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2 Bidire
tional Parsing for Context Free Languagesprevious se
tion. Ten new 
lasses of grammars obtained by 
ombiningthe previous ones are de�ned, using des
endant and as
endant strategies.The membership problem for all these type of grammars 
an be solvedwith a parallel algorithm in linear time.Keywords: 
ontext-free grammars, bidire
tional parsing, parallel al-gorithmsMathemati
s Subje
t Classi�
ation: 68Q22, 68Q50, 68Q52,68Q68.1 The left and right bidire
tional parsersIn this paper we de�ne two parsers whi
h have the main goal to a

ept the
ontext free languages. The idea is similar - but more general - to that of[AnK98℄, The input word is also analysed from the both sides, but the algorithmworks (having two \heads" whi
h operate independently) not only for the 
lassof linear grammars. That is why a parallel approa
h for these sub
lasses ofgrammars 
an be de�ned.Before giving the de�nition of a new kind of parsers for 
ontext free gram-mars, we give a list of de�nitions and notations used in the paper.De�nitions:� 
ontext free grammar: G = (VN ; VT ; S; P ), where:{ VN - the set of nonterminal symbols;{ VT - the set of terminal symbols;{ V = VN [ VT - the set of symbols of G;{ S - the start symbol;{ P � VN � V � - the set of produ
tions. A pair (A; �) 2 P is 
alledan A�produ
tion and it is denoted by A ! �: The produ
tionsA! �1; A! �2; :::; A! �k will be denoted by A! �1 j�2 j ::: j�k(sometimes).� empty word: � (the word of length 0);� derivation in G: � =)G � if 9 A 2 � and A! r 2 P su
h that� = �1A�2; � = �1 r �2; the transitive (re
exive) 
losure of the relation=)G is denoted by +=)G ( �=)G );� a derivation is 
alled left most (denoted by =)lm ) if in every sententialform (using a produ
tion from G) the �rst o

urren
e of a nonterminalsymbol is repla
ed;



Bidire
tional Parsing for Context Free Languages 3� a 
ontext-free grammar G is 
alled ambiguous if there exists a wordw 2 V �T for whi
h there exist at least two distin
t left most derivationsS �=)G w;� X is an a

essible symbol in G if there exists a derivation S �=)G �X�;�; � 2 V �;� A 2 VN is produ
tive if there exists a derivation A �=)G u; with u 2 V �T(the other nonterminal symbols are 
alled useless);� G is a redu
ed grammar if all symbols are a

essible and all nonterminalsymbols are produ
tive;� A 2 VN is left-re
ursive, if there exists a derivation A +=)G A�; � 2 V +;� A 2 VN is right-re
ursive, if there exists a derivation A +=)G � A; where� 2 V +;� G is left (right) re
ursive grammar if there exists a left (right) re
ur-sive symbol A 2 VN ;� the set of sentential forms of the grammar G:S(G) = f� 2 V � j 9 S �=)G �g.� the language of the grammar G: L(G) = fw 2 V �T j 9 S �=)G wg (infa
t, L(G) = S(G) \ V �T );� if � = �1 �2 ::: �k is a word over V , �i 2 V; then e� = �k ::: �2 �1 is 
alledthe reverse (mirror) of �;� let G = (VN ; VT ; S; P ) be a 
ontext-free grammar. Then we denote byeG = (VN ; VT ; S; eP ), where eP = fA ! e� j A ! � 2 Pg; its reverse(mirror) grammar.Notations:� nonterminal symbols: S (start symbol), A, B, ...� terminal symbols: a, b, 
, ...� symbols (terminal or nonterminal): X , Y , ...� terminal words: u, v, x, y, w, ...� words (over terminal and nonterminal symbols): �, �, 
 ...



4 Bidire
tional Parsing for Context Free Languages� derivations: r=)G means that the produ
tion r was applied in G; �=)G refersto a sequen
e of produ
tions (synta
ti
 analysis); 0=)G means that no pro-du
tion has been applied;� let w = w1 w2 ::: wk be a word over V . Then{ (m)w = nwk�m+1 wk�m+2 ::: wk if m � kw otherwise{ w(n) = nw1 w2 ::: wn if n � kw otherwise� N (N+ respe
tively) denotes the set of (stri
t positive) natural numbers.We shall de�ne a devi
e similar to a nondeterministi
 pushdown \trans-du
er". This will be 
alled the general bidire
tional parser atta
hed to the
ontext free grammar G. It s
ans two \input 
hara
ters" (or strings) from leftto right or right to left. It 
an push or pop strings in two sta
ks. The outputtapes provide the synta
ti
al analysis. It returns the value \ACC" or \REJ"depending on whether the input string is a

epted or not.In Se
tion 4, we shall see how a deterministi
 bidire
tional parsers 
an bedesigned (for some sub
lasses of 
ontext free languages).Let G be an arbitrary 
ontext free grammar and eG its reverse. Dependingon how we 
an visit the derivation tree asso
iated to its frontier, labelled byw 2 V �T , we distinguish two strategies:(a) des
endant left to right strategy for G and right to left as
endant strategyfor eG;(b) as
endant left to right strategy for G and right to left des
endant strategyfor eG.These two strategies 
an be depi
ted as:
(a) (b)Figure 1. Strategies for bidire
tional parsingIn the following, we shall present in a formal manner only the situation (a).



