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Abstract

In this paper, we describe some subclasses of context-free grammars
for which a parallel approach useful for solving the membership problem
will be defined. More precisely, we will combine the classical type of parser
attached to a grammar G with a “mirror” process for G. They analyse
the input word from both sides using two processors.

In the first section, we present the (general) left and right bidirectional
parsers which use a nondeterministic device for any context free language.

In the second section, a general SIMD model for describing bidirec-
tional parsing is introduced. It contains two algorithms which use a back-
tracking method to describe the nondeterministic behaviour of the (gen-
eral) left and right bidirectional model.

The third section treats some deterministic subclasses of context free
grammars, such as RR(k), RL(k) and STP grammars. The idea is to put
in a “reverse view” the classical deterministic subclasses of context free
grammars.

The fourth section points out the application of the (general) left and
right bidirectional parser to the deterministic subclasses described in the

*Faculty of Informatics, “Al.I.Cuza” University, Str. Berthelot, nr. 16, 6600, Iasi,
Roménia. E-mail: stefan@infoiasi.ro. This work was supported by The World Bank/Joint
Japan Graduate Scholarship Program.

tFachbereich Informatik, Universitit Hamburg, Vogt-Kolln-StraBe 30, D-22527 Hamburg,
Germany. E-mail: kudlek@informatik.uni-hamburg.de



2 Bidirectional Parsing for Context Free Languages

previous section. Ten new classes of grammars obtained by combining
the previous ones are defined, using descendant and ascendant strategies.
The membership problem for all these type of grammars can be solved
with a parallel algorithm in linear time.

Keywords: context-free grammars, bidirectional parsing, parallel al-
gorithms

Mathematics Subject Classification: 68Q22, 68Q50, 68Q52,
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1 The left and right bidirectional parsers

In this paper we define two parsers which have the main goal to accept the
context free languages. The idea is similar - but more general - to that of
[AnK98], The input word is also analysed from the both sides, but the algorithm
works (having two “heads” which operate independently) not only for the class
of linear grammars. That is why a parallel approach for these subclasses of
grammars can be defined.

Before giving the definition of a new kind of parsers for context free gram-
mars, we give a list of definitions and notations used in the paper.

Definitions:

e context free grammar: G = (Vy, Vr, S, P), where:

— Vn - the set of nonterminal symbols;

— Vr - the set of terminal symbols;

V = Vn U Vr - the set of symbols of Gj
S - the start symbol;

— P C Vn x V* - the set of productions. A pair (4,8) € P is called
an A—production and it is denoted by A — [3. The productions
A— B, A= Ba,..., A— B will be denoted by A — 31 |B2]...| B
(sometimes).

e empty word: A (the word of length 0);
e derivation in G: « :G> fif3 A€ aand A— r € P such that
a = a1 Aas, f = B11 Be; the transitive (reflexive) closure of the relation

— is denoted by == (==);
G ¢ G

e a derivation is called left most (denoted by l:>) if in every sentential
m

form (using a production from G) the first occurrence of a nonterminal
symbol is replaced;
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a context-free grammar G is called ambiguous if there exists a word
w € Vi for which there exist at least two distinct left most derivations

S = w;
G
e X is an accessible symbol in G if there exists a derivation S :;> aXp,
a, BV

e A € Vy is productive if there exists a derivation A :;> u, with u € V7

(the other nonterminal symbols are called useless);

e (Gisareduced grammar if all symbols are accessible and all nonterminal
symbols are productive;

e A € Vy is left-recursive, if there exists a derivation A :2> Aa, a e VF;

e A € Vy is right-recursive, if there exists a derivation A :2> [ A, where
BeVH

e G is left (right) recursive grammar if there exists a left (right) recur-
sive symbol A € Vy;

e the set of sentential forms of the grammar G:
S(G):{QEV*|E|S:;>a}.

¢ the language of the grammar G: L(G) = {w eV} |3 S :;> w} (in
fact, L(G) = S(G) N V3);

e ifa=ajay...ap is a word over V, a; € V, then a = ay, ... az a1 is called
the reverse (mirror) of

e let G = (Vn,Vr, S, P) be a context-free grammar. Then we denote by
G = (Vn,Vr,S,P), where P = {A - | A — [ € P}, its reverse

(mirror) grammar.
Notations:

e nonterminal symbols: S (start symbol), 4, B, ...

e terminal symbols: a, b, c, ...

symbols (terminal or nonterminal): X, Y, ...

terminal words: u, v, z, y, w, ...

words (over terminal and nonterminal symbols): a, 8, v ...
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e derivations: % means that the production r was applied in G; % refers

to a sequence of productions (syntactic analysis); :g> means that no pro-

duction has been applied;
e let w = w; wy ... w; be a word over V. Then

_ (m)y, — {wk,m+1 Wg—mt2 ... wg fm <k

w otherwise
7w(n):{w1w2...wn ifn <k
w otherwise

e N (NT respectively) denotes the set of (strict positive) natural numbers.

We shall define a device similar to a nondeterministic pushdown “trans-
ducer”. This will be called the general bidirectional parser attached to the
context free grammar G. It scans two “input characters” (or strings) from left
to right or right to left. It can push or pop strings in two stacks. The output
tapes provide the syntactical analysis. It returns the value “ACC” or “REJ”
depending on whether the input string is accepted or not.

In Section 4, we shall see how a deterministic bidirectional parsers can be
designed (for some subclasses of context free languages).

Let G be an arbitrary context free grammar and G its reverse. Depending
on how we can visit the derivation tree associated to its frontier, labelled by

w € Vi, we distinguish two strategies:

(a) descendant left to right strategy for G and right to left ascendant strategy
for G;

(b) ascendant left to right strategy for G and right to left descendant strategy
for G.

These two strategies can be depicted as:

(a) (b)

Figure 1. Strategies for bidirectional parsing

In the following, we shall present in a formal manner only the situation (a).
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Definition 1.1 Let G = (Vn,Vr, S, P) be a context free grammar. Let

CC{s1,521x{1,2,..., |P|}'}XV* #x# VI #XV*#x{1,2, ..., |P|}*U{ACC, REJ} be
the set of all possible configurations, where # is a special character (a new ter-
minal symbol). The general left bidirectional parser (denoted by GBP,(G))
is the pair (Co,F), where Co = {(s1, N, S#, #w#,#,A) | w € V;i} CC is called
the set of initial configurations. The first component is the state, the second
and the last components of a configuration are for storing the partial syntactic
analysis. The third and the fifth components are the work - stacks (each of which
has at the bottom the marker # ). The fourth component represents the current
content of the input word (with the two markers). The transition relation

(FC C x C, sometimes denoted by ———) between configurations is given by:
GBP(Q)

10 E:Epand—Shzft (Slaﬂ-lvAa#a#U’b#vﬁ#aﬂ2)l_(sla7rl7'a 5&#,#”#,[)5#,7{'2),
wherer = A — 6 € P;

20 Empand—Reduce: (SlaﬂlaAa#a#u#vgﬂ#ﬂQ)l_ (Slaﬂ'lrlaéa#a#u#vBﬂ#v
romy), wherery = A — 6 € P andra =B — ¢ € P;

3% Reduce-Shift: (s1,m1, aa#, #aubd, f#,m)b (51,11, aFt, #u#, bB#, m);

49 Reduce-Reduce: (s1,m1,aaft, #auft, e 4, m) F (s1,m, aft, #ut, B B#,

rma), wherer = B — ¢ € P;

50 E:Epand—Stay: (SlaﬂlvAa#a#u#vﬁ#aﬂ2) F (5177717'55@#7#“#’5#777'2)7
wherer = A — 6 € P;

60 Reduce'Stay: (slaﬂlaaa#v#a’u#aﬂ#vﬂ2) F (slaﬂlaa#v#u#aﬂ#vﬂQ);
70 Stay'Shlft (slaﬂlaa#a#u 6#55#7772) F (slaﬂlaa#v#u#abﬂ#vﬂ2);

8" Stay-Reduce: (s1,m1, a#t, #u#, e B#,m) & (s1, 71, aft, #u#, B f#,r712),
wherer = B — ¢ € P;

9% Possible-accept: (s1, M, m#, ##, 2 #,m2) b (s2, M, #, ##, 729, m2);
100 Parallel-reduce: (5257r17X71#3##7X72#77T2)|_(5277T1371#3##772#5”2);
110 Accept: (SZaﬂlv#v##a#aWZ) F A007

120 RejeCt: (slaﬂlaa#v#u#aﬂ#vﬂ2) F REJ and (S2a7rlaa#a##vﬁ#a7r2) F
REJ if no transitions of type 1°, 20, ..., 11° can be applied.

The deterministic two-stack machine ([HoU79]), which is a deterministic
Turing machine with a read-only input and two storage tapes is known to have
the same power as the usual Turing machines. If a head moves left on either
tape, a blank is printed on that tape.

“Lemma 7.3. ([HoU79]) An arbitrary single-tape Turing machine can be
simulated by a deterministic two-stack machine.”
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Another model equivalent to Turing machines is the two-counter machine,
which are off-line Turing machines whose storage is semi-infinite, and whose
alphabets contain only two symbols, Z and B (blank). Furthermore, the symbol
7, which serves as a bottom of stack, occurs initially on the cell scanned by the
tape head and may never appear on any other cell. An integer i can be stored
by moving the tape head ¢ cells to the right of Z. A stored number can be
incremented or decremented by moving the tape head right or left. It can test
whether a number is zero by checking whether Z is scanned by the head, but
we cannot directly test whether two numbers are equal.

“Theorem 7.9. ([HoU79]) A two-counter machine can simulate an arbitrary
Turing machine.”

Our model is in fact a two-stack machine, the differences consist in the
existence of two heads (instead of only one) which may read the input tape, and
two output tapes which can be accessed only in write style, and has only two
states. Therefore, our model can simulate a Turing machine.

This model can be depicted in the following figure:

Input tape

Stackl Stack2
||

A
\

Control

Output tapel Output tape2

Figure 2. General Bidirectional Parser Style

Lemma 1.1 Let G be a context free grammar. If

*

(1) (81’ )‘7 S#v #ul U2 u3#7 #7 A) I_ (Sla 1, Ot#, #Uz#,,@#, 7T2)

GBP|(G)

then S == u; and =2 ys.
G,lm G,lm
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Proof We proceed by induction on the number of transitions (denoted by t).
t,* 19
As some notations, | and | , mean that ¢ transitions, respectively
GBP(Q) GBP(Q)

the transition 1° have been applied.
Basis: ¢ = 1. Starting from the initial configuration, we can apply transitions
1°, 59 and 7°. Supposing that we apply 1°, we obtain:

10

(Sla)‘a S#a #Ul Uz UB#a #a )‘) |_ (Sla r, a#a #ul U2 Ug#, a’#a )\)7

GBP,(G)

where r = S — a € P and uz = u}a. Therefore S = « and a = q. The

JAm G,lm
other cases (5°, 7%) can be shown in a similar way.
Inductive Step: We suppose that the relation (1) is true for at most ¢ transi-
tions and prove it for ¢ + 1 transitions. We know that:

t+1,%

(2) (513 )‘7 S#v #ul U2 Ug#, #a )‘) |_ (515 1, a#a #UZ#,B#77T2)

GBP,(G)

We have to prove that S G%% uy a and 8 G:ﬂzé uz. The last transition in (2)
st ,im

may be of the type 1°, 20, ..., 8°.
I: We suppose that the last transition in (2) is of the form expand-shift. Now,

we rewrite (2) into:
t,*

(Slv )‘a S#a #Ul Uz UB#a #a )‘) I_ (sla ﬂ-{La Aa2#a #U2 b#aﬂl#a 71'2)

GBP(G)
10
F—— (s1,m1, o, #us, B#,m2), where r = A — a1 € P, 7'r = i,
GBP(Q)
a1 as = a, bB' = . According to the inductive hypothesis, we obtain:

7.l_l
S = u Aas and b’ = B = us.
G,lm G,lm
But r = A — a1 is a production from P, so

S =% ui Aas = uj g as = uj Q.
G,lm G,lm
IT: We suppose that the last transition in (2) is of the form expand-reduce.

Now, we can rewrite the initial transition:
1%

(517 A, SH#, #ug us us#, #, )‘) I_ (sla 7'-/1’ Aa2#a #U2#a5/8l#7772)

GBP(G)
20
F—— (s1,m1, a#t, #uo#, f#,m2) where 1y = A = ay € P, myry = m,
GBP,(G)
aray =a, 7o =B = ¢ € P, BB =3, romh = my. According to the inductive
hypothesis, we obtain:

1 1
s T
S = u; Aay and € ' = us.
G,lm G,lm



8 Bidirectional Parsing for Context Free Languages

But r1 = A — a; and r5 = B — ¢ are productions from P, so

S%ulAaz%ulalo@:ulaand/ﬁ:Bﬂ'%sﬂ' T2 u3
G,lm G,lm G,lm G,lm
ITI: We suppose that the last transition in (2) is of the form reduce-shift. Now,

we can rewrite the initial transition:
t,*

L,

(517 >‘a S#, #ul U2 US#a #a )‘) l_ (51,7T£, aa2#a #a U2 b#aﬁl#a 7r2)

GBP(G)
30
b—— (71, aft, #us#, B#,m) where b3’ = B. According to the inductive
GBPi(G)

hypothesis, we obtain:
S =5 ujaa and B =2 uj
G,lm G,lm

where u} a = u; and buf = us.
Therefore

S I wyaa=u aand B =08 == bub = u3.
G.,lm G,lm

I'V: We suppose that the last transition in (2) is of the form reduce-reduce. The

initial transition becomes:
t,*

(517 A, SH#, #ug us usH, #, )\) I_ (81,77'1, aadff, #aus##, 5,8’#,7‘['5)

GBP/(G)
40
b—— (s1,m1, a#t, #ua#t, f#, 7)) wherer = B — § € P, BB = 3, rrh = mo.

