These nets areused as an intuitive semanti
s to well-known and new high-level net 
on
epts like obje
tsystems ([Val96b℄) and agent orientation. Related topi
s have been addressed in [Far96℄and [Far98℄.keywords: Linear Logi
, Petri nets, obje
t systems, 
on
urren
y

ZusammenfassungDie Lineare Logik [Gir87℄ enth�alt ein Fragment, das sehr gut zur Darstellung von S/T -Netzen geeignet ist. In [Bro89℄, [MOM89℄ und [EW90℄ wird gezeigt, da� dieses Fragmentder Linearen Logik Petrinetzen eine (interleaving) Semantik gibt. Diese Resultate werdenauf gef�arbte Petrinetze erweitert. Au�erdem wird eine neue Klasse von High-Level-Netzeneingef�uhrt: Linear Logi
 Petri Nets (LLPN). LLPNs bieten die M�ogli
hkeit, h�oheren Netz-konzepten als intuitive Semantik zu dienen. In diesem Zusammenhang werden insbesondereObjektsysteme ([Val96b℄) und Agentenorientierung betra
htet. Diese Arbeit stellt eineFortsetzung der Arbeiten [Far96℄ und [Far98℄ dar.S
hlagw�orter: Lineare Logik, Petrinetze, Objektsysteme, Nebenl�au�gkeit
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Chapter 1Introdu
tionPetri nets have been used su

essfully throughout the last three de
ades for the spe
i�
a-tion and analysis of a diverse range of problems. The theory of Petri nets has had dire
timpa
t on 
omputing and information s
ien
es but the s
ope in whi
h appli
ations of thetheory 
an be found is not limited to these. In fa
t there are many other dis
iplines thatare in
uen
ed by Petri net theory in some way or another.The design and analysis of parallel and distributed algorithms has bene�ted a lot fromthe resear
h in Petri nets. The basi
 model of pla
e/transition nets is well-studied, so thatthere is a wealth of results and te
hniques available. More re
ent development has shownthat this basi
 model|even though it is well-understood|somewhat la
ks in one aspe
tessential for the design of 
omplex systems leading to some 
onservative extensions of thebasi
 model. Further high-level 
on
epts have been added sin
e, so that we are fa
ed byan overwhelming diversity of net 
on
epts.The foremost problem when extending some net formalism is the (re)de�nition ofthe o

urren
e rule. This should be done with extreme 
are, not only to avoid undesiredbehaviour in the nets of the newly de�ned 
lass, but also to make sure that as many resultsfrom the standard theory are preserved for the new 
lass.In this paper we de�ne a 
lass of Petri nets that have Linear Logi
 formulae as to-kens. These nets|
alled Linear Logi
 Petri nets or LLPNs|are 
apable of 
apturing thebehaviour of various other high-level nets and 
an be seen as a step towards a uniformsemanti
s for 
on
urren
y models. LLPNs are de�ned on purely logi
al grounds.1.1 Some Notes on NotationWe will use varying notions for multisets throughout this text a

ording to the situation.It is sometimes more 
onvenient to view a multiset as a mapping from the underlyingdomain to the natural numbers, giving the multipli
ity for ea
h element expli
itly. Onother o

asions it is easier to use a set-like notation in whi
h we make no notationaldi�eren
e 
ompared with usual sets, for example m := f1; 1; 4g denotes the multiset overIN su
h that m(1) = 2 and m(4) = 1, whereas for all x 2 IN n f1; 4g the value of m(x) is0. We believe that the meaning will be apparent from the 
ontext.1



2 CHAPTER 1. INTRODUCTIONFor multisets we will usually use formal sums and represent the union of two multisetsm and m0 by m+m0. By m�m0 we denote the multiset di�eren
e of m and m0.Capital Greek letters are used to denote environment variables that 
an be instantiatedwith multisets of formulae. Variables that may be bound to a formula are usually takenfrom the rear of the alphabet.In logi
 formulae it is generally assumed that 
onjun
tions and disjun
tions bindstronger than impli
ations. Quantifyers and negation are assumed to bind stronger thanother 
onne
tives.For a Petri net transition t the preset and postset are denoted �t and t �, respe
tively.



Chapter 2Basi
sThis 
hapter brie
y summarizes some results 
on
erning the relationship between LinearLogi
 and Petri nets.2.1 Linear Logi
 and P=T -netsLinear Logi
 has been shown to be well suited for des
ribing Petri nets and their dynami
s,few attempts have been made though to sophisti
ate linear logi
 for analysing nets andproving properties further than the rea
hability of 
ertain markings1. In fa
t the mainvalue of Linear Logi
 for Petri nets is in giving them a purely logi
al semanti
s.Before going into the details of Petri net representation we will brie
y and informally
hara
terise the 
onne
tives of linear logi
, the main idea of whi
h is to split the 
onjun
tion(resp. disjun
tion) into two di�erent versions, one that is resour
e sensitive and anotherthat behaves more or less like the 
lassi
al 
onne
tive. In order to maintain the power of
lassi
al 
al
uli one has to introdu
e modalities, the so 
alled exponentials.2The linear 
onstants and 
onne
tives used in the 
ontext of Petri nets are:Mutipli
atives:� 
 (times, tensor) is the multipli
ative resour
e sensitive version of 
lassi
al
onjun
tion, e.g. A
B in linear logi
 means that both resour
es A and B arepresent at the same time, whereas A
A means that two instan
es of the sameresour
e are present.� &(par) is the multipli
ative disjun
tion, A &B 
an be interpreted as: if not Athen B.1Some attempts have been made to extend Linear Logi
 by some 
on
epts from temporal logi
s in[Tan97℄ and [KI97℄.2A
tually Linear Logi
 arises when thinking about the so-
alled stru
tural rules of a Gentzen-likesequent 
al
ulus of intuitionisti
 logi
. The removal of the 
ontra
tion rule and the weakening rule leadsto the multipli
ative fragment of Linear Logi
 while their re-introdu
tion as logi
al rules in the 
ontext ofthe exponential modalities regains the power of 
lassi
al and intuitionisti
 
al
uli.3



4 CHAPTER 2. BASICS� �Æ (entails) is the multipli
ative impli
ation, su
h that A �Æ B means thatwe get one new instan
e of resour
e B while 
onsuming exa
tly one instan
e ofresour
e A.� The multipli
ative 
onstants are 1 and ?, where 1 is the unit of the multi-pli
ative 
onjun
tion, meaning truth only in isolation, and ? is the unit of parrepresenting a pla
eholder for nothingness.Additives:� The additive 
onjun
tion & (with) expresses a kind of deterministi
 