Bidire
tional Parsing for Context Free Languages 5De�nition 1.1 Let G = (VN ; VT ; S; P ) be a 
ontext free grammar. LetC�fs1; s2g�f1; 2; :::; jP jg��V �#�#V �T#�V �#�f1; 2; :::; jP jg�[fACC;REJg bethe set of all possible 
on�gurations, where # is a spe
ial 
hara
ter (a new ter-minal symbol). The general left bidire
tional parser (denoted by GBPl(G))is the pair (C0;`), where C0 = f(s1; �; S#;#w#;#; �) j w 2 V �T g � C is 
alledthe set of initial 
on�gurations. The �rst 
omponent is the state, the se
ondand the last 
omponents of a 
on�guration are for storing the partial synta
ti
analysis. The third and the �fth 
omponents are the work - sta
ks (ea
h of whi
hhas at the bottom the marker #). The fourth 
omponent represents the 
urrent
ontent of the input word (with the two markers). The transition relation(`� C � C, sometimes denoted by GBPl(G)) between 
on�gurations is given by:10 Expand-Shift: (s1; �1; A�#;#u b#; �#; �2)`(s1; �1r; Æ�#;#u#; b�#; �2),where r = A! Æ 2 P ;20 Expand-Redu
e: (s1; �1; A�#;#u#; "�#; �2)` (s1; �1r1; Æ�#;#u#; B�#;r2�2), where r1 = A! Æ 2 P and r2 = B ! " 2 P ;30 Redu
e-Shift: (s1; �1; a �#;#a u b#; �#; �2)` (s1; �1; �#;#u#; b �#; �2);40 Redu
e-Redu
e: (s1; �1; a �#;#a u#; " �#; �2) ` (s1; �1; �#;#u#; B �#;r�2), where r = B ! " 2 P ;50 Expand-Stay: (s1; �1; A�#;#u#; �#; �2) ` (s1; �1r; Æ �#;#u#; �#; �2),where r = A! Æ 2 P ;60 Redu
e-Stay: (s1; �1; a �#;#a u#; �#; �2) ` (s1; �1; �#;#u#; �#; �2);70 Stay-Shift: (s1; �1; �#;#u b#; �#; �2) ` (s1; �1; �#;#u#; b �#; �2);80 Stay-Redu
e: (s1; �1; �#;#u#; " �#; �2) ` (s1; �1; �#;#u#; B �#; r�2),where r = B ! " 2 P ;90 Possible-a

ept: (s1; �1; 
1#;##; 
2#; �2) ` (s2; �1; 
1#;##; 
2#; �2);100 Parallel-redu
e: (s2; �1; X
1#;##; X
2#; �2)`(s2; �1; 
1#;##; 
2#; �2);110 A

ept: (s2; �1;#;##;#; �2) ` ACC;120 Reje
t: (s1; �1; �#;#u#; �#; �2) ` REJ and (s2; �1; �#;##; �#; �2) `REJ if no transitions of type 10, 20, ..., 110 
an be applied.The deterministi
 two-sta
k ma
hine ([HoU79℄), whi
h is a deterministi
Turing ma
hine with a read-only input and two storage tapes is known to havethe same power as the usual Turing ma
hines. If a head moves left on eithertape, a blank is printed on that tape.\Lemma 7.3. ([HoU79℄) An arbitrary single-tape Turing ma
hine 
an besimulated by a deterministi
 two-sta
k ma
hine."



6 Bidire
tional Parsing for Context Free LanguagesAnother model equivalent to Turing ma
hines is the two-
ounter ma
hine,whi
h are o�-line Turing ma
hines whose storage is semi-in�nite, and whosealphabets 
ontain only two symbols, Z and B (blank). Furthermore, the symbolZ, whi
h serves as a bottom of sta
k, o

urs initially on the 
ell s
anned by thetape head and may never appear on any other 
ell. An integer i 
an be storedby moving the tape head i 
ells to the right of Z: A stored number 
an bein
remented or de
remented by moving the tape head right or left. It 
an testwhether a number is zero by 
he
king whether Z is s
anned by the head, butwe 
annot dire
tly test whether two numbers are equal.\Theorem 7.9. ([HoU79℄) A two-
ounter ma
hine 
an simulate an arbitraryTuring ma
hine."Our model is in fa
t a two-sta
k ma
hine, the di�eren
es 
onsist in theexisten
e of two heads (instead of only one) whi
h may read the input tape, andtwo output tapes whi
h 
an be a

essed only in write style, and has only twostates. Therefore, our model 
an simulate a Turing ma
hine.This model 
an be depi
ted in the following �gure:
... ... .. .

...
..ControlSta
k1

Input tape
Sta
k2

Output tape2Output tape1Figure 2. General Bidire
tional Parser StyleLemma 1.1 Let G be a 
ontext free grammar. If(1) (s1; �; S#;#u1 u2 u3#;#; �) �GBPl(G) (s1; �1; �#;#u2#; �#; �2)then S �1=)G;lm u1 � and � �2=)G;lm u3.



Bidire
tional Parsing for Context Free Languages 7Proof We pro
eed by indu
tion on the number of transitions (denoted by t).As some notations, t;�GBPl(G) and 10GBPl(G), mean that t transitions, respe
tivelythe transition 10 have been applied.Basis: t = 1. Starting from the initial 
on�guration, we 
an apply transitions10, 50 and 70. Supposing that we apply 10, we obtain:(s1; �; S#;#u1 u2 u3#;#; �) 10GBPl(G) (s1; r; �#;#u1 u2 u03#; a#; �);where r = S ! � 2 P and u3 = u03 a: Therefore S r=)G;lm � and a 0=)G;lm a: Theother 
ases (50, 70) 
an be shown in a similar way.Indu
tive Step: We suppose that the relation (1) is true for at most t transi-tions and prove it for t+ 1 transitions. We know that:(2) (s1; �; S#;#u1 u2 u3#;#; �) t+1;�GBPl(G) (s1; �1; �#;#u2#; �#; �2)We have to prove that S �1=)G;lm u1 � and � �2=)G;lm u3. The last transition in (2)may be of the type 10, 20, ..., 80.I: We suppose that the last transition in (2) is of the form expand-shift. Now,we rewrite (2) into:(s1; �; S#;#u1 u2 u3#;#; �) t;�GBPl(G) (s1; �01; A�2#;#u2 b#; �0#; �2)10GBPl(G) (s1; �1; �#;#u2#; �#; �2); where r = A! �1 2 P; �0r = �1;�1 �2 = �; b �0 = �: A