GBP,(G)
According to the inductive hypothesis, we obtain:

!
™
S = uyaaand § 8 = us.
G,lm G,lm

where u} a = u;.
Therefore

Tr’
S == wuaa=u aand =B = §8 = us
G,lm G,lm JIm

The other cases expand-stay, reduce-stay, stay-shift, stay-reduce are similar to
the first four transitions. For instance, the case expand - stay can be solved in
this way:

e the expand transitions can be treated in the same manner as the situations
T and TT;

e the stay transitions can be solved directly from the inductive hypothesis.
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Lemma 1.2 Let G be a context free grammar. If S G%—l> uy a and B G:ﬂzé us,
st ,im

where Mo € Vi or a = )\, then
(51, A, S#, #u1 uz uzdt, #,\) —— (s1,m1, o, Fus#, B#, m2)
GBP\(G)
Proof By induction on ¢ = |71| + |m2].
Basis: We present two initial cases (¢ =0 and t = 1).
e |m1| = 0 and |m2| = 0. Then the hypothesis may be written as S G:% S,
JAm
u3 G:(;> uz and B = uz. Therefore « = S and u; = A. Applying |us| stay -
JAm
shift transitions starting from the initial configuration, we obtain:
70,*

(515 )‘7 S#a #Ul U2 ’LL3#, #’ )‘) l_ (517>\a Oé#, #u27ﬁ#a #’ )‘)

GBP,(G)

e |m1| = 1 and |m3| = 0. Then the hypothesis may be rewritten in S G:7:> (Ve
JIm
and ug c%> ug. Therefore ug = 5. Applying an expand - stay transition,
,m
starting from the initial configuration, we obtain:
50
(Sla A, S#, fur uz us#, #, )\) l_ (81,1“, uy aff, #ug uz us #, #, )\)
GBP,(G)

Now, we distinguish two cases:

— |u1] > |us|. Then we continue with |u; | transitions of the form reduce
- shift obtaining the configuration:

(s1,7, aft, #us us#, us #, ), where uzuy = us.

Now, we apply |uj| transitions of the form stay - shift and we obtain
the final configuration:

(81,7’, Ot#, #uZ#vﬁ#a )‘)1

— |u1] < |us|. Then we continue with |usz| transitions of the form reduce
- shift obtaining the configuration:

(Sla T, ull CK#, #ull u2#a UB#v )‘)

Now, we apply |u}| transitions of the form reduce - stay and we obtain
the final configuration:

(Slvrv Ot#, #u2#7ﬁ#’ )‘)
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e |m1| = 0 and |m2| = 1. Then the hypothesis may be written as S = g

JAm

and S G—«TI—> ug. Therefore a =S, us = X, B € Vi and ug € V7. It follows

that we have to apply |us| transitions of type stay - shift obtaining;:
(515 )‘7 S#v #u2#7 uS#a )‘)

Now, we apply a transition of type stay - reduce, obtaining the final con-
figuration:

(Sla Av a#a #u2#aﬁ#a T)'

Inductive Step: We have to prove that P(¢t) — P(t + 1), where P is a logic
predicat equivalent to our implication. This means that we distinguish two cases
(I: m; =71 r1 and w2 = 7wh) and (II: 7, = 7} and 7e = ro 7)).

I: Let r1 = A — 6 be the last applied production in the derivation S G% U1 o.
JAm
We have

!
™ T
S=uad=uAd = u da =ua
1 140 100 )
G,lm G,lm
where § = u! o, o/ o/ = a, u}, u! = uy. Because (Vo' € Vi, we can apply the
inductive hypothesis:

*

(517>\a S#a#ul U2 ’ng#,#,)\) l_ (slvﬂ-iaa’#v#ulll UQ#,ﬁ#,'ITIz) =

GBP(G)
50

= (51777-131404;_#7#“’1’ u?#aﬁ#a’”é) I_ (Slvﬂi 7‘1760"1#7#“’1’ UQ#,ﬁ#,Wé):

GBP,(Q)
= (s1,m1,uy of o) #, #uy uadt, BH, ).
Now, by applying |uf| transitions of type 6, we obtain the configuration
(because af @} = a and 75 = my):

(Sla 1, a#a #U2#a ﬂ#a 77'2)‘
II: Let ro = B — & be the last applied production in the derivation G:ﬂzé u3.
JIm
Therefore, we have
— ! B 1 _T2 i 1 T2
B=u BB G.m uzef Gim

So, because uz = ujuj, we can consider the derivation ¢ /' G%Q> uy. Now,
JAm

applying the inductive hypothesis, we get:

(Slv )‘a S#a #Ul Uz UB#a #a )\) I_ (slvﬂ'ia a#a #u2 Ug#, gﬁl#v ﬂé)

GBP(G)
80

b—— (s1, 7, a#, #us us#, B B'#,r2 ). Continuing with |uj| transitions of

GBP(G)

type 7°, we obtain the configuration (7} = 71, ro b = 7 and uj B’ = 3):

(Sla 1, a#a #U2#aﬂ#a7r2)‘
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Theorem 1.1 Let G be a context free grammar. Then

a) (s1, A, S#, Bt #,0) b= (s1, ™1, v, ##, 7, ™) i S 5 7 2 w;

GBP,(G)

*

11°
b) (517)‘a S#a #’LU#, #a )\) l_ ('92’ 1, #a ##a #a 71'2) l_ ACC Zﬁ
GBP,(G) GBP(G)

S = w.
G,lm

Proof
a) Taking in Lemmas 1.1 and 1.2, u; =us = A\, ug =w, a = = 7.
b) The only transition for which we can obtain ACC is 11°.

(=) Because from state s it is impossible to return to state si, it fol-

*

lows that there exists a v € V* for which (s1,\, S#, #w#,#,)\) b——mH
GBP,(G)

(s2, 1, v#, ##,7#,m2). According to a), it follows that S 2%? w

172

(«<=) Since S e, W it follows that there exists a v € V* for which
JAm

™ ™
S == v = w.
G,m  G,Im

According to a), we get

*

(51’ A, S#, #wi, #, >‘) l_ (517771’ VH#, ##77#a772)-

GBP,(G)

Now, applying transition 9°, followed by || transitions of type 10°, and
finally by 11°, we obtain the conclusion.

For describing the situation (b) from Figure 1, we just “reverse” the general
left bidirectional parser (by switching the first two components with the last
two components from the configurations).

Definition 1.2 Let G = (Vn,Vr, S, P) be a context free grammar. Let

C C {s1,82} x {1,2,..,|P|}* x #V* x #Vi# x #V* x {1,2,...,|P|}* U
{ACC,REJ} be the set of all possible configurations, where # is a special
character (a new terminal symbol). The general right bidirectional parser
(GBP,(G)) is the pair (Co,F), where Co = {(\, #, #w#,#S5,A) |w e Vi} CC
18 called the set of initial configurations, and FC C x C is the transition

relation (sometimes denoted by |——— ) between configurations given by:
GBP,(G)

10 Shzft—EJ:pand (815 1, #Ba #bu#a #Oé Aa 7T2) = (515 1, #Bba #’U,#, #Oé 57 77—27‘))
wherer = A — 6 € P;
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20 Reduce-Ezpand: (s1, 71, #8e, #tudt, #a A, m) & (s1,m17m1, #6 B, #u#, #a b,
mwors), wherery = B e € P andro = A— 6 € P;

30 Shift-Reduce: (s1,m1, #06, #bua#, #aa, ) = (51,71, #8 b, #ut, #a,T);

4% Reduce-Reduce: (s1, 71, #8¢e, #uaft, #aa, ) F(s1,rm1, #6 B, #u#, #a,
m), wherer = B — ¢ € P;

59 Shift-Stay: (s1,m1, #B, #but, #a,m) = (s1,m1, #8 b, #ut, #a,m);

6° Reduce-Stay: (s1,m1, #6 €, #ud#, #a, m2) & (s1,rm1, #B B, #udt, #a,m2);

70 Stay-FEzpand: (s1,m1, #8, #udt, #a A, ) & (s1,m1, #8, #u, #a d, war),
wherer = A — § € P;

80 Stay-Reduce: (s1,m1, #06, #uaft, #aa,m) F (s1, 1, #06, #u#, #a,m);
99 Possible-accept: (s1, Ty, #y1, ##, #72, m2) F (S2, T, #71, #7#, #72, 72);
10° Parallel-reduce: (s, 71, #71 X, ##, #v2 X, ) & (82, 1, #71, ##, #72, T2);

11° Accept: (so, 71, #, ##,#,m) F ACC;

12° Reject: ({s1,s2}, 1, #a, #u#, #6,m) + REJ if no transitions of type
10,20 ... 11° can be applied.

We shall show the correctness of the right general bidirectional parser.

Lemma 1.3 Let G be a context free grammar. If

*

(3) (51, A, #, #us ug us#, #5,\) F—— (51,71, #6, #ua#, #a, )

GBP,(G)

then f = uy and S == aus.

RE) G,rm

Proof Analogous to the proof of Lemma 1.1, we can proceed by induction on
the number of transitions. |

Lemma 1.4 Let G be a context free grammar. If B = w1 and S == aus,

G,rm G,rm

where oY) € Vi or a = X, then

*

(517)‘a #, Fuy us usH, #S, )\) l_ (81,77'1, #B, fuz#, #a, 71'2).
GBP,(G)

Proof Analogous to the proof of Lemma 1.2, by induction on |m;| + |7p|. W

Theorem 1.2 Let G be a context free grammar. Then

(l) (SlvAa#a#w#a#SaA) l_ (517717#77##5#75’”2) Zﬁs Gﬂ':2 Y % w;

GBP,.(G) ,rm G,rm

b) (51, A, #, #wik, #5, ) —— ACC iff S = .

GBP,(G)
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Proof Taking in Lemmas 1.3 and 1.4, u; =w, us =us =\, a=38=~v. N

Example 1.1 Let us consider the context free grammar given by the productions
1.A—> aABb2 A —- cd3.B— BCedB — f5C — g, and the word
w=acdfgeb. We shall see how the GBP,(G) and GBP,(G) can work having
as input the word w (we shall write on the sign b the associated transition
number).

For GBP,(G) we obtain:
(s1,\, S#,#acd fgeb#,#,)) }—0 (s1,[1],a ABb#,#acd f ged, b#, N) ?—0
(s1,[1], ABb#, #cd f g#,e b, \) }—0 (s1,[1,2],cd Bb#,#cd f#,geb#, ) All—o
(51, [1,2], d B b, #d f#, C b, [5)) - (51, (1,20, B ook 44, f C e [3]) -
(s1,[1,2], Bb#, ##, B C eb#,[4,5]) ?—0 (s1,[1,2], Bb#, ##, Bb#,[3,4,5]) ?—0
(50, [1,2], Bk, 4, B, [3,4,5)) T (50, [1,2), bk, . b [3,4,5])
(53, [1,2], 4, #4040, [3,4,5)) T ACC

Denoting by my, the left most derivation obtained by concatenating the lists
[1,2] and [3,4,5], we can conclude that w € L(G) and S %"} w.

For GBP.(G) we obtain:

0

(s1, A\, #,F#acd f geb#, #S, ) }— (s1, A, Fa, #cd f geb#,#a ABb,[1]) ?—0
(51, \, #ac,#d fge#,#aAB, [1])}‘0(517/\, #acd, # fgedt, #aABCe, [1’3])"1_"
(51, [2], #aA, 4ot #aABC,[1,3) - (s, 2, #aAf, ##, #aABo,[1,3,5)
(Sl, [2, 4], #aAB, ##,#aAB, [1, 3, 5]) ?—0 (82, [2, 4], #aAB, #3#,#aAB, [1, 3, 5])

l_ (827[274]7#GA7 ##’ #aA’ [1’37 5]) l_ (82’[2’ 4]’#a’ ##7#a7 [173’ 5]) l_
(50, [2,4], #, 4, #, 1,3,5]) - ACC

Denoting by ..., the right most derivation obtained by concatenating the lists
[1,3,5] and [2,4], we can conclude that w € L(G) and S % w.

It is obvious that the parsers GBP;(G) and GBP,(G) are nondeterministic.
For example, if G would contain the production C — B C'e, then GBP,(G) has
to backtrack in the following configuration (sy, [1, 2], B 8#, ##, B C e b#,[4, 5]).