hoi
e, e.g.in a situation where both resour
es are o�ered to you but you 
annot grab bothof them, A&B is the representation of your 
hoi
e between A and B.� The additive disjun
tion � (plus) on the other hand represents nondeterminismor a 
hoi
e on the systems side, i.e. given A � B it is at the system resour
emanagers dis
retion to give you either A or B. You 
an only be sure not toleave empty handed.� The units of the additive 
onjun
tion and disjun
tion are > and 0, representingtrue truth and falsity, respe
tively (i.e. truth or falsity in any 
ontext).Negation: Linear negation (�)? 
ould be 
alled a dept in monetary terms. In general A?is an input slot for using up one instan
e of resour
e A.Exponentials:� The exponential ! (of 
ourse) is the storage operator, also 
alled the operatorof reusability, whi
h makes a resour
e arbitrarily available.� The se
ond exponential ? has no immediate meaning in the 
ontext of Petrinets. It 
an be thought of as an operator of debts that is dual to !.2.2 Basi
 RelationshipWe will give a short survey of the work done by C. Brown, N. Mart��-Oliet and J. Meseguer,U. Engberg and G. Winskel. We use the notion of a marked net, i.e. that of an instan-taneous des
ription of a net. Only formulae from propositional Linear Logi
 that 
ontainthe tensor produ
t 
, linear impli
ation �Æ , the additive 
onne
tive of 
hoi
e &, thestorage-operator ! and the 
onstant 1 will be used in this se
tion.2.3 TerminologyThe Linear sequent 
al
ulus will be used in the following expositions of results. We denotesequents by � ` �, where � and � are multisets of formulae, and ` is a metasymbolthat has the meaning of entailment in the 
al
ulus. The multisets are usually written inlist notation, omitting any super
uous bra
es or parentheses, i.e. a sequent will often bewritten as A1; : : : ; An ` B1; : : : ; Bm. The semanti
s given to su
h sequent in the 
lassi
al



2.4. SEQUENT CALCULUS FOR LINEAR LOGIC 5sequent 
al
ulus introdu
ed by Gentzen in [Gen35℄ is A1 ^ � � � ^An ` B1 _ � � � _Bm. Forlinear logi
 the multipli
ative fragment is used to give the semanti
s to su
h sequent, i.e.A1
� � �
An ` B1 &� � � &Bm whi
h is equivalent to the o

asionally used one sided sequent` A?1 &� � � &A?n &B1 &� � � &Bm or ` A?1 ; : : : ; A?n ; B1; : : : ; Bm for short.2.4 Sequent Cal
ulus for Linear Logi
A ` A(Identity) ` 1(1)� ` A �; A ` B�;� ` B (Cut) �; A;B;� ` C�; B;A;� ` C (Ex
hange)�; A;B ` C�; A
B ` C (
L) � ` A � ` B�;� ` A
B (
R)� ` A � ` B� ` A&B (&R) �; A ` C�; A&B ` C (&L1) �; B ` C�; A&B ` C (&L2)� ` A �; B ` C�;�; A �Æ B ` C ( �Æ L)�; !A; !A ` B�; !A ` B (Contra
tion) �; A ` B�; !A ` B (Dereli
tion)� ` B�; !A ` B (Weakening)Table 2.1: Inferen
e Rules for LPetriOnly the inferen
e rules from the fragment of linear logi
 shown in table 2.1 are neededto show the derivability of the 
anoni
al Linear Logi
 formula for a given nets system
oin
ides with the rea
hability in P=T -nets. We use the two-sided version of the sequent
al
ulus rules here, as it appeals more naturally to our intuition.Remark. Note that although only intuitionisti
 rules are 
onsidered above, whi
h allow butfor interleaving semanti
s, the full 
lassi
al Linear Logi
 
al
ulus is suitable for real 
on
urren
ysemanti
s.Let us take a look at an example of a simple Petri net from whi
h we will derive aLinear Logi
 representation. In the remainder of this se
tion we will use the followingabbreviation: an := a
 � � � 
 a| {z }n



6 CHAPTER 2. BASICS
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Figure 2.1: A Simple Petri net from the Example on page 6Example. Starting from the Petri net system shown in Figure 2.1 we 
an obtain anatural set of formulae from the fragment LPetri of Linear Logi
 to des
ribe it. We startby des
ribing the 
urrent marking of the net by introdu
ing one resour
e of type pi for ea
htoken on pla
e pi and writing them as a tensor produ
t. In our net the 
urrent marking istherefore A2 indi
ating the presen
e of two tokens on pla
e A.We shall now 
onstru
t subformulae for ea
h transition of the net:� Firing t is represented by the formula B
C �Æ A2, meaning that one token ea
h is
onsumed from pla
es B and C, while two tokens are produ
ed on pla
e A.� For transitions r and s we have: A �Æ B and A �Æ C, respe
tively.As usual every transition may �re as often as desired, as long as the pre
onditions aresatis�ed. Therefore we have to pre
ede ea
h formula that represents a transition by thestorage operator of 
ourse (!). Hen
e the 
omplete des
ription of transition t is: !(B 
C �Æ A), making t available ad in�nitum. By putting all subformulae together we arriveat an instantaneous des
ription of the net system:A2
!(A �Æ B)
!(A �Æ C)
!(B 
 C �Æ A2)In the manner outlined in the previous example it is possible to 
onstru
t for everynet system S(m) = hN ;mi = hP; T; F;W;mi, its 
anoni
al formula 	S(m), by formingthe tensor produ
t of the following formulae:� For a transition t with non-empty pre
onditions �t and non-empty post
onditionst �, 
onstru
t !0�Op2 �t pW (p;t) �Æ Oq2t � qW (t;q)1A ;� In the spe
ial 
ases where a transition t has no pre
onditions (i.e. a sour
e transition)
onstru
t for ea
h su
h transition the formula!0�1 �Æ Oq2t � qW (t;q)1A or equivalently !0�Oq2t � qW (t;q)1A ;



2.4. SEQUENT CALCULUS FOR LINEAR LOGIC 7� For all transitions t without any post
onditions (i.e. sink transitions) 
onstru
t thelinear logi
 formula!0�Op2 �t pW (p;t) �Æ ?1A or equivalently !0�(Op2 �t pW (p;t))?1A ;� Constru
t for the 
urrent marking m and all pla
es p 2 P with m[p℄ = n, n � 1 theformulae pn. Thus for the 
omplete markingOp2Pm[p℄�1 pm[p℄Having now a representation of a Petri net in Linear Logi
 we 
an prove the followingsoundness and 
ompleteness theorem.Theorem 2.4.1 A marking m0 is rea
hable in S(m) i� for the 
orresponding 
anoni
alformulae the sequent 	S(m) ` 	S(m0) is provable in LPetri.Proof. See [Bro89℄ for a detailed proof using indu
tion on the number of steps made in thederivation, espe
ially looking at the last rule used for the only if-bran
h. The if bran
h isstraightforward. 2