ording to the indu
tive hypothesis, we obtain:S �01=)G;lm u1A�2 and b �0 = � �2=)G;lm u3:But r = A! �1 is a produ
tion from P , soS �01=)G;lm u1A�2 r=)G;lm u1 �1 �2 = u1 �:II: We suppose that the last transition in (2) is of the form expand-redu
e.Now, we 
an rewrite the initial transition:(s1; �; S#;#u1 u2 u3#;#; �) t;�GBPl(G) (s1; �01; A�2#;#u2#; " �0#; �2)20GBPl(G) (s1; �1; �#;#u2#; �#; �2) where r1 = A! �1 2 P; �01r1 = �1;�1 �2 = �; r2 = B ! " 2 P; B �0 = �; r2�02 = �2: A

ording to the indu
tivehypothesis, we obtain: S �01=)G;lm u1A�2 and " �0 �02=)G;lm u3:



8 Bidire
tional Parsing for Context Free LanguagesBut r1 = A! �1 and r2 = B ! " are produ
tions from P , soS �01=)G;lm u1A�2 r1=)G;lm u1 �1 �2 = u1 � and � = B�0 r2=)G;lm " �0 �02=)G;lm u3III: We suppose that the last transition in (2) is of the form redu
e-shift. Now,we 
an rewrite the initial transition:(s1; �; S#;#u1 u2 u3#;#; �) t;�GBPl(G) (s1; �01; a �2#;#a u2 b#; �0#; �2)30GBPl(G) (�1; �#;#u2#; �#; �2) where b �0 = �. A

ording to the indu
tivehypothesis, we obtain: S �1=)G;lm u01 a� and �0 �2=)G;lm u03where u01 a = u1 and b u03 = u3:Therefore S �1=)G;lm u1 a� = u1 � and � = b�0 �2=)G;lm b u03 = u3:IV:We suppose that the last transition in (2) is of the form redu
e-redu
e. Theinitial transition be
omes:(s1; �; S#;#u1 u2 u3#;#; �) t;�GBPl(G) (s1; �1; a �#;#a u2#; Æ �0#; �02)40GBPl(G) (s1; �1; �#;#u2#; �#; �2) where r = B ! Æ 2 P; B �0 = �; r�02 = �2:A

ording to the indu
tive hypothesis, we obtain:S �1=)G;lm u1 a� and Æ �0 �02=)G;lm u3:where u01 a = u1:Therefore S �1=)G;lm u1 a� = u1 � and � = B�0 r=)G;lm Æ �0 �02=)G;lm u3The other 
ases expand-stay, redu
e-stay, stay-shift, stay-redu
e are similar tothe �rst four transitions. For instan
e, the 
ase expand - stay 
an be solved inthis way:� the expand transitions 
an be treated in the same manner as the situationsI and II;� the stay transitions 
an be solved dire
tly from the indu
tive hypothesis.



Bidire
tional Parsing for Context Free Languages 9Lemma 1.2 Let G be a 
ontext free grammar. If S �1=)G;lm u1 � and � �2=)G;lm u3,where (1)� 2 VN or � = �, then(s1; �; S#;#u1 u2 u3#;#; �) �GBPl(G) (s1; �1; �#;#u2#; �#; �2)Proof By indu
tion on t = j�1j+ j�2j.Basis: We present two initial 
ases (t = 0 and t = 1).� j�1j = 0 and j�2j = 0. Then the hypothesis may be written as S 0=)G;lm S,u3 0=)G;lm u3 and � = u3: Therefore � = S and u1 = �. Applying ju3j stay -shift transitions starting from the initial 
on�guration, we obtain:(s1; �; S#;#u1 u2 u3#;#; �) 70;�GBPl(G) (s1; �; �#;#u2; �#;#; �)� j�1j = 1 and j�2j = 0. Then the hypothesis may be rewritten in S �=)G;lm u1 �and u3 0=)G;lm u3. Therefore u3 = �. Applying an expand - stay transition,starting from the initial 
on�guration, we obtain:(s1; �; S#;#u1 u2 u3#;#; �) 50GBPl(G) (s1; r; u1 �#;#u1 u2 u3#;#; �)Now, we distinguish two 
ases:{ ju1j � ju3j. Then we 
ontinue with ju1j transitions of the form redu
e- shift obtaining the 
on�guration:(s1; r; �#;#u2 u03#; u003#; �); where u03 u003 = u3:Now, we apply ju03j transitions of the form stay - shift and we obtainthe �nal 
on�guration:(s1; r; �#;#u2#; �#; �);{ ju1j < ju3j. Then we 
ontinue with ju3j transitions of the form redu
e- shift obtaining the 
on�guration:(s1; r; u01 �#;#u01 u2#; u3#; �):Now, we apply ju01j transitions of the form redu
e - stay and we obtainthe �nal 
on�guration:(s1; r; �#;#u2#; �#; �):