The same we can say about GBP,(G). If G contains, for example, the
production C — f, then we need a backtracking step at the configuration
(Slv [Q]a #a A fa #g#v #a'ABga [15 37 5])

We shall see in sections 3, 4 how we can avoid these backtracking steps by
defining special subclasses of context free languages (for which we can present
deterministic algorithms). Furthermore, these subclasses (RL(k), RR(k), SIP
and the cartesian product combinations) are large enough for describing the
behaviour for practical compilers.
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Example 1.2 For the sake of testing the power of the bidirectional parser model
(Definitions 1.1 and 1.2), we shall allow the reading of two terminal symbols
from the input tape (for the left part). Using this additional property, we shall
design a deterministic bidirectional parser which can analyse the context sensi-
tive language L = {a"b" c™ | n > 1}. In fact, we shall simulate the monotone
grammar given by the following productions ([JuA97]):

1.A—-aABc 2. A—abc 3. ¢cB—Bc 4. bB—=bb
As a initial configuration, we take (A#, #w#,#), where w € {a,b,c}* is
the input word. Assuming that the notations u and o, B stand for words (of
any length) over {a,b,c}, and {a,b,c, A, B} respectively, the transitions will be
the following:

10 (Aa#, #aau#, B#) - (a A Bca#, #aaus, B#)

20 (Aa#, #abu#, B#) F (abcad, #abu#, B#)

30 (aadt, #auc#,B#) b (a#, #u#, c5#)

4° (bagt, #bu#, B#) b (aft, #u#, B#)

59 (cod#t, #udt, c f#) b (aft, #u#, B#)

6° (B a#, #bu#, B#) - (badt, #u#, B#)

70 (#,##,#) - ACC

80 (a#t, #u#, B#) F REJ if no transitions of type 1°, ..., 7% can be applied.

Obviously, the above bidirectional parser is deterministic because at each
step at most one transition may be applied.

Theorem 1.3 The following statement is fulfilled:

(A#, #w#,#) li ACC iff3n e Ny, w=a"b"c" such that A == w.

Proof
(«<=) We have to show that (A#,#a" b™ c"#, #) - ACC. If n = 1 then

40

(A, #a” b" "# #) (abC# #abet, #) (bc#, #b#, c#)

(c#, ##,C#) (#, #4, #) " ACC
If n > 1 we have

1° 30
(A, #a™ b c"#,#) F (a ABc#, #am b" c"#, #)
10.30)x 0

(A B c#, #a" ! bncnfl#,c#)( F (A(Bc)" Y4, #ab” c, " 1#)
(abe(Be)" M4, #ab" c#,c" 1#) (bc(Bc)“ L, #0"#, "#)
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0

(c(Bo)y" H 4, #b" 14, ") ?‘0 ((Bo)™ 14, #b" 14, c" 1) F
(40,50,60)*

70
(bC(B C)n72#’#bn71#’cn71#) I_ (#a##a#) HACC

(=) We know that (A#,#w#,#) F ACC and we have to show that there
exists n € N, w = a"b" ¢" and A == w.

From the initial configuration, we can apply only transitions of type 1° or
20,
If we apply 2°, then w = a bu, and we get the configuration (a b c#, #a bu#, #).
We can apply only 3°, i.e. u = u; c. We get the configuration (bc#, #bu'#, c#).
Applying the transition 4°, we obtain (c#, #u'#,c#). The only possiblity to
obtain ACC is to apply 5° and get (#,#u'#,#) and from here it is obvious
that u' = A. Therefore w = abc (n =1).

If we apply 1°, then w = aau, and we obtain (a A B c#, #aau#,#). We can
apply only 3%, i.e. u = ujc. We get the configuration (A B c#, #aui#,c#).
Now, again we can apply only transitions 1° and 2°. But, if we apply 2°, then
we cannot apply 1° and 2° anymore. So, the general configuration will be (after
(n — 2) applications of the transitions 1° and 3%, n > 2):

(abc(Be)" Y4, #au'#,c" ), up =a" u' "2

Because the only transition which can be applied is 3°, it follows that u' = u; ¢
and the next configuration is:

(be(Be)" "4, dtu'#, " #).

Now, because of the transition 4, it follows that u} = bv; and the next config-
uration is:

(C (B C)nil#a #vl#v CTI#)
The only possiblity is to apply 5°. We get:
((B C)n71#7 #Ul#a Cnil#)'

Now, we can apply only 6°. It follows the configuration:

(b c (B C)n72#7 #Ul#v Cnil#)'

Continuing in the same manner as above, we finally obtain:

(#, #v1#, #), where v; = b" " v].

Now, the only possibility to get ACC is to have v; = A.
Then

) — ! ) — . )
w=aau=aauic=aaa” *u " 2c=a"ulc" =

=a"bvic” =a"b" vy " =a"b"c" (n > 2)
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2 A parallel approach for (general) bidirectional
parsing

In this section, we present a parallel approach which is very convenient for
describing the general left and right bidirectional parsing strategies (Figure 3).

Common memory

Input tape
A A
il i2
Processor P1 Processor P2
Output tapel Stackl || Stack2 Output tape2
Y \
Arithmetic Arithmetic
and logic and logic
unit1 unit2
A A

1

Control

Unit

Figure 3. General SIMD Model for Left and Right Bidirectional Parsing

From the parallel architecture point of view ([Akl197]), we can say that our
model is a SIMD (simple instruction stream and multiple data stream) com-
puter. This means, in fact, that these two processors P1 and P2 operate under
the control of a single instruction stream issued by a central control unit. The
processors P1, P2 share a common memory.

Related to the analysis of parallel algorithms, the most important measure
is running time, i.e. the time elapsed between the time when the first processor
starts computing and the moment the last processor ends its computation. The
running time of a parallel algorithm is usually obtained by counting two kinds
of steps: computational steps and routing steps. A computational step is an
arithmetic or logic operation performed on a datum within a processor. In a
routing step, on the other hand, a datum travels from one processor to another
via the shared memory or through the communication network. For a problem
of size n, the parallel worst-case running time of an algorithm, a function of n,
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will be denoted by #(n). Strictly speaking, the running time is also a function of
the number of processors. In general, computational steps and routing steps do
not necessarily require the same number of time units. A routing step usually
depends on the distance between the processors and typically takes a little longer
to execute than a computational step.

To express lower and upper bounds of the number of steps required for
solving a problem in the worst case, we present some notations. Let f(n) and
g(n) be functions from the positive integers to the positive reals:

(i) the function g(n) is said to be of order at least f(n), denoted Q(f(n)),
if there are positive constants ¢ and ng such that g(n) > c¢- f(n) for all
n > no;

(ii) the function g(n) is said to be of order at most f(n), denoted O(f(n)),
if there are positive constants ¢ and ngo such that g(n) < c¢- f(n) for all
n > ng.

For parallel algorithms, we take into consideration two additional factors
(not only lower and upper bounds as in sequential case):

(i) the model of parallel computation used

(ii) the number of processors involved

In evaluating a parallel algorithm for a given problem, it is quite natural
to do it in terms of the best available sequential algorithm for that problem.
Thus a good indication of the quality of a parallel algorithm is the speedup it
produces. This is defined as
Speedup =

worst—case running time of fastest known sequential algorithm for the problem
worst—case running time of parallel algorithm

Clearly, the larger the speedup, the better the parallel algorithm.

The second most important criterion in evaluating a parallel algorithm is the
number of processors it requires to solve a problem. It costs money to
purchase, maintain, and run computers. When several processors are present,
the problem of maintenance, in particular, is compound, and the price paid to
guarantee a high degree of reliability rises sharply. Therefore, the larger the
number of processors an algorithm uses to solve a problem, the more expensive
the solution becomes to obtain. For a problem of size n, the number of processors
required by an algorithm, a function of n, will be denoted by p(n). Sometimes
the number of processors is a constant independent of n.
The cost of a parallel algorithm is defined as

Cost = parallel running time X number of processors used.

In other words, cost equals the number of steps executed simultaneously by all
processors in solving a problem in the worst case. This definition assumes that
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all processors execute the same number of steps. If it is not the case, then cost is
an upper bound on the total number of steps executed. For a problem of size n,
the cost of a parallel algorithm, will be denoted by c¢(n) (i.e. c(n) = t(n) x p(n)).

Assume that a lower bound on the number of sequential operations required
in the worst case to solve a problem is known. If the cost of a parallel algorithm
for that problem matches this lower bound to within a constant multiplicative
factor, then the algorithm is said to be cost optimal. This is because any parallel
algorithm can be simulated on a sequential computer. If the total number of
steps executed during the simulation is equal to the lower bound, then this
means that, when it comes to cost, this parallel algorithm cannot be improved
upon as it executes the minimum number of steps possible. It may be possible,
of course, to reduce the running time of a cost-optimal parallel algorithm by
using more processors. Similarly, we may be able to use fewer processors, while
retaining cost optimality, if we are willing to settle for a higher running time.

A parallel algorithm is not cost optimal if a sequential algorithm exists whose
running time is smaller than the parallel algorithm’s cost. Let Q(7T'(n)) be a
lower bound on the number of sequential steps required to solve a problem of
size n. Then Q(T(n)/N) is a lower bound on the running time of any parallel
algorithm that uses N processors to solve that problem.

When no optimal sequential algorithm is known for solving a problem, the
efficiency of a parallel algorithm for that problem is used to evaluate its cost.
This is defined as follows:

Efficiency =
worst—case running time of fastest known sequential algorithm for the problem
cost of parallel algorithm

Usually, efficiency < 1; otherwise a faster sequential algorithm can be ob-
tained from the parallel one !

In the following, we shall present a parallel algorithm which describes the
general left bidirectional parsing strategy. Our algorithm (denoted by
(PAR_LEFT)) uses the following variables:

e w € V; the input word; furthermore, w can be stored into local memories
of that two processors; in that case, the only global variables (belonging
to the common memory) are i1 and i2;

e n the length of w;
e il, i2 two counters for the positions of the pointers to w;

e is_no_over a boolean variable which takes the true value if processor P2
made a reduce action;

e accept a boolean variable which takes the true value iff w € L(G);
e Stackl, Stack2 two working stacks for P1 and P2;

e Qutput_tapel, Dutput_tape2 the output tapes of P1 and P2 for storing
the syntactic analysis of the input word;
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e exit a boolean variable which is true iff P1 or P2 detect the non-acceptance
of the input word.

Of course, we use some predefined procedures, such as:

e pop(Stack,top) - the value of top will be the value of the first symbol
from Stack; after that the top of Stack will be removed;

e push(Stack,a) - push in the top of Stack the values a = ajas...ax
(a € V*, k = |al]); a1 will be the new top of Stack;

e push(ODutput_tape,r) - push in the top of Dutput_tape the value of r.

Now, the method of parallel algorithm (PAR_LEFT) can be presented (we
suppose that the context free grammar G = (Vy, Vr, S, P) is already read):

begin
read(n); read(w); il:=1; i2:=n; push(Stackl, S);
accept:=false; exit:=false;
repeat in parallel
if (i1<=i2) then actionl1(P1);
action2(P2);
until (i1>=i2) or (exit=true);
if (i1>=i2) and (exit=false) then begin
is_no_over:=false;
while (is_no_over=false) and (exit=false) do
if (Stackl1=Stack2) then begin
is_no_over:=true;
accept:=true
end
else
action2(P2)
end;
if (accept=true) then begin
write(’w is accepted and has the left syntactic analysis ’) ;
write(Output_tapel, Output_tape2);
end
else write(’w is not accepted.’) ;
end;

It remains to describe the procedures actionl (P1) and action2(P2).

procedure actionl(P1);
begin
pop (Stackl,top);
case top of
(top€ Vr) and (top=wl[ill):
/* reduce action */
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if (i1<i2) then il:=il+1;
top€ Vi: begin
/* expand action */
find a production r : top — a € P;
if (there exists an r of this form) then begin
push(Stackl,a);
push(Output_tapel,r);
end
end
otherwise: begin
backtrack step is needed;
if (all the backtrack steps are over) and
(still no reduce or expand action could be made)
then exit:=true
end
end;

procedure action2(P2);
begin
case
if (3r=B — § € P, B is in Stack?2 starting from top) then begin
/* reduce action */
pop(Stack2, 3);
push(Stack2, B);
push(OQutput_tape2,r);
end;
if (i2>i1) then begin
/* shift action */
push(Stack2,w[i2]);
i2:=i2-1;
end;
otherwise: begin
backtrack step is needed;
if (all the backtrack steps are over) and
(still no reduce or expand action could be made)
then exit:=true
end
end;

Theorem 2.1 (finiteness of the Algorithm (PAR_LEFT))
The Algorithm (PAR_LEFT) performs a finite number of steps until termi-
nates its execution.

Proof Because the input grammar G has a finite number of productions, the
number of expand actions for P1 and reduce actions for P2 is finite. For the other
actions (i.e. reduce for P1 and shift for P2) we read one character from w. Thus,
because w is a finite word, it follows that the statement repeat-until from the
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Algorithm (PAR_LEFT) has a finite number of iterations (both processors P1
and P2 terminate their execution after a finite number of steps). Therefore, the
Algorithm (PAR_LEFT) performs a finite number of steps until terminating its
execution. |

Theorem 2.2 (correctness of the Algorithm (PAR_LEFT))

For a given G = (Vn,Vr,S,P) and w € Vi as its input, the Algorithm
(PAR_LEFT) gives the answer w is accepted ..." if w € L(G) and 'w is not
accepted.’ otherwise.

Proof We present an informal proof, Algorithm (PAR_LEFT) being in fact
a description in pseudocod of GBP,(G) according to Definition 1.1. More pre-
cisely, for showing the correctness of the parallel Algorithm (PAR_LEFT), it
suffices to remark that (PAR_LEFT) is “equivalent” to the sequential algorithm
associated to the transitions of the general left bidirectional parser. The only
case which is not obviously true corresponds to the case i1 = i2 (only one letter
from the input word remains to be read). Then P1 could make only expand
actions, but P2 could make both operations, i.e. reduce and shift actions. This
restriction was imposed for eliminating errors and the deadlock. Deadlock in
that algorithm is understood in the following sense: both processors wait one
each other to “read” the letter. Some errors refer to the fact that both proces-
sors “read” the letter (i.e. P1 makes i1:=i1+1, and P2 makes i2:=i2-1) and
thus the content of that two stacks could not be equal, even for the words which
belong to the language of the input grammar.