Chapter 3Linear Logi
 and Coloured NetsIn 
oloured Petri nets the marking of one pla
e is des
ribed by a multiset of typed (or
oloured) tokens. Hen
e the marking of an entire net requires a set of multisets ea
hquali�ed by the name of the respe
tive pla
e (if the pla
es have pairwise disjoint names).One advantage of 
oloured Petri net is that the resulting net is smaller and subnets ofsimilar stru
ture 
an easily be reused. This is simply done by folding in two subnets of aP/T-net and adding type (
olour) restri
tions to 
ertain pla
es. This also means that forany 
pn there is a way to unfold it to derive an equivalent P/T-net for whi
h there existsa formula in Linear Logi
 appropriately spe
ifying the nets behaviour.More formally a 
oloured Petri net is a quintuple P = (P; T;C;W;m0), where P is aset of pla
es and T is a disjoint set of transitions. Furthermore C is the 
olour fun
tionde�ned from P [ T into non-empty sets, W is the weight or in
iden
e fun
tion, and m0 isthe initial marking of the net .A

ording to Jensen [Jen92℄ a 
oloured Petri net 
an be transformed into apla
e/transition-net by repla
ing ea
h pla
e p with a set of pla
es C(p) (one for ea
hkind of tokens that p may hold) and repla
ing ea
h transition t with a set of transitionsC(t) (one for ea
h way in whi
h t may �re).The relationship between the new pla
es andtransitions are determined by the 
orresponding elements in the matrix determined by thefun
tion W (p; t).There is an obvious way in whi
h 
oloured Petri nets are representable within the samefragment of Linear Logi
 used in the pre
eding se
tions. The en
oding used here is easilyarrived at by a standard unfolding of a 
oloured net. One problem arises when 
onsideringin�nite 
olour domains: In the unfolding there may be in�nitely many transitions for ea
htransition of the 
oloured net that has an in
oming or outgoing ar
 labelled by a variableof an in�nite 
olour domain. In this 
ase we would have to use in�nitary Linear Logi
formulae as 
onsidered in [Far96℄. If we restri
t ourselves to �nite 
olour domains the
anoni
al Linear Logi
 formula is 
onstru
ted as in the following example.Example. Consider the 
oloured transition depi
ted below and assume the multisetmarking m[A℄ = f1; 1; 4g;m[B℄ = f4g;m[C℄ = fg;m[D℄ = fg8
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x

{1,...,10}

D

{1,...,10}

C

{1,...,10}

B

{1,...,10}

A

x≥3
x'=x-1
y'=y+1Figure 3.1: Example of a 
oloured transitionThis ex
erpt from a 
oloured Petri net 
an be represented byA1 
A1 
A4 
B4 
 Ox2f1;:::;10gy2f1;:::;10gx02f1;:::;10gy02f1;:::;10g(x�3)^(x0=x�1)^(y0=y+1) !(Ax 
By �Æ Cx�1 
Dy+1)

The following slightly more 
omplex example is taken from [Val98a℄. It shows the
oding of a 
omplete 
oloured net.Example. The 
oloured net in �gure 3.2 des
ribes the starting situation for a 
ar ra
e.The 
olour sets used for the pla
es are: 
ars = fa; bg; starter = fsg; ready = frsa; rsbg.The ar
 ins
riptions bear multisets of variables (x; y; z) or 
onstants (s; rsa; rsb; ssa; ssb).
t 

y

(x=a ∧  y=rsa)

∨

(x=b ∧ y=rsb)

t 

zzx

ssa+ssb

ss

rsa+rsb

y

x

starter

p

start

p

cars

p

cars

p

ready

p

s

starter

p

a

cars

p

b

t 

(z=a ∧  y=ssa)

∨

(z=b ∧ y=ssb)

Figure 3.2: Starting a 
ar ra
e as a CPNA Linear Logi
 representation of this net is given by :initial marking: p1a 
 p1b 
 p6s
�rst mode of t1: 
!(p1a �Æ p2a 
 p4rsa)se
ond mode of t1: 
!(p1b �Æ p2b 
 p4rsb)�rst mode of t2: 
!(p2a 
 p5ssa �Æ p3a)se
ond mode of t2: 
!(p2b 
 p5ssb �Æ p3b)
oding of t3: 
!(p6s 
 p4rsa 
 p4rsb �Æ p7s 
 p5ssa 
 p5ssb)



10 CHAPTER 3. LINEAR LOGIC AND COLOURED NETSIt is easily seen from the �rst example above that the guard expressions are not in
or-porated dire
tly in the logi
, but are used as set theoreti
 expressions in the 
onstru
tion.The expansion of su
h formulae is always �nite if the 
olour sets are �nite. Otherwise theyyield in�nitary formulae.



Chapter 4Combining Petri Nets and LinearLogi
In the following se
tions we use Linear Logi
 formulae not only as ins
riptions of PetriNets|i.e. as ar
 ins
riptions and guards|but more importantly as tokens that movethrough a system represented by the Petri net. The evolution of su
h tokens is determinedby the rules of the used logi
 and by the o

urren
e rule of the net. We �rst give someidea of what behaviour we would like the token formulae to display and then give theformal de�nition of a LLPN in se
tion 4.1. An informal dis
ussion of various possibilitiesfor the o

urren
e rule follows in se
tion 4.2 whi
h leads to a more formal a

ount of theversion preferred by he author in 4.2.1 . The last se
tion of this 
hapter is devoted to someexamples for the use of LLPNs.4.1 Linear Logi
 Petri NetsWhat follows is the basi
 de�nition of a Linear Logi
 Petri net. In this most general versionwe do not have any restri
tions on the fragment of Linear Logi
 used in the ins
riptionsor in the tokens themselves. It turns out, though, that it is useful to limit the possiblebehaviour in pra
ti
e, when studying this 
lass of nets as a possible semanti
s for di�erenthigh-level net 
on
epts.De�nition 4.1.1 (Linear Logi
 Petri Net (LLPN)) A Linear Logi
 Petri netLLPN = hN ;�;g;W;m0i 
onsists of a net N = hPN ; TN ; FN i, where as usual we assumethe sets of pla
es and transitions are �nite of the form PN = fpN ;1; : : : ; pN ;nN g andTN = ftN ;1; : : : ; tN ;mN g.The logi
-
olour-fun
tion � is a mapping from S [ T into fragments of Linear Logi
.L�(p) is used to denote the set of terms that may appear as the 
olour of a token for pla
ep. The Linear Logi
 sequents that may be used for the guard fun
tion g : T�!pow(Ls�(t))of a transition t 2 TN is determined by Ls�(t) the set of sequents over �(t).W is a mapping with domain (P � T ) [ (T � P ), su
h that if fx; yg = fp; tg, thenW (x; y) is a multiset of variables from L�(p). Moreover, for (x; y) 62 F we let W (x; y) be11