10 Bidire
tional Parsing for Context Free Languages� j�1j = 0 and j�2j = 1. Then the hypothesis may be written as S 0=)G;lm Sand � r=)G;lm u3. Therefore � = S, u1 = �, � 2 VN and u3 2 V �T . It followsthat we have to apply ju3j transitions of type stay - shift obtaining:(s1; �; S#;#u2#; u3#; �):Now, we apply a transition of type stay - redu
e, obtaining the �nal 
on-�guration: (s1; �; �#;#u2#; �#; r):Indu
tive Step: We have to prove that P (t) ! P (t + 1), where P is a logi
predi
at equivalent to our impli
ation. This means that we distinguish two 
ases(I: �1 = �01 r1 and �2 = �02) and (II: �1 = �01 and �2 = r2 �02).I: Let r1 = A! Æ be the last applied produ
tion in the derivation S �1=)G;lm u1 �.We have S �01=)G;lm u01 �0 = u01A�01 r1=)G;lm u01 Æ �01 = u1 �;where Æ = u001 �001 , �001 �01 = �; u01 u001 = u1. Be
ause (1)�0 2 VN ; we 
an apply theindu
tive hypothesis:(s1; �; S#;#u1 u2 u3#;#; �) �GBPl(G) (s1; �01; �0#;#u001 u2#; �#; �02) == (s1; �01; A�01#;#u001 u2#; �#; �02) 50GBPl(G) (s1; �01 r1; Æ �01#;#u001 u2#; �#; �02)== (s1; �1; u001 �001 �01#;#u001 u2#; �#; �02):Now, by applying ju001 j transitions of type 60, we obtain the 
on�guration(be
ause �001 �01 = � and �02 = �2):(s1; �1; �#;#u2#; �#; �2):II: Let r2 = B ! " be the last applied produ
tion in the derivation � �2=)G;lm u3:Therefore, we have � = u03B �0 r2=)G;lm u03 " �0 �02=)G;lm u3So, be
ause u3 = u03 u003 ; we 
an 
onsider the derivation " �0 �02=)G;lm u003 . Now,applying the indu
tive hypothesis, we get:(s1; �; S#;#u1 u2 u3#;#; �) �GBPl(G) (s1; �01; �#;#u2 u03#; " �0#; �02)80GBPl(G) (s1; �01; �#;#u2 u03#; B �0#; r2 �02): Continuing with ju03j transitions oftype 70, we obtain the 
on�guration (�01 = �1, r2 �02 = �2 and u03B �0 = �):(s1; �1; �#;#u2#; �#; �2):



Bidire
tional Parsing for Context Free Languages 11Theorem 1.1 Let G be a 
ontext free grammar. Thena) (s1; �; S#;#w#;#; �) �GBPl(G) (s1; �1; 
#;##; 
#; �2) i� S �1=)G;lm 
 �2=)G;lm w;b) (s1; �; S#;#w#;#; �) �GBPl(G) (s2; �1;#;##;#; �2) 110GBPl(G) ACC i�S �1�2=)G;lm w:Proofa) Taking in Lemmas 1.1 and 1.2, u1 = u2 = �, u3 = w; � = � = 
:b) The only transition for whi
h we 
an obtain ACC is 110.(=)) Be
ause from state s2 it is impossible to return to state s1, it fol-lows that there exists a 
 2 V � for whi
h (s1; �; S#;#w#;#; �) �GBPl(G)(s2; �1; 
#;##; 
#; �2). A

ording to a), it follows that S �1�2=)G;lm w:((=) Sin
e S �1�2=)G;lm w, it follows that there exists a 
 2 V � for whi
hS �1=)G;lm 
 �2=)G;lm w:A

ording to a), we get(s1; �; S#;#w#;#; �) �GBPl(G) (s1; �1; 
#;##; 
#; �2):Now, applying transition 90, followed by j
j transitions of type 100, and�nally by 110, we obtain the 
on
lusion.For des
ribing the situation (b) from Figure 1, we just \reverse" the generalleft bidire
tional parser (by swit
hing the �rst two 
omponents with the lasttwo 
omponents from the 
on�gurations).De�nition 1.2 Let G = (VN ; VT ; S; P ) be a 
ontext free grammar. LetC � fs1; s2g � f1; 2; :::; jP jg� � #V � � #V �T# � #V � � f1; 2; :::; jP jg� [fACC;REJg be the set of all possible 
on�gurations, where # is a spe
ial
hara
ter (a new terminal symbol). The general right bidire
tional parser(GBPr(G)) is the pair (C0;`), where C0 = f(�;#;#w#;#S; �) j w 2 V �T g � Cis 
alled the set of initial 
on�gurations, and `� C � C is the transitionrelation (sometimes denoted by GBPr(G)) between 
on�gurations given by:10 Shift-Expand: (s1; �1;#�;#b u#;#�A; �2)`(s1; �1;#�b;#u#;#� Æ; �2r),where r = A! Æ 2 P ;



12 Bidire
tional Parsing for Context Free Languages20 Redu
e-Expand: (s1; �1;#�";#u#;#�A; �2) ` (s1; r1�1;#� B;#u#;#� Æ;�2r2), where r1 = B ! " 2 P and r2 = A! Æ 2 P ;30 Shift-Redu
e: (s1; �1;#�;#b u a#;#�a; �2) ` (s1; �1;#� b;#u#;#�; �2);40 Redu
e-Redu
e: (s1; �1;#�";#u a#;#�a; �2) `(s1; r�1;#� B;#u#;#�;�2), where r = B ! " 2 P ;50 Shift-Stay: (s1; �1;#�;#b u#;#�; �2) ` (s1; �1;#� b;#u#;#�; �2);60 Redu
e-Stay: (s1; �1;#� ";#u#;#�; �2) ` (s1; r�1;#� B;#u#;#�; �2);70 Stay-Expand: (s1; �1;#�;#u#;#�A; �2) ` (s1; �1;#�;#u#;#� Æ; �2r),where r = A! Æ 2 P ;80 Stay-Redu
e: (s1; �1;#�;#u a#;#�a; �2) ` (s1; �1;#�;#u#;#�; �2);90 Possible-a

ept: (s1; �1;#
1;##;#
2; �2) ` (s2; �1;#
1;##;#
2; �2);100 Parallel-redu
e: (s2; �1;#
1X;##;#
2X; �2)`(s2; �1;#
1;##;#
2; �2);110 A