The only situations for the parallel model in which the processors P1 and
P2 work or stay are:

(i) P1 works, P2 works
(ii) P1 stays, P2 works
(iii) P1 works, P2 stays

It is obvious that the situation (i) for which action1(P1) and action2(P2)
will be called and executed in parallel, is described in an equivalent way in
general left bidirectional parser by transitions: expand - shift, expand - reduce,
reduce - shift, reduce - reduce. The situation (ii) corresponds to stay - shift
and stay - reduce. The situation (iii) corresponds to expand - stay and reduce
- stay. Finally, one of the processors will made the transitions of accepting and
rejecting the input word. The nondeterministic behaviour of the general left
bidirectional parser is realized in the parallel algorithm by introducing these
backtrack points in action1(P1) and action2(P2). If no backtrack step could
be made, then the variable ezit is true, so the input word is not accepted by
the parser (and of course, it is not in the language of the input grammar).

So, the parallel Algorithm (PAR_LEFT) is correct. |

We can say that it is possible to store into local memories of P1 and P2
the input word (and deleting it from the common memory). This does not
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change the implementation because w is accessed in a read style. Now, the only
variables which are in the common memory are i1 and i2.

Another modification is to replace the variables i1, i2 from the common
memory, and make a direct link from P1 and P2 (and viceversa, of course). In
that case, we can just send to the other processor the value of i1, respectively
i2.

We point out a parallel algorithm which describes the general right bidi-
rectional parsing strategy. Because it is similar to the general left bidi-
rectional parsing strategy, we shall describe only the parts where this parallel
algorithms differ.

The parallel algorithm (PAR_RIGHT) corresponding to the “right” model
can now be given (G = (Vn, Vr, S, P) is the input context free grammar):

begin
read(n); read(w); il:=1; i2:=n; push(Stack2,S);
accept:=false; exit:=false;
repeat in parallel
actionl(P1);
if (i2>=il1) then action2(P2);
until (i1>=i2) or (exit=true);
if (i1>=i2) and (exit=false) then begin
is_no_over:=false;
while (is_no_over=false) and (exit=false) do
if (Stackl1=Stack2) then begin
is_no_over:=true;
accept:=true
end
else
action1(P1)
end;
if (accept=true) then begin
write(’w is accepted and has the left syntactic analysis ’) ;
write (Output_tape2, Output_tapel);
end
else write(’w is not accepted.’);
end;

The procedures action1(P1) and action2(P2) are:

procedure actionl(P1);
begin
case
if (3r=B — § € P, B is in Stack1 starting from top) then begin
/* reduce action */
pop(Stackl,f);
push(Stackl, B) ;
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push(Output_tapel, r);
end
if (i1<i2) then begin
/* shift action */

il:=i1+1;
push(Stackl,w[il]);
end

otherwise: begin
backtrack step is needed;
if (all the backtrack steps are over) and
(still no reduce or expand action could be made)
then exit:=true
end
end;

procedure action2(P2);
begin
pop (Stack2,top) ;
case top of
(tope V) and (top=wl[i2]):
/* reduce action */
if (i2>i1) then i2:=i2-1;
tope Vn: begin
/* expand action */
find a production r : top - a € P;
if (there exists an r of this form) then begin
push(Stack2,a);
push(OQutput_tape2,r);
end
end;
otherwise: begin
backtrack step is needed;
if (all the backtrack steps are over) and
(still no reduce or expand action could be made)
then exit:=true
end
end;

Similar results related to the finiteness and correctness of Algorithm
(PAR_RIGHT) can be shown in analogous way.

3 Deterministic subclasses of context free gram-
mars

In this section we present some important subclasses of context free grammars
for which there exist deterministic algorithms for solving the membership prob-
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lem. The time complexity will be O(n), where n is the length of the input
word.

Now, we give an important result which establishes the relation between a
context free grammar G and its reverse G.

Theorem 3.1 Let G = (Vn,Vr, S, P) be a context free grammar and the gram-

mar G = (Vn,Vr, S, P) be its reverse. Then, for any A € Vn, any derivation
m € {1,2,...,|P|}*, we have:

AL wyif A = Fw
G,lm a7rm

where w € Vi, v € Vn - V*U{A}.

Proof We shall proceed by induction on the number of derivations. The basis
of induction (|| = 1) can be obviously obtained. We shall show only the direct
implication of that equivalence.

Inductive Step: Let A GTL;—; w+y be the left most derivation m, (|x| > 1),

w € Vi, v € Vv - V*U {A}. Because |r| > 1, this means that there exists a
grammar production r such that 7 = mr. Now, we may rewrite the derivation:

K T
A :1>wlB’yz — w7y, r=B —wyy, wiwy =w, y172 ="7.
G,lm G,lm

But |m1| < |7, so applying the inductive hypothesis, we obtain:
A fud
G,lm 2w
Now, because w1 € V7, we continue with a right derivation applying in G the
production r = B — 41 wa:

A =5 §HBW == 5 W U1 = §D.

G,rm G,rm

The other implication can similarly be obtained, so the proof of this theorem is
complete. |

3.1 RR(k) grammars

For presenting RR(k) grammars, we review the definition of LL(k) grammars
from [LeS68] (initially they were called T'D(k) grammars).

Definition 3.1 We say that G = (Vn,Vr,S, P) is a LL(k) grammar (where
k > 0) if for any two distinct derivations of the form:

S = uAa:u,Blaﬁk U vy
Im Im lm

S = uAa:u,Bgaﬂ* U Vo
Im Im lm

for which vy =*) v, then 1 = Bs.
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The name RR(k) comes from: Right to left scanning of the input construct-
ing a Rightmost derivation in reverse, using k symbols of lookahead.

Definition 3.2 Let G be a context free grammar and k be a natural number.
We say that G is RR(k) grammar if G is a LL(k) grammar. A language L is
RR(k) if there exists a RR(k) grammar which generates L.

As a remark, if G = (Vn,Vr, S, P) is a RR(0) (reduced) grammar, then
for any A € Vy, there exists (exactly) at most one production of the form
A — a € P. Of course, if GG is a reduced grammar and RR(0), then its language
is finite. That is why these grammars have no practical interest.

In [LeS68] is said that RR(k) grammars may be obtained from LL(k) “by
reversing the roles of left and right one”, but no precise definition has been
given.

In order to define a parser for RR (k) grammars, we shall give some definitions
and results which are dual to LL(k) grammars.

Theorem 3.2 Any RR(k) grammar is unambiguous.
Proof Using Definition 3.2 and a result for LL(k) grammars ([LeS68]). M

Theorem 3.3 If G is a right recursive grammar, then there exists no natural
number k such as G is a RR(k) grammar.

Proof Using Definitions 3.1 and 3.2. |
Theorem 3.4 The RR(k) languages form a strict infinite hierarchy:

RR(0) C RR(1) C RR(2) C ... C RR(k) C RR(k+1) C ...
Proof Using Definitions 3.1 and 3.2. |

Lemma 3.1 There exist context free languages which are not RR(k) for any
natural number k.

Proof By showing that the language L = {a™cb"”, a®"db™ | n > 1} cannot
be RR(k), for any natural number k. |

In the following, we shall define a subclass of RR(k) grammars (called
SRR(k)) for which there exists an efficient characterization. Furthermore, the
subclass SRR(1) coincides with RR(1). First, we shall describe some auxiliary
sets of words useful for defining the SRR(k) grammars.

Definition 3.3 Let G = (Vn,Vr, S, P) be a context free grammar, a € VT,
A€ Vn and k € N4. Then

LASTi(a) ={u € V3 | ju| <k, a == vu, v € Vi};

PREVIOUS(A) ={u€cV;|S = aAB and u € LAST)(a)}.
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As a remark, we have to notice that for a given nonterminal symbol A, the
set PREVIOU S, (A) represents the set of all terminal words of the length less
than k& which may occur in sentential forms, in front of the occurrence of A. We
can immediately extend the sets LAST}, to sets of words in this way:

if . C V" then LAST,(L) = | | LAST(«).
a€Ll

Furthermore, if « € V* and L C V', we denote a L = {az | z € L}.

Definition 3.4 A context free grammar G = (Vn,Vr, S, P) is SRR(k) if for
any A € Vi and any two productions A — (1, A — B2 the following statement
1s fulfilled:

LAST,(PREVIOUS;(A) - B1) N LAST,(PREVIOUS;(A) - B2) = 0

The associated deterministic parser for this subclass of grammars can now
be given. We have to mention that it has only one state, so we shall not consider
the set of states as a component.

Definition 3.5 Let G = (Vn,Vr, S, P) be a SRR(k) grammar, where k € N.
Let C C #V3i x #V* x {1,2,...,|P|}* U{ACC,REJ} be the set of all possible
configurations, where # is a special character (a new terminal symbol). The
PSRRy(G) parser is the pair (Co,t), where Co = {(F#w,#S5,\) |w e Vi CC
18 called the set of initial configurations, and FC C x C is the transition

relation (sometimes denoted by |——— ) between configurations given by:
PSRR,(G)

1° Ezpand: (#u,#vA,7) - (#u,#vB,7r) ifr=A— B € P and
#u®) € LAST (#PREVIOUS(A) - B);
20 Reduce: (#ua, #ya,n) - (#u, #v,7)
30 (#,#,m) - ACC;
49 (#u,#v,m) F REJ if no transitions of type 1°, 20 and 3° can be applied.

Theorem 3.5 Let G be a SRR(k) grammar. Then the parser PSRRy(G) is
deterministic, i.e. for any configuration at most one transition can be applied.

Proof The expand transitions are deterministic according to Definition 3.4.
The rest of the configurations are obviously distinct. |

Theorem 3.6 For any k € N the class of SRR(k) grammars is strictly in-
cluded in the class of SRR(k + 1) grammars.

Proof Tt is obvious why a SRR(k) grammar is a SRR(k+1) grammar. On the
other hand, the grammar G = ({S},{a},S,{S — a*|a**1}) is a SRR(k + 1)
grammar, but not a SRR(k) grammar. |
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Theorem 3.7 Any SRR(k) grammar, where k € N, is unambiguous.

Theorem 3.8 A right recursive grammar is not a SRR(k) grammar, for any
ke NT.

More generally than the previous result, we can say that:

Theorem 3.9 Let G = (Vn,Vr, S, P) be a reduced context free grammar and
k € N*t. Then G is a right recursive grammar iff there exists w € Vi for which
the parser PSRR(G) has an infinite number of configurations.

3.1.1 RR(1) grammars

RR(1) grammars can be very useful in practice because the auxiliary sets
LAST:, PREVIOUS; (which from now on will be simply denoted by LAST
and PREVIOUS) may be computed in polynomial time complexity. According
to Definition 3.3, we can rewrite LAST and PREVIOUS as follows:

If a € Vt and A € Vy then:

LAST(a)—{aaEVT,a%ua}U{{A} ifa =X,
0 otherwise
PREVIOUS(A)={alacVrU{)\}, S = aAfB, a € LAST(a)}.

The next result establishes the equivalence between SRR(1) and RR(1) gram-
mars.

Theorem 3.10 A context free grammar G = (Vn, Vi, S, P) is RR(1) iff for any
A € Vy and any two distinct productions A — (1 | B2 the following statements
are fulfilled:

LAST(PREVIOUS(A) - B1) N LAST(PREVIOUS(A) - 85) = 0.

Proof According to Definition 3.2 and a similar result for LL(1) grammars

([LeS68]). |
For computing the sets LAST and PREVIOUS, we need to define some
binary relations over V x V.

Definition 3.6 Let G be a context free grammar. We define the following bi-
nary relations over V. .x V:

1. Xbegin Aif3A—aXpBeP and a = )\
2. Xend Aif3A—saXBeP andf = X\
3. X followed by Y if 3A = a XY y€E P and f == \;

4. X terminal Y if X, Y € Vr and X =Y
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5. X nonterminal Y if X, Y € Vy and X =Y
6. last=terminal oend” o nonterminal;

7. previous=terminal oend* o followed_byo (begin*) ! o nonterminal.

Theorem 3.11 Let G = (Vn,Vr, S, P) be a reduced context free grammar and
a € Vr, X € V. Then the following statements are fulfilled:

(i) a € LAST(X) iff alast X; A € LAST(X) iff X == );

(ii) a € PREVIOUS(X) iff apreviousX; A\ € PREVIOUS(X) iff
X begin* §.