12 CHAPTER 4. COMBINING PETRI NETS AND LINEAR LOGICthe empty multiset.A marking of LLPN is a mapping m with domain P , su
h that m(p) is a multisetover L�(p). m0 is the initial marking of LLPN .4.2 An O

urren
e Rule for LLPNsThis se
tion aims at giving some hints as to what the o

urren
e rule should in
orporateto make LLPNs a useful tool. But LLPNs must not be understood as a modelling tool,rather we suggest to view LLPNs as a formal but easily 
omprehendible semanti
s ina uniform setting for other modelling formalisms, su
h as high-level nets. This leads tosome requirements that are in
orporated in the approa
h of LLPNs and the 
orrespondingo

urren
e rule. The basi
 
on
ept of a (Linear) Logi
 Petri Net 
onsists of the followingideas:� use logi
al formulae as tokens� token formulae may evolve within a pla
e a

ording to the derivation rules of thelogi
 
al
ulus. No transition has to be �red for this kind of dynami
 behaviour. 1� token formulae are temporarily bound to variables that 
onstitute the ar
 ins
riptionswhile a transition is exe
uted.� transitions are guarded by logi
 formulae|a
tually Gentzen-style sequents|in
luding the variables from their in
oming and outgoing ar
s. If there exists su
ha binding of token formulae to ar
 variables that satis�es all guard formulae of thetransition in question, we say that the transition is enabled in this parti
ular bind-ing. The marking of the net is updated a

ording to the enabling binding in 
ase thetransition de
ides to �re.In some 
ases it may be ne
essary to keep a limited re
ord of the history of the netexe
ution. This be
omes evident, for instan
e, when trying to model the exa
t behaviourof obje
t systems from Valk's original de�nition. A marking of a LLPN 
an then optionallybe viewed as a pair (�;  ) where � is a mapping from pla
es of N to multisets of tokenformulae and  is map from pla
es to multisets of intera
tion tags2.1One may obje
t that this design de
ision undermines a basi
 rule of Petri nets, namely that no a
tion
an o

ur unless some transition �res. We have nevertheless 
hosen to break this rule, as there is an easyway out: Think of an invisible transition atta
hed to ea
h pla
e of the underlying net in the manner of asimple loop. Let the guard of these transitions enable it if and only if there is a token formula in the pla
eand let the transition repla
e it with a derived formula a

ording to the logi
 
al
ulus.2Intera
tion tags are used to keep tra
k of whi
h syn
hronized transitions are �red in ea
h 
opy of thetoken formula that 
on
urrently moves through the net. They 
an be used to 
he
k whether two 
opies ofa formula 
an be joined by a join transition in the sense of obje
t systems, i.e. i� they represent an obje
tnet that has evolved in two di�erent ways but 
an be des
ribed by two subpro
esses that are 
onsistentlyextendible to a 
ommon obje
t net pro
ess.



4.2. AN OCCURRENCE RULE FOR LLPNS 13Let M = (�;  ) and M 0 = (�0;  0) be markings of a LLPN.M)M 0 i� one of the following holds:1. no intera
tion, no transition o

urren
e: (p) =  0(p) and �(p) ` �0(p)2. transport o

urren
e of t:If there is a binding � satisfying g(t)(W ( �t; t)+W (t �; t)) and 8p 2 P : �(p) � �(p; t)then �0(p) = �(W (t; p)) + �(p)� �(W (p; t))and  (p) =  0(p)3. intera
tion o

urren
e:as above, but the satisfying formula may use some intera
tion tokens from  whi
hare 
onsumed. Thus  0 �  .We will not go into any more detail of this spe
ial kind of markings. For the remainderof this paper we fo
us on the simpler model where the intera
tion tokens are omitted.4.2.1 Formalizing the O

urren
e RuleFormally a marking of a LLPN is de�ned as a ve
tor of multisets of logi
 formulae3whi
h leads to the following de�nition of the o

urren
e rule for LLPNs. A t-binding isan assignment of formulae to the set of variables used within ar
 ins
riptions4 of the ar
srelevant to transition t. A mapping � : �t [ t ��!L� serves as su
h a t-binding.De�nition 4.2.1 Let LLPN = hN ;�; �;W;m0i be a Linear Logi
 Petri net and t 2 TN .We say t is enabled with binding � i� there exists a t-binding satisfying g(t) su
h thatthere is one o

urren
e of �(X) in the pla
e p 2 �t for ea
h o

urren
e of X in W (p; t),i.e. 8p 2 �t :8X 2W (p; t) :m(p)(�(X)) �W (p; t)(X)Instead of saying transition t is enabled with binding � we sometimes use the expres-sion: t is enabled in 
olour � to stress the resemblan
e to 
oloured nets. The satisfa
tion ofa guard formula is de�ned as its synta
ti
 derivability in the Linear Logi
 sequent 
al
ulus.An enabled transition should of 
ourse be able to �re, 
hanging the marking of thenet as follows: The formula o

urren
es bound to the variable of in
oming ar
s in a t-binding are removed from the 
urrent marking. On the other hand there will be 
reatednew instan
es of the formulae bound to outgoing ar
s in their respe
tive target pla
es.Note that we are not presently 
onsidering any 
apa
ities for the pla
es of a LLPN.3A marking of a LLPN assigns to ea
h pla
e a multiset of formulae.4Ea
h variable is assigned a unique formula even if it has multiple appearan
es in the multiset union ofthe ar
 ins
riptions. Therefore it is suÆ
ient for � to be de�ned on the set of relevant variables. Additionalauxiliary variables may be used in the guards.



14 CHAPTER 4. COMBINING PETRI NETS AND LINEAR LOGICDe�nition 4.2.2 Let LLPN = hN ;�; �;W;m0i be a Linear Logi
 Petri net and let t 2TN be enabled with binding �. Then t may �re 
hanging the marking m to rea
h thefollower marking m0 a

ording to the following rule for every pla
e p in P and everyvariable X that appears in the ar
 ins
ription of any ar
 
onne
ted to t:m0(p)(�(X)) =m(p)(�(X))�W (p; t)(�(X)) +W (t; p)(�(X))In addition to the 
hanging of a marking by �ring a transition it is possible to makestandard Linear Logi
 dedu
tions on the terms that represent the tokens, thus 
hangingthe marking within the same pla
e without the need of a transition o

urren
e. We will
all this type of dynami
 behaviour an autonomous dedu
tion step of the LLNP.4.3 Some ExamplesIn this se
tion we give a 
ouple of examples to help get a
quainted with the formalismof LLPNs. The �rst example (�gure 4.1) shows a very simple Linear Logi
 Petri Net
onsisting of one transition and one pla
e only. Let the transition be guarded by the guardfun
tion assigning to the ar
 variables x and y the sequent x ` y.
y

x

g(x,y)