ept: (s2; �1;#;##;#; �2) ` ACC;120 Reje
t: (fs1; s2g; �1;#�;#u#;#�; �2) ` REJ if no transitions of type10, 20, ..., 110 
an be applied.We shall show the 
orre
tness of the right general bidire
tional parser.Lemma 1.3 Let G be a 
ontext free grammar. If(3) (s1; �;#;#u1 u2 u3#;#S; �) �GBPr(G) (s1; �1;#�;#u2#;#�; �2)then � �1=)G;rm u1 and S �2=)G;rm �u3.Proof Analogous to the proof of Lemma 1.1, we 
an pro
eed by indu
tion onthe number of transitions.Lemma 1.4 Let G be a 
ontext free grammar. If � �1=)G;rm u1 and S �2=)G;rm �u3,where �(1) 2 VN or � = �, then(s1; �;#;#u1 u2 u3#;#S; �) �GBPr(G) (s1; �1;#�;#u2#;#�; �2):Proof Analogous to the proof of Lemma 1.2, by indu
tion on j�1j+ j�2j.Theorem 1.2 Let G be a 
ontext free grammar. Thena) (s1; �;#;#w#;#S; �) �GBPr(G) (s1; �1;#
;##;#
; �2) i� S �2=)G;rm 
 �1=)G;rm w;b) (s1; �;#;#w#;#S; �) �GBPr(G) ACC i� S �=)G;rm w:



Bidire
tional Parsing for Context Free Languages 13Proof Taking in Lemmas 1.3 and 1.4, u1 = w; u2 = u3 = �; � = � = 
:Example 1.1 Let us 
onsider the 
ontext free grammar given by the produ
tions1: A ! aAB b 2: A ! 
 d 3: B ! BC e 4: B ! f 5: C ! g, and the wordw = a 
 d f g e b: We shall see how the GBPl(G) and GBPr(G) 
an work havingas input the word w (we shall write on the sign ` the asso
iated transitionnumber).For GBPl(G) we obtain:(s1; �; S#;#a 
 d f g e b#;#; �) 10̀ (s1; [1℄; aAB b#;#a 
 d f g e#; b#; �) 30̀(s1; [1℄; AB b#;#
 d f g#; e b#; �) 10̀ (s1; [1; 2℄; 
 dB b#;#
 d f#; g e b#; �) 40̀(s1; [1; 2℄; dB b#;#d f#; C e b#; [5℄) 30̀ (s1; [1; 2℄; B b#;##; f C e b#; [5℄) 80̀(s1; [1; 2℄; B b#;##; B C e b#; [4; 5℄) 80̀ (s1; [1; 2℄; B b#;##; B b#; [3; 4; 5℄) 90̀(s2; [1; 2℄; B b#;##; B b#; [3; 4; 5℄) 100̀ (s2; [1; 2℄; b#;##; b#; [3; 4; 5℄) 100̀(s2; [1; 2℄;#;##;#; [3; 4; 5℄) 110̀ ACCDenoting by �lm the left most derivation obtained by 
on
atenating the lists[1; 2℄ and [3; 4; 5℄, we 
an 
on
lude that w 2 L(G) and S �lm=)G w:For GBPr(G) we obtain:(s1; �;#;#a 
 d f g e b#;#S; �) 10̀ (s1; �;#a;#
 d f g e b#;#aAB b; [1℄) 30̀(s1; �;#a 
;#d f g e#;#aAB; [1℄)10̀ (s1; �;#a
d;#fge#;#aABCe; [1; 3℄)40̀(s1; [2℄;#aA;#fg#;#aABC; [1; 3℄)10̀ (s1; [2℄;#aAf;#g#;#aABg; [1; 3; 5℄)40̀(s1; [2; 4℄;#aAB;##;#aAB; [1; 3; 5℄)90̀ (s2; [2; 4℄;#aAB;##;#aAB; [1; 3; 5℄)100̀ (s2; [2; 4℄;#aA;##;#aA; [1; 3; 5℄) 100̀ (s2; [2; 4℄;#a;##;#a; [1; 3; 5℄) 100̀(s2; [2; 4℄;#;##;#; [1; 3; 5℄) 110̀ ACCDenoting by �rm the right most derivation obtained by 
on
atenating the lists[1; 3; 5℄ and [2; 4℄, we 
an 
on
lude that w 2 L(G) and S �rm=)G w:It is obvious that the parsers GBPl(G) and GBPr(G) are nondeterministi
.For example, if G would 
ontain the produ
tion C ! BC e; then GBPl(G) hasto ba
ktra
k in the following 
on�guration (s1; [1; 2℄; B �#;##; B C e b#; [4; 5℄).The same we 
an say about GBPr(G). If G 
ontains, for example, theprodu
tion C ! f; then we need a ba
ktra
king step at the 
on�guration(s1; [2℄;#aAf;#g#;#aAB g; [1; 3; 5℄).We shall see in se
tions 3, 4 how we 
an avoid these ba
ktra
king steps byde�ning spe
ial sub
lasses of 
ontext free languages (for whi
h we 
an presentdeterministi
 algorithms). Furthermore, these sub
lasses (RL(k), RR(k), SIPand the 
artesian produ
t 
ombinations) are large enough for des
ribing thebehaviour for pra
ti
al 
ompilers.