Example 3.1 Let us consider the grammar given by the following productions:
1. S—E 2.8—=B 3 E—\ 4. B—=a
5 B—=>bCSe 6.C—X 7.C—CS;

First, we compute the null nonterminal symbols, i.e. X € Vx is a null symbol if
3 X == \. For our grammar the set of null symbols is {S, E,C}. We compute
the auziliary binary relations:

end= {(Ea S)a (Ba S)a (a'a B)a (6, B)a (; ) C)}a
end* = idyUend U{(a, S), (e, S)};
last={(a, B), (¢, B), (;,C), (a,5), (e, S)};
So, the sets LAST for the nonterminals symbols are:
X | S E B C
LAST [ {a,e, A} {3} {a,e} {;,A}
We continue with the other relations:
begin71 = {(Sa E)v (Sv B)v (Bv a) ( )a ( s C)a ( ) S)a (Ca 5 )}’
(begin!)* ononterminal=idy, U {( ,E),(S,B),(C,S),(C,E),(C,B)};
followed by={(,C), (5,5, (b,€), (C, ), (C,e), (5.}, (C,3), (5,3}
previous= {(b,C), (b, 5), (b, E), (b, B) G,9),G,E),(,B)}
So, the sets PREVIOUS for the nonterminal symbols are:

X | S E B C
PREVIOUS [ {b,;,A} {b,;,A} {b,;} {6\

According to Theorem 8.10, we check if our grammar is RR(1):

LAST(PREVIOUS(S) - E) = {b,;,,\};
LAST(PREVIOUS(S) - B) = {a, e};
LAST(PREVIOUS(B) - a) = {a};
LAST(PREVIOUS(B)-bC Se) = {e};
LAST(PREVIOUS(C) - >\) = {b,\};
LAST(PREVIOUS(C)-CS;) = {;};

Therefore, G is a RR(1) grammar.
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Next, we present the parser attached to a RR(1) grammar.

Definition 3.7 Let G = (Vn,Vr,S,P) be a RR(1) grammar and LAST,
PREVIOUS the corresponding sets of words (defined above). We denote by

C CH#VEx#V* x{1,2,...,|P|}* U{ACC,REJ} the set of all possible configu-
rations, where # is a special character (a new terminal symbol). The PRR;(QG)
parser is the pair (Co,t), where Co = {(#w,#S,\) | w € V}} C C is called
the set of initial configurations, and FC C x C is the transition relation

(sometimes denoted by ——— ) between configurations given by:
PRR:(G)

1° Ezpand: (#u,#v A, 7) - (F#u, #yB,7r) ifr=A — B € P and
#u) € LAST(#PREVIOUS(A) - B);

20 Reduce: (#ua,#ya,n) F (#u, #v,7)

30 (#,#,m) F ACC;

4% (#u,#v,7) + REJ if no transitions of type 19, 2° and 3° can be applied.

The parser PRR;(G) is similar to a LL(1) parser, but the difference is that
it scans the input word from the end to its start. It can push or pop strings in
the stack. The output tape will contain the right syntactic analysis. It returns
“ACC” or “REJ” depending on whether the input word is accepted or not.
Again the parser has only one state.

Input tape

4—“

Stack

A

Control

\i

r

Output tape

In the following, we shall present a parsing algorithm for RR(1) grammars.
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The Algorithm (Parsing-RR(1))

Input: The RR(1) grammar G = (Vn, V7, S, P), the sets LAST, PREVIOUS
corresponding to the nonterminal symbols and the word w € V;

Output: The right syntactic analysis if w € L(G); otherwise the message: 'w
is not accepted’.

Method: It is assumed that we can use the following predefined procedures:

e pop(stack,top) - the value of top will be the value of the first symbol
from stack;

e push(stack,X) - push in the top of stack the value of X;

e push(Output_tape,r) - push in the top of Output_tape the value of r.

The main program is:

begin
read(w) ; push(stack, “#S5”); i:= |w|+1;
accept:=false; is_over:=false;
put in the input tape the string “#w”;
repeat
pop (stack,top) ;
remove the top of the stack;
if (top€ Vn) then begin
/* expand action */
find r=top— « € P such that w[ile LAST(PREVIOUS(top)a);
if (does not exist such a production) then
is_over:=true; /* reject action */
else begin
push(stack,a);
push(Output_tape,r) ;
end
end
else if (top=w[i] and i>1) then
/* reduce action */
i:=i-1;
else begin
is_over:=true;
if (top=#) and (i=1) then
/* accept action */
accept:=true
end;
until (is_over=true);
if (accept=true) then
write(’wis accepted and has the right syntactic analysis ’ ,Qutput_tape)
else write(’w is not accepted.’)
end.
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Theorem 3.12 (correctness and complezity of Algorithm (Parsing-RR(1)))
Algorithm (Parsing-RR(1) ) is correct and has the time complezity of O(|w)|),
where w is the input word.

Proof The correctness follows directly from Definition 3.2 and [LeS68]. The
number of iterations of the cycle “repeat... until” is O(m - |w|), where m
is a constant depending of G. During an iteration, Algorithm (Parsing-RR(1))
makes an expand or a reduce action. The number of consecutively expand
actions is finite because the input grammar is finite. A reduce action means
reading a letter from w. Therefore the time complexity of Algorithm (Parsing-

RL(0)) is O(|w]). |

Example 3.2 We reconsider the grammar from Ezample 3.1. Let w = ba;e

be the input word for Algorithm (Parsmg RR(1)). We obtain:
1 20

#bas e, #5,)) F (#oai e #B.[2) - (#bai e, #00Se25) b

(

(#ba;,#bC S, [2,5]) F (#ba,,#bOE,p,f},u)ﬁ(#ba;,#bc,[2,5,1,3])ﬁ
(#b ;,#bCS;,[2,5,1,3,7])T;0(#ba,#bCS,[Q,S,l,S,?])}—O 0

( 1 2

(

#ba, #bC B,[2,5,1,3,7,2]) b (#ba, #bC a,[2,5,1,3,7,2,4]) F

10

#b#DCL[2,5,1,3,7.2,4]) F (b, #6,[2,5,1,3,7,2,4, 6]) -

(#b, #b,[2, 5, 1,3,7,2,4,6]) l- ACC. Therefore, w € L(G) and the right syn-
tactic analysis for it is m = [2,5,1,3,7,2,4,6]. The notation for the terminal
symbols of this grammar comes from programming languages:

b - begin, e - end, a - statement and ; - end of statement.

3.2 RL(k) grammars

For presenting RL(k) grammars, we review the definition of LR(k) grammars
([Knu65]).

Definition 3.8 We say that G = (Vn,Vr, S, P) is a LR(k) grammar (where
k> 0) if for any two distinct derivations of the form:

S = aAdu=—= afu
S= o Auv = dp v =afv
for which ®u =05y thena =o', A= A" and B =/'.

The name RL(k) comes from: Right to left scanning of the input construct-
ing a Leftmost derivation in reverse, using k symbols of lookahead.

Definition 3.9 Let G be a context free_grammar and k be a natural number.
We say that G is a RL(k) grammar if G is a LR(k) grammar. A language L
is RL(k) if there exists a RL(k) grammar which generates L.
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At the end of the paper [Knu65] there has been presented an example of a
RL(0) grammar, but the only “definition” for RL(0) grammars was that these
are obtained from LR(0) by a “asymmetric property”. Later, in [Knu71], the
author has referred again to RL(k) and RR(k) grammars in an informal way,
too.

In order to define a parser for RL(k) grammars, we shall again need some
definitions and results which are dual to LR(k) grammars.

Theorem 3.13 Any RL(k) grammar is unambiguous.
Proof Using Definition 3.9 and a similar result for LR(k) grammars. |

Theorem 3.14 ([Knu65]) There exist RL(0) languages which cannot be LR(k)
languages.

Proof Let G be the grammar:

S— Ac|B A—aAbblabb B —aBb|ab
Obviously, G is a RL(0) grammar because G is a LR(0) grammar. We observe
that L(G) = {a"b*"c, a™b™ | n > 1} is not a deterministic context free lan-
guage. But ([Knu65]) a context free language can be generated by a LR(k)
grammar if and only if it is deterministic. So, we cannot find an equivalent

LR(k) grammar to G. |

3.2.1 RL(0) grammars

Definition 3.10 Let G = (Vn,Vr, S, P) be a context free grammar and « ¢ V a
new symbol (called point). An RL(0) item for G is a construction A — 102,
where A — (182 € P. The set of all items of G is denoted by I(QG).

Example 3.3 For the production S — x1 x5 ...z, there exrist n + 1 items, such
as:
S—>2122...%pa, S T122...Tp_ 18Ty, ... S = a1 T3 ... Ty,

Definition 3.11 An RL(0) item by the form A — . is called complete, i.e.
the point is at the beginning of the production.

Definition 3.12 A viable suffix for G is a word v € V* for which there ezists
a derivation S I:*> uAa I:> uBa, and v is a suffix for Ba (i.e. there exists

v € V* such tha't/ﬁa =9 fy)
Example 3.4 Let us consider the left derivation:
A=—aAB— acdB

According to Definition 3.12, the viable suffizes for acdB are A\, B, dB, cdB
and acdB.
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Definition 3.13 An item A — (1.0 is valid for the viable suffix v if there
exists a derivation:

S—%—>uAa—T—>u,81,82a and v = P«

The set of all valid items for the viable suffiz v is denoted by I(v).

Example 3.5 Let us consider the grammar:
A—aAB|cd B—belf

For the suffix “\”, there are several valid items, such as:
A—aAB., A—cd., B—be., B— f.

For the suffix “d”, there is only one valid item: A — cud.
For the suffix “be”, there is only one valid item, too: B — Jbe.

Theorem 3.15 (characterization of RL(0) grammars)

A reduced grammar G = (Vy,Vr,S, P) (and in which S does not appear in
the right side of the productions) is RL(0) if and only if for all viable suffizes
7, the set of all valid items for v (denoted by I()) satisfies the conditions:

(i) I(7y) contains no two (or more than two) distinct complete items;

(ii) if A — «a € I(vy) then I(Y) contains no item of the form
B — Bl a.ﬂz, a € VT.

Proof Similar to the corresponding proof for LR(0) grammars ([Knu65]). W

Theorem 3.16 Let G be a reduced context free grammar. The set of all viable
suffizes of the grammar G (generally an infinite set) is a regular language.

Proof Similar to the corresponding proof for LR(0) grammars [Knu65].
We present only the idea. Starting from the reduced context free grammar
G = (Vn, Vr, S, P), we shall construct a nondeterministic finite automaton with
A—transitions which accepts the set of all viable suffixes. Let M = (I,V, 6, qo, )
be an automaton for which:

o I ={q}U{A = B1.f2| A= (P2 € P}
e § is defined as follows:
(i) 6(A = f1 Buf2,\) ={B = (.| B—= f € P};

(11) 5(A—)ﬂl X.ﬁQ,X) = {A—)ﬁl.XﬁQ},
(iii) 6(A - aa«fB,A) =6(A > aX.8,Y)=0, Y eVn, X #£Y, a€ Vr.

We put go as a notation for the initial state, which is in fact the item S’ — S..
Here S’ is a new symbol and S’ — S is a new production. Sometimes, if S does
not occur on the right side of the grammar productions, we may choose S’ = S
(in that case, the “initial state” will be a set of items of the form S — a., where
S —acP). |
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Example 3.6 Let us consider the context free grammar G given by the produc-
tions:
S—=aAd|bAB, A= cAlc, B—b

We shall construct the equivalent automaton M with \—transitions. Then we
check if G is a RL(0) grammar using Theorem 3.15. The two conditions from
Theorem 3.15 may be translated in the automaton graph into:

(i) the automaton graph contains no two vertices A — «a, B — .3

(A - a # B — [3), such that the paths from qo to these vertices are
labelled with the same word;

(ii) the automaton graph contains no two vertices A — «a, B — (1 a.fs,
a € Vr such that the paths from qo to these vertices are labelled with the
same word.

S—aAd. <)\ S'—S. A > S—bAB. )\> B—b.
d S B b
S—aAd | S’—.S S—bA.B B—.b
2 A A
S—a.Ad A—cA. > A—c. S—b.AB
a A L/)\ ¢ b
S—.aAd A—cA A—.c S—.bAB
C
A—.cA

Figure 4. The automaton with A-transitions of viable suffixes

We can observe that the graph of the automaton M satisfies the previous
conditions (i) and (i), so G is a RL(0) grammar.

However, the conditions presented in Example 3.6 are hard to check on
this automaton with A\—transitions. We may attach an equivalent deterministic
automaton M' = (T,V, &', tg, T), where T C 2 (one state for the deterministic
automaton is a subset of items), ¢y contains all items accessible from
go = S" — S. using A\—transitions, and 6’ : T x V' — T is partially defined.

But M accepts the set of all viable suffixes and A — B1.02 € 6(qgo,7) if and
only if A — (140> is valid for . This implies (in M') that a state ¢t € T contains
exactly all valid items for a certain viable suffix. Therefore, the two conditions
above (for deciding if G is a RL(0) grammar) can be rewritten as:

(i) any state t € T' contains at most a complete item;
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(ii) for any state ¢t € T which contains a complete item, ¢{ must contain no
item in which a terminal symbol is followed by ..

These two conditions are easy to check for M'. In the following, we shall
indicate the way of constructing M’ (called the RL(0) automaton of grammar
G). First, we shall describe a function, called closure, which has as input a set
of items ¢ and returns in the output all states (set of items) accessible from ¢
with A—paths.

The Algorithm (Closure)

Input: G = (Vn,Vr, S, P) a context free grammar and ¢ C I a set of items;
Output: closure(t) = {t" € I | §(t,\) =t"} (T is a notation for a subset of I);
Method:
function closure(t):7T';
begin
t’:=t; flag:=true;
while (flag=true) do begin
flag:=false;
for (allA - aB.B €t’) do
for (all B —- vy € P) do
if (B — 7.« ¢t’) then begin
t):=t’U{B = 7.};
flag:=true
end
end;
return(t’);
end;

Lemma 3.2 Let M = (I,V,6,qo,I) be the automaton with A—transitions asso-
ciated to grammar G and let t C I be a set of items. Then, using Algorithm
(Closure) we obtain as output closure(t) = {t" € I|6(¢t,\) =¢"}.

Now, we are ready to indicate an algorithm for constructing the RL(0) au-
tomaton for grammar G.