<m> <N>

<m'> <N>

⊗

⊗Figure 4.1: LLPN exe
uting a P=T -netWithout restri
tion of the logi
 
al
ulus this net allows any logi
al derivation of formu-lae residing in the pla
e. But a
tually the transition and guard are super
uous in this 
aseas the token formulae are allowed to evolve a

ording to the rules of the 
al
ulus withoutusing the transition. When restri
ting the logi
 to LPetri we have a representation of allsequential exe
utions of pla
e/transition nets as dis
ussed in 
hapter 2.If we allow some kind of o

urren
e 
he
king in the guard fun
tion (see se
tion 4.2.1we 
an allow some real 
on
urren
y5 in a restri
ted way.Let us turn to a se
ond example in �gure 4.2: Assume you want to bake an apple
ake. You need a re
ipe in
luding the baking instru
tions and all of the ingredients forthe dough, you prepare the dough 
ut three apples into quarters, put them on top of thedough and bake the 
ake in the preheated oven. Consider the following net that takes are
ipe and the ingredients at hand as a token in the pla
e START.5The semanti
s given to P=T -nets in 
hapter 2 and thus in the �rst example is an interleaving semanti
s.
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DOUGH

STOPSTART

OVEN

B 1 E1

B 2 E2

prepare cake

preheat oven

Figure 4.2: Basi
 stru
ture of pro
essing a re
ipe.Let the re
ipe be given by the Linear Logi
 formula!((Oj2J Ij) �Æ D)
!(A3 �Æ Q12)
!(D 
Q12
 < 1 > �Æ R)
!(< 2 > 
R
 200 �Æ C 
 200)
Oj2J Ij 
A
A
Awhere the Ij represent the ingredients with a suitable index set J . The ingredients areused to make the dough (D) and the apples (A) are 
ut into quarters (Q). Having donethis the 
ake is ready (R) to be baked int the preheated oven that produ
es the 
ake C.Any unused resour
es are retained throughout the pro
ess of baking the 
ake.Taking a 
loser look at some parts of the net we 
an see that the preparation of thedough is 
ontrolled by four transitions t1 to t4 in �gure 4.3.
<1>

DOUGH

START

B 1 E1

B 2 E2

X
Y

Z
X

X

Y

Y

X

Y

Z
t

t

t

t

Figure 4.3: Preparing the dough . . .The �rst transition t:1 takes the re
ipe and all other resour
es and divides them intosome partition by the guard sequents X ` Y 
 Z. This allows for a number of di�erent



16 CHAPTER 4. COMBINING PETRI NETS AND LINEAR LOGICpartitions, one of whi
h is the partition in whi
h the ingredients for the dough and thea

ompanying instru
tions from the re
ipe are bound to Y and the apples and the restof the re
ipe are bound to Z. Now some a
tions (derivations) may be done 
on
urrently.The transitions t2 and t3 do have the guard true su
h that the only derivations that mayhappen are those that 
an be performed on the token formulae by the basi
 
al
ulus, i.e.autonomous evolution. t4's guard then simply joins the partitioned formula by the guardX 
 Y ` Z. The tag < 1 > is used so that the joining of the subformulae and 
akebe
oming ready to be baked (R) are syn
hronized.The oven (�gure 4.4) is initialized with a starting temperature of 20 degrees Celsius(room temperature), i.e. let OVEN be marked with 20 representing the initial temperature.The transitions marked + and � are guarded by the sequentsOi2f15;:::;249g! (i �Æ i+ 1)
X ` Y 
 Oi2f15;:::;249g! (i �Æ i+ 1)and Oi2f16;:::;250g! (i �Æ i� 1)
X ` Y 
 Oi2f16;:::;250g! (i �Æ i� 1)respe
tively.
–
+

Y

X

Y

X

OVEN

STOPDOUGH

<>

t

X
X

ZYFigure 4.4: . . . and baking the 
ake.The guard of t5 must then 
he
k the following:Y ` R
 �andZ ` C 
 �and< 2 > 
R
 �
X ` Z
X



4.3. SOME EXAMPLES 17Here � is the tensor produ
t of the Linear Logi
 representation of the re
ipe and alladditional resour
es that were present in the beginning but were not needed.Of 
ourse the net simpli�es the task and does not optimally represent it, i.e. there
ould have been more 
on
urren
y6 involved in baking the 
ake, but after all this was onlymeant as an example for the prin
iples of Linear Logi
 Petri nets.

6The partitioning of the task in t1 does not for
e a 
on
urrent pro
essing as the re
ipe and all ne
essaryingredients may be bound to the same variable and thus be pro
essed sequentially!



Chapter 5LLPNs and High-Level NetsWe will illustrate the use of LLPNs for giving semanti
s to some well-known high-level netmodels. We will fo
us on the key 
on
epts of ea
h formalism, giving examples of how torepresent them in Linear Logi
 Petri nets. In ea
h 
ase we 
on
lude by giving an examplefollowed by a more general dis
ussion on the spe
i�
 representation and future work to bedone.5.1 Elementary Obje
t SystemsThe main idea of obje
t systems is the use of Petri net systems as tokens in a Petri net.It is an extension of task systems as de�ned in [Val91℄. For this reason a distin
tion ismade between the so-
alled system net and the obje
t nets. The tokens in obje
t systemsmay exhibit a dynami
 behaviour as they are themselves Petri nets. In addition they 
ansyn
hronize with one another1 or with the system net. The o

urren
e rule for obje
tsystems is 
onstru
ted to allow the distributed parallel exe
ution of an obje
t net in thepresen
e of a stri
t fork and join stru
ture, i.e. partially exe
uted obje
t nets may onlybe joined if their pro
esses are 
ompatible in the sense that they 
an all be extended to avalid obje
t net pro
ess.5.1.1 LLPNs and syn
hronizationThere is a straightforward way to represent syn
hronization 
onstraints in Linear Logi
Petri nets based on the standard representation of transitions in Linear Logi
 formulae.In the same way the pla
es of the obje
t net are represented as resour
es, i.e. proposi-tional variables in the logi
 
al
ulus, we 
an for
e a syn
hronisation by demanding thepresen
e of a resour
e that 
an only be made available by the guard of the transition thesyn
hronization shall be enfor
ed with.Example. Let us take a look at the following ex
erpt from an obje
t system and 
onstru
ta Linear Logi
 Petri net to represent the situation:1Syn
hronization with other obje
t nets is not in prin
iple restri
ted to the 
ase where they o

upy thesame pla
e. 18
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ON:

<1>

e

C

B

A

SN:
<1>

t

Figure 5.1: A SN transition intera
ting with an ON transitionThe obje
t system transitions from �gure 5.1 are modelled by the LLPN transition in�gure 5.2 with the guard formula g(x; y) = fÆ 
 x ` yg and the token formula !(Æ 
 A 
B �Æ C) for the obje
t net transition.
yx

g(x,y)LLPN:

t 'Figure 5.2: A LLPN equivalent to Fig. 5.1In this example Æ denotes a new propositional variable that is not otherwise usedin the model. Unfortunately this is not suÆ
ient to grant that the transition is �redsyn
hronously to the required derivation in the token formula. Though the token formula
an only transform A into B in the presen
e of Æ whi
h is only possible when exe
utingthe derivation for
ed by the guard of transition t0. On the other hand the guard formulae
an be derived in Linear Logi
 
al
ulus even if the token obje
t residing in the input pla
eand bound to x does not 
onsume Æ in the derivation of y, i.e. Æ might still be present asa fa
tor in the tensor produ
t y if there is a derivation x ` y0 su
h that y = Æ 
 y0.To avoid this undesirable behaviour some extra measures have to be enfor
ed. A pos-sible solution is to modify the guard formula toÆ 
 �
!(Æ 
� �Æ �) ` (�� �+�)
!(Æ 
 � �Æ �)where the 
apital greek letters denote multisets treated as formal sums. In addition it hasto be 
he
ked that the ar
 variables x and y are bound to �
!(Æ 
� �Æ �) and (���+�)
!(Æ 
 � �Æ �), respe
tively2, with �;� and � 
onsistently bound to subformulae ofx and y. This kind of guard formula prevents Æ from being una�e
ted by the derivationand thus for
es syn
hronization of the transition o

urren
e and derivation step. Theremay still be many possibilities to 
hoose from just as a system net transition 
an have avariety of intera
tion partners in Valk's intera
tion relation. The a
tual intera
tion partneris 
hosen nondeterministi
ally.5.1.2 Autonomous BehaviourFor obje
t systems two kinds of autonomous behaviour 
an be distinguished: obje
t au-tonomous transitions o

urren
es and system autonomous transition o

urren
es. The2� �Æ � denotes some transition in the 
anoni
al formula of the net and � represents the remainder ofthe net.



20 CHAPTER 5. LLPNS AND HIGH-LEVEL NETSlatter are 
alled transport in [Val96b℄ and 
an easily be modelled in LLPNs by transitionswhose guard formula is the 
onstant true, i.e. the guard formula is X ` X and all ar
s
onne
ted to the transition bear the ins
ription X only.Obje
t autonomous transitions on the other hand are modelled by autonomous dedu
-tion steps within a LLPN.5.1.3 Obje
t System Marking and O

urren
e RuleThere are of 
ourse many di�erent ways to de�ne markings of obje
t systems a

ording tothe intuition underlying the spe
i�
 model. One su
h possibility|pro
ess markings andextendibility of the pro
esses in the input pla
es of a system net transition|is dis
ussedin [Val96b℄. The solution given there is feasible in some 
ases of modelling but posesproblems in others. It seems that a better solution would be to allow for di�erent modesof enablement. This 
ould be a
hieved by parametrization of the transitions leading todi�erent transition types dealing with di�erent token types. For example it my be feasibleto 
opy an appli
ation form (simply use a xerox ma
hine) but it is not feasible to 
opy ahuman being or an animal, though both might be represented by a token net within anobje
t system.Nevertheless it is possible to simulate the obje
t system behaviour as de�ned in [Val96b℄by an LLPN with a slightly modi�ed 
al
ulus. We will give an informal dis
ussion ofthe simulation in the following, giving �rst with an example stating that the unmodi�edLinear Logi
 
al
ulus is not suÆ
ient to represent the least upper bound 
riterion of obje
tsystems.Example. Consider the obje
t system depi
ted in �gure 5.3. It is easily veri�ed that ift1 �res (transport) there is a possibility that the to 
opies of the obje
t net autonomouslyexe
ute di�erent transitions leading to the situation in �gure 5.4. This situation 
learly isa deadlo
k as there does not exist any upper bound to the two obje
t net pro
esses. Thust2 is never enabled.
A

•


<1>

SN:

t 2

t 1

ON:

<1>

B

D

C

A

Figure 5.3: An obje
t system with initial markingThis situation does not o

ur in the asso
iated LLPN as there is no impli
it informationon the pro
esses of the token net formulae. The obje
t net marking in �gure 5.4 wouldbe des
ribed by the token formulae C 
 'LL(ON) and D 
 'LL(ON) respe
tively. ButB 
 'LL(ON) is derivable from both su
h that t2 would be enabled.
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A

A D

C

t1

<1>

t2Figure 5.4: Deadlo
k situation for the net in Fig. 5.3Of 
ourse it would be possible to in
orporate more restri
tions on the token formulaein the guard fun
tion of t2. In the example above it would be suÆ
ient to restri
t thederivation to token formulae that both have resour
e C or both have resour
e D but thiswould lead to a kind of typed net3, i.e. the system net assumes some information on thestru
ture of the token.Obje
t Systems and Con
urren
yIn Valk's obje
t systems there is a 
ounter-intuitive restri
tion in the system behaviour,namely it is not possible for a transport (autonomous system net transition) and anautonomous obje
t net transition to o

ur simultaneously. This problem is solved whenusing LLPN as a semanti
s for obje
t systems: A derivation on the token formulae mayvery well be made while a transition �res, but is only required in the spe
ial 
ase ofsyn
hronization. Thus LLPN allow for maximal 
on
urren
y.5.2 Modifying Net Obje
tsTaking Petri nets as token obje
ts displays some kind of dynami
s within the tokens butthere is a possibility of having even more dynami
 tokens, namely tokens that 
hange notonly their state but also their stru
ture. A stru
tural 
hange of an obje
t net|whi
h is notpossible in obje
t systems|
ould mean that some transition of the obje
t net is removed,repla
ed, or added during the system net exe
ution.Example. Suppose it is possible to ex
hange some resour
e A for another resour
e B onlyon
e and that subsequent ex
hanges require to double the previously ex
hanged amountof As to re
eive still only one B. A possibility of modelling this situation is to modify theex
hanging devi
e/transition after ea
h o

urren
e. The e�e
t of su
h transition is shownin �gure 5.5 where the grey obje
t net is meant as the resulting marking after �ring t.This kind of behaviour 
an be expressed by the Linear Logi
 Petri net in �gure 5.6with the guard fun
tion g(x1; x2; y1; y2) = [x1; x2; (� �Æ �) �Æ (�2 �Æ �) ` y1; y2℄ if3see se
tion 5.3 for a dis
ussion of typed LLPNs and a
tors
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•
•


< 1 >< 1 >

< 1 >

2

BABA
t

Figure 5.5: An system net modifying it's obje
t netx1 = � �Æ � and x1 6= y1. The obje
t net systems are separated in this LLPN into astru
tural dynami
 part (ex
hange rate) and a 
lassi
 dynami
 part (resour
es). Again thegray token formulae 
onstitute the su

essor marking of the bla
k formulae.
A´B

A»A´B
A

B

y1 x2

x1 y2

g(x1,x2,
  y1,y2)

exchange rate resourceFigure 5.6: A LLPN for the net in Fig. 5.5The transition takes a formula that represents a net and has a transition as substru
turetransforming it to another transition. In a similar fashion it is possible to 
he
k for theexisten
e of any kind of subformula and simply 
onsuming it by exe
uting a transition. The
onditional or un
onditional generation/produ
tion of some subformula is also possible asdis
ussed in se
tion 5.3.1.Remark. Note that the dis
ussion above does not take into 
onsideration what kind of stru
tural
hanges may be desirable. This is left totally to the modeller. The only purpose for this se
tionwas to show that whatever restri
tions might be imposed on the modi�
ations, it is in prin
iplepossible to give a 
lear-
ut semanti
s by means of Linear Logi
 Petri nets.5.3 Agent Oriented SystemsSimilar to the dis
ussion in se
tion 5.1 the token formulae that are 
onsumed and produ
edby any transition 
an be required to have a spe
i�ed appearan
e su
h as in-ports and out-ports for message passing. In this sense it is possible to have formulae denote a
tors andmessages. This has been shown to be possible with Petri nets that have net systems(a
tors) with variable markings (messages) as ar
 ins
riptions. These systems re
eive apre
ise semanti
s through LLPNs.