14 Bidire
tional Parsing for Context Free LanguagesExample 1.2 For the sake of testing the power of the bidire
tional parser model(De�nitions 1.1 and 1.2), we shall allow the reading of two terminal symbolsfrom the input tape (for the left part). Using this additional property, we shalldesign a deterministi
 bidire
tional parser whi
h 
an analyse the 
ontext sensi-tive language L = fan bn 
n j n � 1g: In fa
t, we shall simulate the monotonegrammar given by the following produ
tions ([JuA97℄):1. A! aAB 
 2. A! a b 
 3. 
B ! B 
 4. bB ! b bAs a initial 
on�guration, we take (A#;#w#;#), where w 2 fa; b; 
g� isthe input word. Assuming that the notations u and �; � stand for words (ofany length) over fa; b; 
g; and fa; b; 
; A;Bg respe
tively, the transitions will bethe following:10 (A�#;#a a u#; �#) ` (aAB 
�#;#a a u#; �#)20 (A�#;#a b u#; �#) ` (a b 
 �#;#a b u#; �#)30 (a�#;#a u 
#; �#) ` (�#;#u#; 
 �#)40 (b �#;#b u#; �#) ` (�#;#u#; �#)50 (
 �#;#u#; 
 �#) ` (�#;#u#; �#)60 (B �#;#b u#; �#) ` (b �#;#u#; �#)70 (#;##;#) ` ACC80 (�#;#u#; �#) ` REJ if no transitions of type 10, ..., 70 
an be applied.Obviously, the above bidire
tional parser is deterministi
 be
ause at ea
hstep at most one transition may be applied.Theorem 1.3 The following statement is ful�lled:(A#;#w#;#) �̀ ACC i� 9 n 2 N+; w = an bn 
n su
h that A �=) w:Proof((=) We have to show that (A#;#an bn 
n#;#) �̀ ACC. If n = 1 then(A#;#an bn 
n#;#) 20̀ (a b 
#;#a b 
#;#) 30̀ (b 
#;#b#; 
#) 40̀(
#;##; 
#) 50̀ (#;##;#) 70̀ ACCIf n > 1 we have(A#;#an bn 
n#;#) 10̀ (aAB 
#;#an bn 
n#;#) 30̀(AB 
#;#an�1 bn 
n�1#; 
#) (10;30)�` (A (B 
)n�1#;#a bn 
#; 
n�1#) 20̀(a b 
 (B 
)n�1#;#a bn 
#; 
n�1#) 30̀ (b 
 (B 
)n�1#;#bn#; 
n#) 40̀
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 (B 
)n�1#;#bn�1#; 
n#) 50̀ ((B 
)n�1#;#bn�1#; 
n�1#) 60̀(b 
 (B 
)n�2#;#bn�1#; 
n�1#) (40;50;60)� (#;##;#) 70̀ ACC(=)) We know that (A#;#w#;#) �̀ ACC and we have to show that thereexists n 2 N+; w = an bn 
n and A �=) w:From the initial 
on�guration, we 
an apply only transitions of type 10 or20.If we apply 20; then w = a b u, and we get the 
on�guration (a b 
#;#a b u#;#).We 
an apply only 30, i.e. u = u1 
:We get the 
on�guration (b 
#;#b u0#; 
#).Applying the transition 40, we obtain (
#;#u0#; 
#). The only possiblity toobtain ACC is to apply 50 and get (#;#u0#;#) and from here it is obviousthat u0 = �. Therefore w = a b 
 (n = 1).If we apply 10; then w = a a u, and we obtain (aAB 
#;#a a u#;#). We 
anapply only 30, i.e. u = u1 
: We get the 
on�guration (AB 
#;#a u1#; 
#).Now, again we 
an apply only transitions 10 and 20. But, if we apply 20, thenwe 
annot apply 10 and 20 anymore. So, the general 
on�guration will be (after(n� 2) appli
ations of the transitions 10 and 30, n � 2):(a b 
 (B 
)n�1#;#a u0#; 
n�1#); u1 = an�2 u0 
n�2Be
ause the only transition whi
h 
an be applied is 30; it follows that u0 = u1 
and the next 
on�guration is:(b 
 (B 
)n�1#;#u0#; 
n#):Now, be
ause of the transition 40; it follows that u01 = b v1 and the next 
on�g-uration is: (
 (B 
)n�1#;#v1#; 
n#):The only possiblity is to apply 50: We get:((B 
)n�1#;#v1#; 
n�1#):Now, we 
an apply only 60: It follows the 
on�guration:(b 
 (B 
)n�2#;#v1#; 
n�1#):Continuing in the same manner as above, we �nally obtain:(#;#v01#;#); where v1 = bn�1 v01:Now, the only possibility to get ACC is to have v01 = �:Then w = a a u = a a u1 
 = a a an�2 u0 
n�2 
 = an u01 
n == an b v1 
n = an bn v01 
n = an bn 
n (n � 2)



16 Bidire
tional Parsing for Context Free Languages2 A parallel approa
h for (general) bidire
tionalparsingIn this se
tion, we present a parallel approa
h whi
h is very 
onvenient fordes
ribing the general left and right bidire
tional parsing strategies (Figure 3).