The Algorithm (RL(0)-Automaton)

Input: G = (Vn,Vr, S, P) a context free grammar (augmented with the pro-
duction S’ — S);
Output: M' = (T,V,§',t9,T) a deterministic automaton equivalent to M;
Method:
begin
to:=closure(S’' — S.); T:= {t¢}; marcat[tg] :=false;
while (3¢t € T and not(marcat[t])) do begin
for (all X € V) do begin
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t':=0;
for (all A - aX.f€t) dot':=t' U{A = a. X(};
if (¢’ #0) then begin
t':=closure(t');
if (t' ¢ T) then begin
T:=TU{t'};
marcat[t'] :=false;
end;
8" (t, X):=t';
end
end;
marcat [t] :=true;
end
end;

Lemma 3.3 The Algorithm (RL(0)-Automaton) is correct, i.e. M' is a deter-
ministic automaton equivalent to M.

Example 3.7 We consider the same grammar as in Example 3.6. Using Algo-
rithm (RL(0)-Automaton) we shall construct the deterministic automaton M'
(we shall number the states of the automaton M' in a breadth first search man-
ner):

S'—.S
t a S—.aAd
S S—)a.Ad/ te
A—c.A
$'5S. S—aA.d /A’ .
t
S—)aAd d A—)CA 5 \ A—)CA
S—bAb. ™| A—c. .
B—b. ¢ ?
t2 A—.c
to te .
b C
Y
A—bA.B
B—.b A—scA. S—b.AB
iz Ase. A [AscA | b [STPAB
ts ', ™ tio

Now, checking the associated conditions for M', we can say that G is a RL(0)
grammar.

Example 3.8 Let us consider the grammar

G = ({5 A},{a},5{S— A, A— Aa|a}).
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The deterministic automaton M' corresponding to G is:

S—.A
t1
A
S—A.
A—Aa. A—A.a

\i

A—a. \ A—.a A |A—.Aa
to a A—Aa. t3
A—a.
BE
2

We can see that the state to does not satisfy the conditions for RL(0) gram-
mars because it contains the complete item A — .a and the item A — Aa. in
which the terminal a is followed by .

We can adapt the LR(0) language characterization theorem to characterize
RL(0) languages (Theorem 13.3.1, [Har78]).

Theorem 3.17 (RL(0) language characterization theorem,)
Let L C ¥*, where % is an arbitrary alphabet. The following four statements
are equivalent:

a) L is an RL(0) language;

b) L C ¥* is a deterministic context free language and for all x € T,
w, y € X ifwe L, we €L, andy € L, then yz € L;

c) there exists a deterministic pushdown automaton A=(Q,%,T, 0, qo, Zo, F),
where F' = {qs} and there exists Zy € T such that

L="T(A Z;) = T(AT) = {w e =" | (q0,w, Z0) F (a5, )\, Z¢) };

d) there exist strict deterministic languages Lo and L1 such that L= LoL7.

Next, we present the parser attached to a RL(0) grammar.

Definition 3.14 Let G = (Vn, V1, S, P) be a RL(0) grammar and

M' = (T,V,¥§,ty,T) the corresponding deterministic automaton. We denote by
C C #V} x (T-Vr)to x {1,2,...,|P|}* U{ACC,REJ} the set of all possible
configurations, where # is a special character (a new terminal symbol). The
RL(0) parser (denoted by PRLy(G)) is the pair (Co,tF), where the set

Co = {(#w,t0,A) | w € Vii} CC is called the set of initial configurations, and

FC C x C is the transition relation (sometimes denoted by |——— ) between
PRLy(G)
configurations given by:
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19 Shift: (#ua,to,m) F (#u,t' ato,n) if §'(t,a) = t';

20 Reduce: (#u,t'oto,n) F (#u,t" Ato,rn) if A — B et |0 t'|=]|p
r=A—= B, t"=4(A);

30 Accept: (#,0,7)F ACC if ' = A€ ty;

4% Reject: (#u,o,m) F REJ if no transitions of type 1°, 2° and 3° can be
applied.

The parser PRLg(G) is similar to the LR(0) parser, but the difference is that
it scans the input word from the end to its start. It can push or pop strings
in the stack using ¢’ according to automaton M'. The output tape will contain
the left syntactic analysis. It returns “ACC” or “REJ” depending on whether
the input word is accepted or not.

Input tape
# | ar an
- A
Stack
M/
b [ Control -
fo y

r

Output tape

In the following, we shall present the parsing algorithm for RL(0) grammars.
The Algorithm (Parsing-RL(0))

Input: The RL(0) grammar G = (Vy, Vr, S, P), the corresponding automaton
M' = (T,V,§,ty,T), and the word w € Vj;

Output: The left syntactic analysis if w € L(G); otherwise the message: 'w is
not accepted’.

Method: It is assumed that we can use the following predefined procedures:

e pop(stack,top) - the value of top will be the value of the first symbol
from stack (without removing the top of the stack);
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e push(stack,X) - push in the top of stack the value of X;

e push(Output_tape,r) - push in the top of Output_tape the value of r.

The main program is:

begin
read(w) ;push(stack,tg) ;i:=|w |[+1;
accept:=false;is_over:=false;
put in the input tape the string “#w”;
repeat
pop(stack,t);
if (6'(t,wl[il)# 0 then begin
/* shift action */
push(stack,w[il);
push(stack,d’'(t,wlil));
i:=i-1;
end
else
if (A— .X; X5...X;, €t) then begin
if (A=S') then begin
/* accept action */
push(Output_tape,S’ — X; Xo...X,,);
is_over:=true;
accept:=true
end;
else begin
/* reduce action */
remove the first 2 * m symbols from the stack;
pop(stack,t’);
t":=0" (¢ ,A);
push(stack, A);
push(stack,t");
push (Qutput_tape, A — X; X5... X,;)
end
end
else is_over:=true /* reject action */
until (is_over=true);
if (accept=true) then
write (’wis accepted and has the left syntactic analysis >, Output_tape)
else write(’w is not accepted.’)
end.

Theorem 3.18 (correctness and complezity of Algorithm (Parsing-RL(0)))
Algorithm (Parsing-RL(0)) is correct and has the time complezity of O(|w|),
where w is the input word.
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Proof The correctness follows directly from Definition 3.9 and [Knu65]. The
number of iterations of the cycle “repeat... until” is O(m - |w|), where m
is a constant depending of G. During an iteration, Algorithm (Parsing-RL(0))
makes a shift or a reduce action. The number of consecutively reduce actions is
finite because the input grammar is finite. A shift action means reading a letter
from w. So the time complexity of Algorithm (Parsing-RL(0)) is O(|w]). |

Example 3.9 We reconsider the grammar from FExamples 3.6 and 3.7. Let

w = becceb be the input word for Algorithm (Parsing-RL(0)). We obtain:
(#bceb, tg, ) }-0 (F#bce,tg by, )\)T-O (#bce, ts B, [5]) }-0 (#bc, ts cts By, [5])?—0
(#bc,t7 Ats Bto,[4,5]) }—0 (#b,t9 cty Ats Bto,[4,5]) T—O (#b,t7 Atz Btg,[3,4,5])
}—0 (#,t10 bty Atz By, [3,4,5]) T—O (#,t1 Sto,[2,3,4,5]) ?—0 ACC

Therefore, w € L(G) and the left syntactic analysis for it is m = [2, 3,4, 5].

3.2.2 SRL(1) grammars

Sometimes, for a given context free grammar G which is not an RL(0) grammar,
the conflicts reduce - reduce, reduce - shift from the RL(0) automaton can
be solved. In this sense, we shall define simple RL(1) grammars (denoted by
SLR(1)).

Definition 3.15 The context free grammar G = (Vn,Vr, S, P) is SRL(1) if for
any state t € T from the RL(0) automaton M' = (T,V,6,ty,T), the following
statements are fulfilled:

(i) if A— «a €t and B — . €t then
PREVIOUS(A)N PREVIOUS(B) = 0;

(i) if A— o€t and B — fa.y €t then a ¢ PREVIOUS(A).

Next, we shall define a relation ACTION : T — VpU{#} (sometimes called
SRL(1)-table), which has the goal to decide the removing of the conflicts reduce
- reduce, reduce - shift. This relation is constructed using the RL(0) automaton
and the sets PREVIOUS by the following algorithm:

The Algorithm SRL(1)-table:

Input: The context free grammar G = (Vn, Vr, S, P), the RL(0) automaton
M' = (T,V,6,t9,T), the sets PREVIOUS(A),V A € Vy.
Output: The relation ACTION (t,a), Vt € T, ¥V a € Vp U {#}.
Method:

begin

for (allt € T') do begin
for (all A —» .o €t and A # S’) do begin
for (a € PREVIOUS(A)) do
ACTION (t,a):=reduce,, where r = A — o € P;
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if (A € PREVIOUS(A)) then
ACTION (t,#):=reduce,, wherer = A - a € P

end;
for (all B = fa.y€t, a€ Vr) do

ACTION (t,a):=shifty, where ty = 6(t,a);
if (S’ — .S € t) then

ACTION((t,#):=ACC,, wherer =S5"—- S € P

end
end.

It is obvious to remark that if the relation ACTION is well defined, i.e.
|ACTION (t,a)| < 1,Vt €T, Va € Vp, then the two conditions from Definition
3.15 are fulfilled (so G is a SRL(1) grammar), and viceversa.

In the following, we present the SRL(1) parsing algorithm. Because it is
similar to (Parsing-RL(0)) Algorithm, we present only the main program:

The Algorithm (Parsing-SRL(1))

begin
read(w) ;push(stack,tg) ;i:=|w |[+1;
accept:=false;is_over:=false;
put in the input tape the string “#w”;
repeat
pop(stack,t);
if (ACTION (t,w[i])= ACC,) then begin
/* accept action */
push(Output_tape,r);
is_over:=true;
accept:=true
end
else
if (ACTION (t,w[il)= shift; then begin
/* shift action */
push(stack,t_k);
i:=i-1;
end
else
if (ACTION (t,w[i]l)= reduce, then begin
/* reduce action */
let A — a be the production r;
remove the first |a| symbols from the stack;
pop(stack,t’);
push(stack,d(t', A)) ;
push(Output_tape,r)
end
else is_over:=true /* reject action */



42 Bidirectional Parsing for Context Free Languages

until (is_over=true);
if (accept=true) then
write (’wis accepted and has the left syntactic analysis >, Output_tape)
else write(’w is not accepted.’)
end.

Theorem 3.19 (correctness and complezity of Algorithm (Parsing-SRL(1)))
Algorithm (Parsing-SRL(1)) is correct and has the time complezity O(|w|),
where w is the input word.

Proof Using Definition 3.15, the construction of ACTION and following the
same procedure as in the proof of Theorem 3.18. |

Example 3.10 Let us consider the context free grammar G which generates the
arithmetic expressions over the operations +, *:

ESE EST+E|T T—oFxT|F F—(E)|id
It can be checked that G is not a RL(0) grammar, but it is a SRL(1) grammar.

3.2.3 RL(1) grammars

Definition 3.16 Let G = (Vn, Vr, S, P) be a context free grammar. An RL(1)
item for G is a pair (a,A — a.f), where A — «a.f is an RL(0) item, and
a € PREVIOUS(A) (if A € PREVIOUS(A), then a = #).

Definition 3.17 A viable suffix for G is a word vy € V* for which there exists
a derivation S —T*—> uAa _T_> u B B2 e, and v is a suffiz for B1 B2 a. The item

(a, A = [1.02) is called valid for the viable suffiz B2 o if a = u'V) (if u = X
then a = # ). The set of all valid items for v is denoted by I(7).

Theorem 3.20 (characterization of RL(1) grammars)

A reduced grammar G = (Vn,Vr, S, P) is a RL(1) grammar if and only if
for any viable suffiz 7y, there exist no two distinct LR(1) items valid for y by the
form:

(a, A = «a), (b,B — B1.0627) where ,8%1) ¢ Vv and a € LAST (b1)

Using a way similar to the RL(0) grammars, for describing the so called
RL(1) automaton, we need to give a function called closure(I). This computes
all the valid items for the same suffix 7 (starting from a given set of valid items).

function closure(I):T; /* T is a notation for a subset of valid items */
begin
I’:=I; flag:=true;
while (flag=true) do begin
flag:=false;
for (all (a,A — aB.fB) eI') do
for (all B— vy € P) do
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for (all be LAST(aw)) do
if ((b,B — 7y.) ¢ I') do begin
I':=I"'U{(B = v.,b)};
flag:=true
end
end;
return(I’);
end.

Now, we are ready to present an algorithm for constructing the RL(1) au-
tomaton for grammar G.

The Algorithm (RL(1)-Automaton)

Input: G = (Vn, V7, S, P) a context free grammar (augmented with the pro-
duction S’ — S);
Output: M = (T,V,6,ty,T) the RL(1) deterministic automaton;
Method:
begin
to:=closure((#,5' — S.)); T:= {to}; marcat[ts] :=false;
while (3¢t € T and not(marcat[t])) do begin
for (all X € V) do begin
t':=0;
for (all (a,A = aX.f) €t) dot':=t'U{(a,A = a.Xp)};
if (¢’ #0) then begin
t':=closure(t');
if (t' ¢ T) then begin
T:=TU{t'};
marcat[t'] :=false;
end;
o' (¢, X):=t';
end
end;
marcat[t] :=true;
end
end;

Lemma 3.4 The automaton M given in the output of Algorithm (RL(1)-
Automaton) is deterministic and equivalent (i.e. accepts) to the set of viable
suffizes of the input grammar G. Furthermore, for any vy viable suffiz, §(t,, )
represents the set of all valid RL(1) items for .