5.3. AGENT ORIENTED SYSTEMS 235.3.1 LLPN with o

urren
e 
he
kIn the previous se
tion we have seen that pure logi
al derivations are not suÆ
ient to modelthe exa
t behaviour of obje
t systems. We have shown though that a simple equationaltheory suÆ
es to give obje
t systems a semanti
s in terms of Linear Logi
 Petri nets. Forthis purpose and for giving other formalisms a pre
ise semanti
s we introdu
e a super
lassof LLPN 
alled OLLPN whi
h adds some basi
 axioms for equivalen
e relations in orderto make it possible to 
he
k for the o

urren
e of subformulae.This is desirable, for instan
e, for agent oriented Petri nets or a
tor nets in whi
h thetoken obje
ts are a
tors/agents that pass messages in a prede�ned manner. We won't gointo any details of features that agent oriented Petri net approa
hes have to in
lude but wewill show an example of su
h net. The example is only intended to motivate the ne
essityof the o

urren
e 
he
k feature in OLLPNs.The main use of the o

ur 
he
k is in guaranteing that the a
tors that want to 
om-muni
ate have the general form that a
tors are supposed to have. This 
learly in
ludes theexisten
e of input and output ports for the messages being 
ommuni
ated. The system netthen has to implement the 
ommuni
ation proto
ol. Thus in the following example thea
tors 
hange their state a

ording to the basi
 rules of 
ommuni
ating, e.g. a message hasto reside in the output port of the sender before being sent and afterwards has to be inthe in port of the re
eiver. The possibility of transmission errors is not taken into a

ountin this simplisti
 example.Example. Figure 5.7 shows on the left an agent net (an extension of 
oloured nets withnets as ar
 ins
ription) and on the right an OLLPN that gives the pre
ise semanti
s ifg(X1;X2; Y1; Y2) has the following equations as 
onditionX1 = hN1i 
 IN�1 
OUT�1
mY1 = hN2i 
 IN�2 
OUT�2X2 = hN10i 
 IN�1 
OUT�1Y2 = hN20i 
 IN�2
m 
OUT�2and 
he
ks the derivability of X1; Y1; IN�1
m
OUT�2 �Æ IN�1
OUT�2
m ` X2; Y2.The 
apital greek letters are used for variables as before and hNii is used to denote theLinear Logi
 en
oding of the remaining net system (in
luding the 
urrent marking). Theen
oding used in this example makes use of the en
oding for 
oloured Petri nets presentedin se
tion 3
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OUTIN
m

OUTINOUTIN
m

OUTIN

X X

Y Y

g(X1,X2,
   Y1,Y2)

a
OUTIN

net N

OUTIN
net N

send

IN¿»<N1>»OUTa

INa»<N2>»OUT¿

message

a

Figure 5.7: Agent oriented nets



Chapter 6Further ResultsIn this se
tion some further results are presented that are motivated by a Linear Logi
perspe
tive on Obje
t Systems.6.1 Nondeterministi
 TransitionsWe will now 
onsider an extended 
lass of formulae 
ompared with that studied in se
tion2.1. Allowing a very restri
ted use of the additive 
onne
tive � we take into 
onsidera-tion derivations in the (!;�)-Horn fragment of Linear Logi
 
ontaining only (!;�)-Hornsequents, i. e. only sequents of the following kind are allowed:A1 
 � � � 
Ak; !� ` B1 
 � � � 
Blwhere the Ai and Bj are positive literals and � is a multiset of formulae of either of thetwo kinds (the Ci and Dj are also assumed to be positive literals):� C1 
 � � � 
 Cn �Æ D1 
 � � � 
Dm� C1 
 � � � 
 Cp �Æ ((D1;1 
 � � � 
D1;q1)� � � � � (Dr;1 
 � � � 
Dr;qo))The former kind of formula is exa
tly the one used to represent transitions in ordinaryPetri nets. The latter 
an be used to represent nondeterministi
 transitions, i. e. transitionsthat have a set of sets of post
onditions. In nets without 
apa
ity restri
tions for pla
es theenablement of a transition is de�ned for nondeterministi
 transitions in exa
tly the sameway as in ordinary nets. The di�eren
e in �ring su
h a transition is that there are manypossibilities for the postset, one of whi
h is 
hosen by the transition. This is viewed asinternal nondeterminism of the net. An example of a nondeterministi
 transition is givenin Figure 6.1 where the di�erent postsets are marked by ins
riptions [i℄ and [j℄ on theoutgoing ar
s.In [Kan94℄ this kind of transition has been 
onsidered and the unde
idability of therea
hability problem for nondeterministi
 Petri nets is proved by redu
tion to ve
tor games(a variation of ve
tor addition systems). 25
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[ j ]

Wjm

[ j ]

Wj

[ j ]

Wj

W

[ i ] Win
[ i ]

Wi
[ i ]Wi

Wk
W

pjmpjpj

pinpipi

pkpp

t

Figure 6.1: Example of a nondeterministi
 transitionTheorem 6.1.1 The problem whether there exists a �ring sequen
e in a nondeterministi
Petri net that takes the initial marking m0pre
isely to the marking mis unde
idable.The previous result is used here to show that rea
hability in the obje
t net is un-de
idable for generalised elementary obje
t systems if a restri
tion on the system netpro
ess is 
onsidered. These are Petri net systems that 
onsist of an elementary net sys-tem 
alled system net, a P/T-net 
alled the obje
t net and an intera
tion relation betweentransitions of both nets. The tokens of the system net are de�ned to be the obje
t net pro-
esses restri
ted by the intera
tion relation|demanding syn
hronization of 
ertain pairsof transitions|and the �ring rule (
f. [Val96b, Val96a, Val98b, Val95℄). Obje
t systemsgeneralize and extend task/
ow systems de�ned earlier in [Val91℄. We give an outline ofthese 
onstru
tions in the following paragraphs.6.2 Generalised EOSWe generalise elementary obje
t systems su
h that the obje
t net may be an arbitraryP/T-net. The system net still has to be an elementary net system.De�nition 6.2.1 (Generalised EOS)A generalised elementary obje
t system is an obje
t system that satis�es the following
onditions:1. The system net hPS ; TS ; FS ;WS ;mSiis an elementary net system.2. The obje
t net hPO; TO; FO;WO;mOiis an ordinary P/T-net system.