.. ..unit1
Sta
k1and logi
Arithmeti
Output tape1

ControlUnit

i1 i2
Common memory

Pro
essor P2Pro
essor P1
Input tape

.. ..Arithmeti
unit2and logi
Sta
k2 Output tape2

Figure 3. General SIMD Model for Left and Right Bidire
tional ParsingFrom the parallel ar
hite
ture point of view ([Akl97℄), we 
an say that ourmodel is a SIMD (simple instru
tion stream and multiple data stream) 
om-puter. This means, in fa
t, that these two pro
essors P1 and P2 operate underthe 
ontrol of a single instru
tion stream issued by a 
entral 
ontrol unit. Thepro
essors P1, P2 share a 
ommon memory.Related to the analysis of parallel algorithms, the most important measureis running time, i.e. the time elapsed between the time when the �rst pro
essorstarts 
omputing and the moment the last pro
essor ends its 
omputation. Therunning time of a parallel algorithm is usually obtained by 
ounting two kindsof steps: 
omputational steps and routing steps. A 
omputational step is anarithmeti
 or logi
 operation performed on a datum within a pro
essor. In arouting step, on the other hand, a datum travels from one pro
essor to anothervia the shared memory or through the 
ommuni
ation network. For a problemof size n; the parallel worst-
ase running time of an algorithm, a fun
tion of n;
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tly speaking, the running time is also a fun
tion ofthe number of pro
essors. In general, 
omputational steps and routing steps donot ne
essarily require the same number of time units. A routing step usuallydepends on the distan
e between the pro
essors and typi
ally takes a little longerto exe
ute than a 
omputational step.To express lower and upper bounds of the number of steps required forsolving a problem in the worst 
ase, we present some notations. Let f(n) andg(n) be fun
tions from the positive integers to the positive reals:(i) the fun
tion g(n) is said to be of order at least f(n), denoted 
(f(n));if there are positive 
onstants 
 and n0 su
h that g(n) � 
 � f(n) for alln � n0;(ii) the fun
tion g(n) is said to be of order at most f(n), denoted O(f(n));if there are positive 
onstants 
 and n0 su
h that g(n) � 
 � f(n) for alln � n0.For parallel algorithms, we take into 
onsideration two additional fa
tors(not only lower and upper bounds as in sequential 
ase):(i) the model of parallel 
omputation used(ii) the number of pro
essors involvedIn evaluating a parallel algorithm for a given problem, it is quite naturalto do it in terms of the best available sequential algorithm for that problem.Thus a good indi
ation of the quality of a parallel algorithm is the speedup itprodu
es. This is de�ned asSpeedup =worst�
ase running time of fastest known sequential algorithm for the problemworst�
ase running time of parallel algorithmClearly, the larger the speedup, the better the parallel algorithm.The se
ond most important 
riterion in evaluating a parallel algorithm is thenumber of pro
essors it requires to solve a problem. It 
osts money topur
hase, maintain, and run 
omputers. When several pro
essors are present,the problem of maintenan
e, in parti
ular, is 
ompound, and the pri
e paid toguarantee a high degree of reliability rises sharply. Therefore, the larger thenumber of pro
essors an algorithm uses to solve a problem, the more expensivethe solution be
omes to obtain. For a problem of size n, the number of pro
essorsrequired by an algorithm, a fun
tion of n, will be denoted by p(n): Sometimesthe number of pro
essors is a 
onstant independent of n.The 
ost of a parallel algorithm is de�ned asCost = parallel running time� number of pro
essors used:In other words, 
ost equals the number of steps exe
uted simultaneously by allpro
essors in solving a problem in the worst 
ase. This de�nition assumes that
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tional Parsing for Context Free Languagesall pro
essors exe
ute the same number of steps. If it is not the 
ase, then 
ost isan upper bound on the total number of steps exe
uted. For a problem of size n,the 
ost of a parallel algorithm, will be denoted by 
(n) (i.e. 
(n) = t(n)�p(n)).Assume that a lower bound on the number of sequential operations requiredin the worst 
ase to solve a problem is known. If the 
ost of a parallel algorithmfor that problem mat
hes this lower bound to within a 
onstant multipli
ativefa
tor, then the algorithm is said to be 
ost optimal. This is be
ause any parallelalgorithm 
an be simulated on a sequential 
omputer. If the total number ofsteps exe
uted during the simulation is equal to the lower bound, then thismeans that, when it 
omes to 
ost, this parallel algorithm 
annot be improvedupon as it exe
utes the minimum number of steps possible. It may be possible,of 
ourse, to redu
e the running time of a 
ost-optimal parallel algorithm byusing more pro
essors. Similarly, we may be able to use fewer pro
essors, whileretaining 
ost optimality, if we are willing to settle for a higher running time.A parallel algorithm is not 
ost optimal if a sequential algorithm exists whoserunning time is smaller than the parallel algorithm's 
ost. Let 
(T (n)) be alower bound on the number of sequential steps required to solve a problem ofsize n: Then 
(T (n)=N) is a lower bound on the running time of any parallelalgorithm that uses N pro
essors to solve that problem.When no optimal sequential algorithm is known for solving a problem, theeÆ
ien
y of a parallel algorithm for that problem is used to evaluate its 
ost.This is de�ned as follows:EÆ
ien
y =worst�
ase running time of fastest known sequential algorithm for the problem
ost of parallel algorithmUsually, eÆ
ien
y � 1; otherwise a faster sequential algorithm 
an be ob-tained from the parallel one !In the following, we shall present a parallel algorithm whi
h des
ribes thegeneral left bidire
tional parsing strategy. Our algorithm (denoted by(PAR LEFT)) uses the following variables:� w 2 V �T the input word; furthermore, w 
an be stored into lo
al memoriesof that two pro
essors; in that 
ase, the only global variables (belongingto the 
ommon memory) are i1 and i2;� n the length of w;� i1, i2 two 
ounters for the positions of the pointers to w;� is_no_over a boolean variable whi
h takes the true value if pro
essor P2made a redu
e a
tion;� a

ept a boolean variable whi
h takes the true value i� w 2 L(G);� Sta
k1, Sta
k2 two working sta
ks for P1 and P2;� Output_tape1, Output_tape2 the output tapes of P1 and P2 for storingthe synta
ti
 analysis of the input word;