Example 3.11 The context free grammar given by the productions
S—-R=L|R, L>Rx|a,R—L

is not a SRL(1) grammar, but it is a RL(1) grammar.
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Related to the syntactic algorithm for RL(1) grammars, we can say that it
is the same with the corresponding algorithm for SRL(1) grammar. The only
possible difference is the way of constructing the RL(1)-table.

The Algorithm RL(1)-table:

Input: The context free grammar G = (Vn, Vr, S, P), the RL(1) automaton
M = (T, V,5,to,T);
Output: The relation ACTION (t,a), Vt € T, Y a € Vp U {#}.
Method:
begin
for (t € T') do begin
if ((b,A = aa.f) € t) then
ACTION (t,a):=shifty, where ty, = 6(t,a);
if ((a, A — .a) € t) then
ACTION (t,a):=reduce,, wherer = A — a € P;
if ((#,A — .a) €tand A #S') then
ACTION (t, #):=reduce,, where r = A — a € P;
if ((#,5' — «S) €t) then
ACTION (t,#):=ACC,, wherer = S' — S € P;
for (all a € Vp U{#}) do
if (ACTION (t,a) = 0) then ACTION (t,a) = REJ
end
end.

In the next subsection we shall see that in some cases the dimension of
the corresponding automaton will be the same as the dimension of the RL(0)-
automaton. This subclass is called LARL(1) grammars (Look Ahead RL(1)).

3.2.4 LARL(1) grammars

In the RL(1) automaton it may happen that some states have the same values on
the first component of RL(1) items. So, these states are somehow “equivalent”.

Definition 3.18 Let t be a state from the RL(1) automaton corresponding to
the context free grammar G. The kernel of this state (denoted by Ker(t)) is the
set of RL(0) items which corresponds to the first component of t, i.e.

Ker(t) ={A—= a1.az| 3 (a,A = ar.az) € t}.

Example 3.12 Ker({(a,A — aj.a2), (byA = ajsaz), (¢, B = [1.02)}) is
the set {A — ajaca, B — B1402}.

Definition 3.19 Two states t1, ta of an RL(1) automaton corresponding to a

context free grammar G are called equivalent if they have the same kernel, i.e.
Ker(t1) = Ker(t2).
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Because every state of a RL(1) automaton is a set of RL(1) items, we may
consider the union of two states. Let t; = {({a,b}, A — a1.a2)} and
ta = {(a, A = aj.a2)} be two states. Obviously ¢; Uty = ¢; (because to C 7).
If ty3 = {(b,A — al.a2)} then to Uty = t;.

Definition 3.20 Let G = (Vn,Vr, S, P) be a RL(1) grammar and

M = (T,V,6,tq, T) the corresponding RL(1) automaton. We say that G is a
LARL(1) grammar if for any pair of equivalent states (t1,t2), where t1,t3 € T,
the state t1 Uta does not contain conflicts (i.e. reduce - reduce, reduce - shift).

All the algorithms related to LARL(1) grammars are similar to the corre-
sponding algorithms concerning RL(1) grammars. The only difference concerns
the algorithm for constructing the LARL(1) automaton. The following addi-
tional comments have to be presented.

First, we compute the RL(1) automaton M = (T,V,§,ty,T) for the RL(1)
grammar G = (Vy, Vp, S, P), where for instance T = {t¢, t1, ..., t,, }. By deter-
mining the equivalent states and making the union operation, we obtain a new
set of states, denoted by T' = {sq, 51, ..., Sm }, where m < n. Now, if 7" contains
states with conflicts, then we say that G is not a LARL(1) grammar. Other-
wise, we compute the automaton M' = (T",V,d', so,T’') in this way. Let s be
an arbitrary state which belongs to T’. Then:

e if s € T then §'(s,X) =6(s,X), VX € V;

e otherwise (s € T' = T), s =t Uta U...Uty (k> 2) then V X € V, the
states §(t1, X), 6(t2, X), ..., 6(tx, X) have the same kernel because ¢1, ¢,
..., ty have the same kernel. Let s’ € T’ be the state which has the same
kernel as §(t1, X). Now, we define §'(s, X) = s'.

The LARL(1) table can now be computed with Algorithm RL(1)-table, but
of course, replacing § with §’.

3.3 SIP grammars

The precedence grammars were invented in 1963 by R. W. Floyd ([Flo63]). He
defined the main theoretical properties and even a grammar for describing a
language closely comparable to ALGOL60. Next, N. Wirth described in 1965
an algorithm for finding precedence functions ([Wir65]). Later, in 1966, N.
Wirth and H. Weber described, using precedence grammars, a formal definition
for the language Euler - a generalization of ALGOL ([WiW66]). In 1968, N.
Wirth described a grammar for PL360 ([Wir68]).

In this section, our intention is to present formal definitions for SIP gram-
mars, which can be viewed as “mirroring” the precedency grammars.

Definition 3.21 Let G = (Vy, Vr, S, P) be a context free grammar without null
productions. We consider the following binary relations <-, = CV x V and
> CV x Vr as:
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o X <Y if there exists a production A - a X B € P and B £ Y v;
o X=Y if there exists a production A - a XY 3 € P;

e X->q if there exists a production A - aBY 3 € P, B £ v X and
Y == aé.

Definition 3.22 A context free grammar G without null productions in which
the binary relations <-, =, - > are disjoint, is called a precedence grammar.
Furthermore, if G satisfies the statement (invertible grammar):

VA—-sBeP VA= eP—= A=A
then G is called a simple precedence grammar (denoted by SP grammar).

Definition 3.23 We say that a context free grammar G is an inverse precedence
grammar if G is a precedence grammar. If G is invertible, then G is called a
simple inverse precedence grammar (denoted by SIP grammar).

Definition 3.24 Let G = (Vn, Vr, S, P) be a context free grammar without null
productions. We consider the following relations (called inverse precedence
relations) <<- C Vpr xV and =, ->> CV x V as:

e a<<-X if there exists a production A - a BCB € P, B = ~a and
C = X §;

e X=Y if there exists a production A - a XY 8 € P;

e X->>Y if there exists a production A— aBY 3 € P and B = v X;

As an extension to a special terminal symbol #, we may say that #<<-X

if 35 =5 Xaand X->># iff 3 5 =5 o X.
According to Definitions 3.21, 3.23 and 3.24, we can say that the following
statements hold:

e X< YinGif Y->>X in G;
e X=Y inGiff Y->>X in G;
e X->Y inGiff Y<<-X in G.

Therefore, a context free grammar G without null productions, in which the
binary relations <<-, =, ->> are disjoint, is called an inverse precedence
grammar.

Theorem 3.21 Let G = (Vn, Vr, S, P) be a reduced context free grammar with-
out null productions, let

#S# l:*> UL U ... U AXl X2 XT, l:> U1 Ug ... Up Yl Y2 Ym X1 X2 XT,

be an arbitrary derivation for which uy = #, us, ..., uy € Vpr, X,, = #. Then
the following statements are fulfilled:
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1. up<<-Yi;

2. V1=Y1, VE=1,m 1,

3. Y>> Xq;

4. Xp->> X1 or Xp=Xp1, Vk=1,n 1.

Proof By induction on the number of derivation steps. |

Definition 3.25 Let G = (Vn, Vr, S, P) be an inverse precedence grammar and
<<+, =, and ->> the corresponding inverse precedence relations. We denote by
C C#Vyix V*# x {1,2,...,|P|}* U{ACC,REJ} the set of all possible config-
urations, where # is a special character (a new terminal symbol). The simple
inverse precedence parser (denoted by SIPP(QG)) is the pair (Co,tF), where
the set Co = {(#w,#,\) | w € Vji} C C is called the set of initial config-
urations, and FC C x C is the transition relation (sometimes denoted by

——) between configurations given by:
SIPP(Q)

10 Sh’lft (#’U, aaﬁy#’ﬂ-) '_ (#U»G’Y#»W) Zf a'>>(1)’y or G,E(l)"y’

20 REduce: (#UHB’Y#JT) l_ (#U’A’y#arﬂ-) Zf 5 - 51"'ﬁm} u(l)<<'51)
Br=Bis1, Vhk=T,m —1, Bp->Wy, r=A4 = p;

30 Accept: (#,S#,7) F ACC;

4% Reject: (#u,v#,7) b REJ if no transitions of type 1°, 2° and 3° can be
applied.

The parser SIPP(G) is similar to the parser PRLq(G), the only difference
being the auxiliary parsing informations (the relations <<, =, - >>).

Example 3.13 Let G be a context free grammar giben by the productions:
S—aSSblc
By computing the binary relations <<-, =, - >>, we obtain:
o <<-={(#:0a), (#:0), (a,a), (a,¢), (b;c), (ba), (c;a), (c;0)};
e =={(a,9), (5,9), (S;b)};
o ->>=A{(b#), (;#), (b)), (b,5), (c,), (¢, 5)}.

Therefore, because the relations <<-, =, ->> are disjoint, we can say that G
18 an inverse precedence grammar. Because it is invertible, too, G is a simple
inverse precedence grammar.

Now, let w =aaccbcb be a input word for the parser SIPP(G). We obtain
the transitions array:
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0 10 0
#Haaccbeb,#,0) F (#aacebe,b#,)\) b (#aaccb,cb#,\) F
10 0

(

(#aacch, Sb#,[2]) - (Haace,bSb#, [2]) b (Faac,cbS b, [2]) -
(#aac,SbSb#,[2,2]) b (#aa,cSbS b, [2,2) i (#aa,5SbS b, [2,2,2])1;
( 1
(

20

20

#a,aSSbSb#, [2,2,2]) & (#a,S Sb#, [1,2,2,2) - (#,a S S b, [1,2,2,2])

3
#,5#,[1,1,2,2,2]) - ACC.
Therefore w € L(G), and w has the left syntactic analysis m = [1,1,2,2,2].

Now, we present the parsing algorithm for simple inverse precedence gram-
mar. We consider the predefined procedures pop, push already known.
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The Algorithm (Parsing-SIP)

Input: The SIP grammar G = (V,Vr,S, P), the binary relations <<, =,
->> and the word w € V;

Output: The left syntactic analysis if w € L(G); otherwise the message: 'w is
not accepted’.

Method:

The main program is:

begin
read(w) ;push(stack,#);i:=|w [+1;
accept:=false;is_over:=false;
put in the input tape the string “#w”;
repeat
pop(stack,Y?);
if (i>1) and ((wl[il->>Y71) or (w[il=Y7 )) then begin
/* shift action */
push(stack,w[i]);
i:=i-1;
end
else
if (i=1) then begin
if (stack="#") then
/* accept action */
accept:=true
else /* reject action */
is_over:=true;
end
else
if (w[il<<-Y;) then begin
let Y7 Y5 ...Y,,, X1 be the string from the stack for which:
Ykéyk_H, Vi= m, YméXl;
find a production of the formr=A4 - Y1 ¥5...Y,, € P;
if (does not exist such a production) then
/* reject action */
else is_over:=true
end
else begin
/* reduce action */
/* r is unique because G is invertible */
remove the string Y7 Y5 ... Y,, from the stack;
push(stack, 4);
push(OQutput_tape,r)
end
end
else is_over:=true /* reject action */
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until (is_over=true);
if (accept=true) then
write (’wis accepted and has the left syntactic analysis >, Output_tape)
else write(’w is not accepted.’)
end.

Theorem 3.22 (correctness and complezity of Algorithm (Parsing-SIP))
Algorithm (Parsing-SIP) is correct and has the time complezity of O(|w|),
where w is the input word.

Proof Follows the same lines as the Proof of Theorem 3.18. [ |

4 Deterministic bidirectional parsing for con-
text free languages

In this section, we shall present how we can combine some subclasses of context
free grammars to obtain deterministic (and linear) parallel algorithms for solving
the membership problem.

The deterministic bidirectional parsers have the same device as the general
model, the only difference being the uniqueness of choosing the production r
from the set of productions of the input grammar.

Next, we shall define 10 subclasses of context free grammars.

Definition 4.1 Let G be a context free grammar and k € N. We say that:

1. G is a LL(k) — RL(0) grammar if G is a LL(k) and RL(0) grammar;
. G is a LL(k) — SRL(1) grammar if G is a LL(k) and SRL(1) grammar;
. G is a LL(k) — RL(1) grammar if G is a LL(k) and RL(1) grammar;
. GisaLL(k)—LARL(1) grammar if G is a LL(k) and LARL(1) grammar;

2

3

4

5. G is a LL(k) — SIP grammar if G is a LL(k) and SIP grammar;

6. G is a LR(0) — RR(k) grammar if G is a LR(0) and RR(k) grammar;
7. G is a SLR(1) — RR(k) grammar if G is a SLR(1) and RR(k) grammar;
8. G is a LR(1) — RR(k) grammar if G is a LR(1) and RR(k) grammar;

9

. G is a LALR(1) — RR(k) grammar if G is a LALR(1) and RR(k) gram-

mar;
10. G is a SP — RR(k) grammar if G is a SP and RR(k) grammar.