6.3. DECIDABILITY ISSUES 273. The intera
tion relation � � T�E is an arbitrary relation between system and obje
ttransitions.The enablement of transitions is de�ned as in elementary obje
t systems.6.3 De
idability IssuesWhereas the rea
hability in P=T -nets is known to be de
idable we show that rea
habilityfor some partial spe
i�
ations of obje
t systems, namely system pro
esses, is unde
idable.6.3.1 Rea
hability in Obje
t SystemsDe�nition 6.3.1 (Rea
hable Marking of a P=T -Net) A marking m of a P=T -netN = (P; T;W;M) is rea
hable from the initial marking M i� there exists w 2 T �, i.e.a �nite o

urren
e sequen
e w = t1t2 � � � tn were ti 2 T for all i 2 f1; : : : ; ng, su
h thatm0 !t1 m1 !t2 � � � !tn mn;with m0 =M and mn = m.De�nition 6.3.2 (Rea
hability Problem for P=T -Nets) Given an arbitrary mark-ing of a P=T -net N , de
ide whether that marking is rea
hable from the initial markingof N . This is 
alled the rea
hability problem for P=T -nets.Theorem 6.3.3 The rea
hability problem for EOS is de
idable.Proof Sket
h. For every elementary obje
t system EOS there exists a folding into a P=T -net N , and a bije
tive mapping between markings mN of N and markings mEOS of EOS,su
h that mN is rea
hable in N i� mEOS is rea
hable in EOS. As it is a well-known fa
tthat rea
hability for P=T -nets is de
idable we 
an use this result to show the de
idability ofthe rea
hability problem for elementary obje
t nets. The best upper bound that has beenfound for the 
omplexity of the rea
hability problem in P=T -nets is not even a primitivere
ursive fun
tion (a
tually a double-exponential fun
tion in the net size). 2Theorem 6.3.4 The rea
hability problem for generalised elementary obje
t systems rela-tive to the system net o

urren
e sequen
es is unde
idable.Proof. We show that nondeterministi
 (sometimes 
alled generalised) Petri nets are re-du
ible to generalised elementary obje
t systems su
h that the admissible pro
esses of thenondeterministi
 net are exa
tly the admissible systems of the obje
t system.Note that for any transition t of a nondeterministi
 Petri net its postset t � is a set,i.e. t � � pow(P ), where pow(P ) denotes the powerset of P . If 
ard(t �) > 1 then t is anondeterministi
 transition, otherwise t is an ordinary transition.Nondeterministi
 Petri nets have an unde
idable rea
hability problem as proved byKanovi
h in [Kan94℄. Thus rea
hability in GEOS is also unde
idable for any given systemnet pro
ess.



28 CHAPTER 6. FURTHER RESULTSThe simulating GEOS will be built of a system net whi
h 
onsists of only one pla
e
onne
ted to transitions named exa
tly like all those of the nondeterministi
 Petri net.The �ring of these system net transitions will be restri
ted by the intera
tion relationthat allows for a 
hoi
e of transitions in 
ase the original transition was nondeterministi
.The nondeterministi
 transition from Figure 6.1 would be simulated by the GEOS fromFigure 6.2. Nondeterministi
 transitions are shown as solid lines whereas normal transi-tions are Boxes. The intera
tion relation is indi
ated by h1i, meaning that the systemnet transition must intera
t with one of the obje
t net transitions marked by the samenumber. Both partial 
onstru
tions must then be applied to all remaining transitions ofthe nondeterministi
 net.
SN:

ON:

pjmpjpj

pinpipi

pkpp

Wk

WW

WjmWjWj

<1> tj '<1>

<1>

t i '

t

A

W

Wk

Wi
Wi

Win

W

Figure 6.2: Example of a nondeterministi
 transition simulated by a GEOSWe will now formalise the aforementioned redu
tion:To 
onstru
t an equivalent generalised elementary obje
t system OS = (SN;ON; �)for a given nondeterministi
 Petri net system S(m) = hN ;mi with sets of pla
es P andtransitions T , we have to 
onstru
t a system net SN , an obje
t net ON , and an appropriateintera
tion relation �. We assume without loss of generality that for all t 2 T the set ofpost
onditions is t � = fX0; : : : ;Xntg, whereXi 2 pow(P ) with asso
iated weight fun
tionsWi(t; p) for all p 2 Xi, i 2 f0; ::; ntg and nt := 
ard(t �).1. SN = hfAg; T; FS ;WS ;mSi, withmS[A℄ = 1, and 8t 2 T:WS(A; t) = 1^WS(t; A) =1 ^ (A; t) 2 FS ^ (t; A) 2 FS2. ON = hP; TO; FO;WO;mi, with TO ft0i j t 2 T ^ i 2 f1; : : : ; 
ard(t �)gg, 8t 2 T :8i 2f0; ::; ntg : p 2 �t! (p; ti) 2 FO^WO(p; ti) =W (p; t) and 8t 2 T:8i 2 f0; ::; ntg:8p 2Xi:(ti; p) 2 FO ^WO(ti; p) =Wi(t; p).3. � = f(t; t0i) j t 2 T ^ i 2 f1; : : : ; 
ard(t �)gg



6.3. DECIDABILITY ISSUES 29It is left to the reader to show formally that the set of system net o

urren
e sequen
esof OS determined by the set of SN -pro
esses for OS, is equal to the set of o

urren
esequen
es of S, and that the resulting markings of N and ON 
orrespond to ea
h otherw.r.t. the simulation relation de�ned above.Clearly for ea
h possible postset of any nondeterministi
 transition in S there existsexa
tly one transition in the obje
t net of the 
orresponding obje
t system OS. On theother hand there are no other alternative transitions to 
hoose from unless there is also a
hoi
e of whi
h nondeterministi
 transition to �re in S. The reverse dire
tion is also true,i.e. whenever some system net transition is enabled a

ording to the �ring rule of obje
tnets the 
orresponding nondeterministi
 transition is also enabled if we transfer the obje
tnet marking to S. 26.3.2 Rea
hability in LLPNsThe argument of unde
idability of the rea
hability problem dis
ussed in the pre
edingse
tion applies also to the general 
lass of Linear Logi
 Petri nets as follows.Theorem 6.3.5 The rea
hability problem for general Linear Logi
 Petri nets is unde
id-able.Proof. Taking as token formulae exa
tly that fragment of Linear Logi
 studied in [Kan94℄we see that the rea
hability problem for LLPNs is unde
idable by a trivial 
onstru
tion ofan LLPN. Details are left to the reader.Also most fragments of Linear Logi
 are unde
idable. This makes the rea
habilityproblem for LLPNs based on su
h fragment unde
idable. 2



Chapter 7Bibliographi
 RemarksIntrodu
tions to Linear logi
 apart from Girard's original paper [Gir87℄ are available in[S
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om-plexity issues of the various fragments of Linear Logi
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