Of course, we can easily extend the above definition to the languages. For
instance, we say that L is a LL(k) — RL(0) language if there exists k € N and
G a LL(k) — RL(0) grammar such that L = L(G).
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Corollary 4.1 The following statements are fulfilled:
1. G is a LL(k) — RL(0) grammar iff G is a LR(0) — RR(k) grammar;
2. G is a LL(k) — SRL(1) grammar iff G is a SLR(1) — RR(k) grammar;
3. G is a LL(k) — RL(1) grammar iff G is a LR(1) — RR(k) grammar;
4. G is a LL(k)— LARL(1) grammar iff G is a LALR(1) — RR(k) grammar;
5. G is a LL(k) — SIP grammar iff G is a SP — RR(k) grammar;

Proof By Definitions 3.2, 3.9, 3.23 and 4.1. |

It is obvious that all the languages associated to the grammars presented
in Definition 4.1 are deterministic context free languages. Using a “mirroring”
strategy, we can easily extend from the literature ([AhU72], [Har78], [HoU79],
[Sal73]) the specific results for inclusions, hierarchies of classical subclasses of
deterministic context free languages. Therefore, the following relations hold
(VEeN):

e RL(k) = RL(1), RR(k) C R ( ), SIP C RL(1), RR(k) C RR(k + 1);
e LL(k) — RL(0) C LL(k) — SRL(1) C LL(k) — RL(1);

e LL(k) — RL(0) C LL(k) — LARL( ) C LL(k) — RL(1);

e LR(0) — RR(k) C SLR(1) — ( ) C LR(1) — RR(k);

e LR(0) — RR(k) C LALR(1) — RR(k) C LR(1) — RR(k).

We note that the first five classes of grammars (Definition 4.1) use a left
bidirectional strategy and the last five use a right bidirectional strategy.

In particular, this deterministic parallel approach is very similar to the gen-
eral parallel aproach, the only difference is the missing of backtrack steps. Thus
the kernel of the parallel iteration corresponding to the left bidirectional strategy
is (we use the same considerations of Algorithm (PAR_LEFT)):

repeat in parallel
if (i1<=i2) then actionl1(P1);
action2(P2);

until (i1>=i2) or (exit=true);

where actionl, respectively action2, are procedures related to sequential al-
gorithms for syntactic analysis (i.e. associated to the classical subclasses of
grammars and to the subclasses described in Section 3, such as Algorithms
Parsing-RR(1), Parsing-RL(0), Parsing-SLR(1), Parsing-SIP). But this time,
instead of exponential sequential running time, we have a linear running time
for the procedures actionl and action2, because backtrack steps are not nec-
essary. The linear time complexity follows from Theorems 3.12, 3.18, 3.19, 3.22
and the similar classical results.

The correctness of the deterministic parallel algorithms is ensured by the
correctness of the general parallel algorithm and the correctness of each of the
sequential syntactic analysers for our subclasses of context free grammars.
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Theorem 4.1 (the complezity of the deterministic parallel algorithms)

Let us denote with T1(n), T2(n) the running time of the sequential syntactic
analysers from Section 3, where n is the length of the input word. Then the
parallel running time t(n) satisfies the relations:

. w + K < t(n) < max{Ti(n),T2(n)}. (we suppose that the
time routing is zero and K is a constant not depending on n);

e t(n) € O(n).

Proof The inequality ¢(n) < max{T;(n),T>(n)} can be obtained by supposing
that one processor stays. For instance, if P1 stays, then ¢(n) = Ty(n) (time
routing is zero).

The other inequality can be obtained by supposing that both processors work
until i1 = 2. This means a running time of min{Tl(g)’TQ(")}. Then one processor
stays and the other (possibly) performs some constant number of iterations.

The fact that ¢(n) € O(n) is obvious because of the linear complexity for

the deterministic parsers associated to our subclasses of grammars. |

Example 4.1 Let us consider the context free grammar
G = ({Sl’ S’ B’ C}’ {a7 b’ e’ ; }’ Sl’ P)

where the set of productions P is:
1. 8= S 2.8—-)\ 8 S—B 4. B—a
5 B—=>bS8Ce 6.C—X 7.0C—;58C

We shall see that G is a LL(1) — LARL(1) grammar. First, we compute the
following sets:

X g S B C
FIRST | {a,b,\} {a,b,A} {a,b} {;,\}
FOLLOW | {\} {e;5,0F {e;s} {e}

Now, we compute the sets of “lookahead” symbols and thus we can check
whether G is a LL(1) grammar or not:

e FIRST(FOLLOW(S)) = {e,;,A\}, FIRST(B FOLLOW (S)) = {a, b};
e FIRST(a FOLLOW (B)) = {a}, FIRST(bSC e FOLLOW (B)) = {b};
e FIRST(FOLLOW (C)) = {e}, FIRST(; SC FOLLOW (C)) = {; }.

Because any two of these sets are disjoint, it follows that G is a LL(1) gram-
mar. For testing the LARL(1) property, we need some auziliary informations,
such as the sets LAST and the RL(1) automaton attached to G.

X S’ S B C
LAST {a,e,)\} {a,e,)\} {aae} {aaea ; a)‘}

Now, we are ready to construct the RL(1) automaton for G.
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({#}7‘5” — S) Q’> ({#}’S, — S) ({#} ({a’ bvev;}v
{#},5 =) t1 B — .bSCe)||C — .;50C)
({#},5— B.) B g B 10 t11
({#},B = a) = ({#},5 = B) I, 3
((#}.B > bSCe) | - ({#}, B = b.SCe)

to S ({(#}, B — ) ({a,b,e,;},C —;.SC

e t3 t6
! ({#}, B — bS.Ce) /5
({#}, B = bS5C.e) ({a, be.: },C —;8.0) ({b,;},S = .B)
({aabv;}ac_)') ({b”}’S_>) R> t7
({a,6,53,C =;8C) |G| (45,:1, 5 = B.)
({a,e,; 3,0 ) ({65}, B = a) a | ({6}, B~ a)
({a, b,;},C =90 | ({b,;1,B > bSCe) | |t
4 t5
tll t7 t8
; [V ({b,;}, B = bSC.e)

({6}, B = b.5Ce) | g |({b,;},B—bS.Ce) |C |({a,b,e},C =)
({a,b,e,;},C —;.SCy* ({a,b,e,; },C —;S5.0) ({a,b,e},C —;SC.)

hs ({b,:},5 =) [ Hae, 10— )

; ({b,:},8 = B.) | ({a,e,;},C —:SC.)
({b,;},B — a.) to

({65}, B = b.5Ce) ({b,;}, B — bSCe.)

t14 t12

Figure 9. RL(1) automaton for G

In Figure 9, the arcs (t12,t7), (t12,ts) and (t13,t11) are pointed out in a
different way because of the picture size.

It can be checked on the RL(1) automaton that G is a RL(1) grammar ac-
cording to Theorem 3.20. Furthermore, the following pairs of states are equiva-
lent (Definition 3.19):

(t2,t7), (t3,ts), (ta,to), (ts,t12), (te,t13), (t10,%14)

Therefore, the LARL(1) automaton will have only 9 states, i.e. the set of states
will be {to,t1,t2,t3,t4,ts5,t6,t10,t11}- Because the LARL(1) automaton has no
conflicts in its states, we conclude that G is a LARL(1) grammar. Denoting
reduce, by R, and shifty by Sk, the associated LARL(1) table will be:
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ACTION | # a b e ; 1) S B C
to Ry S3 S to | 1 t2

i1 R 131

t2 R; R; R; | ts

t3 R4 R4 Ry | t3

t4 R6 R6 RG RG t4 ts
ts S3 Rs Sy Rs ts tg 1o

te S1o St | te

t1o Rs Rs Rs | tio

t11 R; Ry R; Ry |in

The empty places in the above table mean REJ configuration, i.e. the rejec-
tion of the input word.

Let us consider the input word w = ba;baee. We shall present the
transitions for the deterministic left bidirectional parser of the corresponding
LL(1) — LARL(1) grammar. In the following, we shall suppose that the pro-
cessors operate in a synchronous way, i.e. the processor P1 waits for the ter-
mination of the operations from P2, and viceversa. In that case, we present a
possible parallel running of that two processors.

Step | Actionl | Dutput_tapel | Stackl | il
0. Initial | A\ Sl
1. Ezpand | [1] S| 1
2. Ezpand | [1, 3] B|1
3. Ezpand | [1,3,5] bSCe | 1
4. Reduce | [1,3,5] SCe | 2
5. Ezpand | [1,3,5,3] BCe | 2
6. Ezpand | [1,3,5,3,4] aCe | 2
7. Reduce | [1,3,5,3,4] Cel| 3
8. Ezpand | [1,3,5,3,4,7] ;SCe | 3
Step | Action2 | i2 Stack2 | Output_tape2
0. Initial 7 to )\
1. Shlft 6 t4 € t[)
2. Reduce | 6 ts C'taety [6]
3. Shlft 5 tse t5 C tse to [6]
4. Reduce | 5 ts Ctaets Ctyety [6, 6]
5. Shlft 4 t3 a t5 C t4 € t5 C t4 € t[) [6, 6]
6. Reduce 4 t2 B t5 C t4 € t5 C t4 € t[) [4, 6, 6]
7. Reduce 4 t6 S t5 C t4 € t5 C t4 € t[) [3, 4, 6, 6]
8. Shlft 3 t10 btﬁ St5 Ct4 €t5 Ct4 €t0 [3,4,6,6]
9. Reduce | 3 ta Bts Ctyety [5,3,4,6,06]
10. | Reduce | 3 to Sts Ctaeto | [3,5,3,4,6,6]
11. Shlft 2 tll;t2St5Ct4€t[) [3 5 3 4 6 6]

The processor P1 is waiting the last three steps of the processor P2 are exe-
cuted. The test “if (Stackl=Stack2) then” from the general left bidirectional
algorithm (PAR_LEFT) has to be view as “if (Stackl=h(Stack2)) then”,
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where
hi :VUT =V given by:

B (X) = {X fXEV

A otherwise

Of course, we can extend it to the words of arbitrary length using the function
h: (VUT)* — V*, given by:

h(A) =X, h(Xy .. Xp) = hy(X1) - oo - By (Xn).

We remind the reader that T is the set of states from the RL(1) automaton.
Now, it is obvious that

h(Stack2) = h(t11;t2 Sts Ctaety) =; SC e = Stackl

Therefore, the word w is accepted by the parallel algorithm and has the left
syntactic analysis [1,3,5,3,4,7,3,5,3,4,6,6].

5 Conclusions

As it was also described in Example 1.2 the main complexity result of our paper
is Theorem 4.1.

We think that the concept of bidirectional parsing for context free grammars
described in this paper will contribute to a new view for describing compilers
on computers with two processors.

Open problems:

e to find new subclasses of deterministic parallel algorithms for simulating
the bidirectional parsing;

e to estimate more precisely the running time of the deterministic parallel
algorithm presented in Section 4;

e to find further closure properties of the subclasses of the described lan-
guages.

References

[AnK98] Andrei, St., Kudlek, M.: Linear Bidirectional Parsing for a Subclass
of Linear Languages. B-215, Fachbereich Informatik, Universitdt Hamburg,
pp. 1-20 (1998)

[AhUT72] Aho, A.V., Ullman, J.D.: The Theory of Parsing, Translation, and
Compiling. Volume I, II, Prentice Hall, 1972

[Ak197] Akl, S.: Parallel Computation. Models and Methods. Prentice Hall,
1997



56 Bidirectional Parsing for Context Free Languages

[AnG95] Andrei, St., Grigoras, Gh.: Tehnici de compilare. Lucrari de laborator.
Editura Universitatii “Al.1.Cuza”, Tasi, 1995

[Flo63] Floyd, R.W.: Syntactic Analysis and Operator Precedence. Journal of
the ACM 10:3, pp. 316-333 (1963)

[GiR89] Gibbons, A., Rytter, W.: Efficient Parallel Algorithms. Cambrigde
University Press, 1989

[Gri86] Grigorasg, Gh.: Limbaje formale si tehnici de compilare. Editura Uni-
versitatii “Al.I.Cuza”, Iasi, 1986

[Har78] Harrison, M. A.: Introduction to Formal Language Theory. Addison -
Wesley Publishing Company, 1978

[Hay88] Hayes, J.P.: Computer Architecture and Organization, McGraw-Hill
International Editions, 1988

[HoU79] Hopcroft, J.E., Ullman, J.D.: Introduction to Automata Theory, Lan-
guages and Computation. Addison - Wesley Publishing Company, 1979

[Knu65] Knuth, D.E.: On the translation of languages from left to right. Infor-
mation Control, No. 8, pp. 607-639 (1965)

[Knu71] Knuth, D.E.: Top-down analysis. Acta Informatica. No. 1, pp. 79-110
(1971)

[JuA97] Jucan, T, Andrei, St.: Limbaje formale si teoria automatelor. Culegere
de probleme. Editura Universitatii “Al. I. Cuza”, lasi, 1997

[LeS68] Lewis, P.M., Stearns, R.: Syntax-directed transduction. Journal of the
ACM. 15, pp. 464-488 (1968)

[Sal73] Salomaa, A.: Formal Languages. Academic Press. New York, 1973

[Wir65] Wirth, N.: Algorithm 265: Find Precedence Functions. Comm. ACM
8:10, pp. 604-605 (1965)

[Wir68] Wirth, N.: PL360 - a programming language for the 360 computers.
Journal of the ACM 1: pp. 37-44 (1968)

[WiW66] Wirth, N., Weber, H.: Euler - a generalization of Algol and its formal
definition. Parts 1 and 2. Comm. ACM 9: pp. 1-2, 13-23 89-99 (1966)