Bidire
tional Parsing for Context Free Languages 19� exit a boolean variable whi
h is true i� P1 or P2 dete
t the non-a

eptan
eof the input word.Of 
ourse, we use some prede�ned pro
edures, su
h as:� pop(Sta
k,top) - the value of top will be the value of the �rst symbolfrom Sta
k; after that the top of Sta
k will be removed;� push(Sta
k,�) - push in the top of Sta
k the values � = �1�2:::�k(� 2 V �; k = j�j); �1 will be the new top of Sta
k;� push(Output_tape,r) - push in the top of Output_tape the value of r.Now, the method of parallel algorithm (PAR LEFT) 
an be presented (wesuppose that the 
ontext free grammar G = (VN ; VT ; S; P ) is already read):beginread(n); read(w); i1:=1; i2:=n; push(Sta
k1, S);a

ept:=false; exit:=false;repeat in parallelif (i1<=i2) then a
tion1(P1);a
tion2(P2);until (i1>=i2) or (exit=true);if (i1>=i2) and (exit=false) then beginis_no_over:=false;while (is_no_over=false) and (exit=false) doif (Sta
k1=Sta
k2) then beginis_no_over:=true;a

ept:=trueendelsea
tion2(P2)end;if (a

ept=true) then beginwrite('w is a

epted and has the left synta
ti
 analysis ');write(Output_tape1, Output_tape2);endelse write('w is not a

epted.');end;It remains to des
ribe the pro
edures a
tion1(P1) and a
tion2(P2).pro
edure a
tion1(P1);beginpop(Sta
k1,top);
ase top of(top2 VT ) and (top=w[i1℄):/* redu
e a
tion */



20 Bidire
tional Parsing for Context Free Languagesif (i1<i2) then i1:=i1+1;top2 VN : begin/* expand a
tion */�nd a produ
tion r : top! � 2 P ;if (there exists an r of this form) then beginpush(Sta
k1,�);push(Output_tape1,r);endendotherwise: beginba
ktra
k step is needed;if (all the ba
ktra
k steps are over) and(still no redu
e or expand a
tion 
ould be made)then exit:=trueendend;pro
edure a
tion2(P2);begin
aseif (9 r= B ! � 2 P; � is in Sta
k2 starting from top) then begin/* redu
e a
tion */pop(Sta
k2, �);push(Sta
k2, B);push(Output_tape2,r);end;if (i2>i1) then begin/* shift a
tion */push(Sta
k2,w[i2℄);i2:=i2-1;end;otherwise: beginba
ktra
k step is needed;if (all the ba
ktra
k steps are over) and(still no redu
e or expand a
tion 
ould be made)then exit:=trueendend;Theorem 2.1 (�niteness of the Algorithm (PAR LEFT))The Algorithm (PAR LEFT) performs a �nite number of steps until termi-nates its exe
ution.Proof Be
ause the input grammar G has a �nite number of produ
tions, thenumber of expand a
tions for P1 and redu
e a
tions for P2 is �nite. For the othera
tions (i.e. redu
e for P1 and shift for P2) we read one 
hara
ter from w. Thus,be
ause w is a �nite word, it follows that the statement repeat-until from the
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tional Parsing for Context Free Languages 21Algorithm (PAR LEFT) has a �nite number of iterations (both pro
essors P1and P2 terminate their exe
ution after a �nite number of steps). Therefore, theAlgorithm (PAR LEFT) performs a �nite number of steps until terminating itsexe
ution.Theorem 2.2 (
orre
tness of the Algorithm (PAR LEFT))For a given G = (VN ; VT ; S; P ) and w 2 V �T as its input, the Algorithm(PAR LEFT) gives the answer 'w is a

epted ...' if w 2 L(G) and 'w is nota

epted.' otherwise.Proof We present an informal proof, Algorithm (PAR LEFT) being in fa
ta des
ription in pseudo
od of GBPl(G) a

ording to De�nition 1.1. More pre-
isely, for showing the 
orre
tness of the parallel Algorithm (PAR LEFT), itsuÆ
es to remark that (PAR LEFT) is \equivalent" to the sequential algorithmasso
iated to the transitions of the general left bidire
tional parser. The only
ase whi
h is not obviously true 
orresponds to the 
ase i1 = i2 (only one letterfrom the input word remains to be read). Then P1 
ould make only expanda
tions, but P2 
ould make both operations, i.e. redu
e and shift a
tions. Thisrestri
tion was imposed for eliminating errors and the deadlo
k. Deadlo
k inthat algorithm is understood in the following sense: both pro
essors wait oneea
h other to \read" the letter. Some errors refer to the fa
t that both pro
es-sors \read" the letter (i.e. P1 makes i1:=i1+1, and P2 makes i2:=i2-1) andthus the 
ontent of that two sta
ks 
ould not be equal, even for the words whi
hbelong to the language of the input grammar.The only situations for the parallel model in whi
h the pro
essors P1 andP2 work or stay are:(i) P1 works, P2 works(ii) P1 stays, P2 works(iii) P1 works, P2 staysIt is obvious that the situation (i) for whi
h a
tion1(P1) and a
tion2(P2)will be 
alled and exe
uted in parallel, is des
ribed in an equivalent way ingeneral left bidire
tional parser by transitions: expand - shift, expand - redu
e,redu
e - shift, redu
e - redu
e. The situation (ii) 
orresponds to stay - shiftand stay - redu
e. The situation (iii) 
orresponds to expand - stay and redu
e- stay. Finally, one of the pro
essors will made the transitions of a

epting andreje
ting the input word. The nondeterministi
 behaviour of the general leftbidire
tional parser is realized in the parallel algorithm by introdu
ing theseba
ktra
k points in a
tion1(P1) and a
tion2(P2). If no ba
ktra
k step 
ouldbe made, then the variable exit is true, so the input word is not a

epted bythe parser (and of 
ourse, it is not in the language of the input grammar).So, the parallel Algorithm (PAR LEFT) is 
orre
t.We 
an say that it is possible to store into lo
al memories of P1 and P2the input word (and deleting it from the 
ommon memory). This does not
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hange the implementation be
ause w is a

essed in a read style. Now, the onlyvariables whi
h are in the 
ommon memory are i1 and i2.Another modi�
ation is to repla
e the variables i1, i2 from the 
ommonmemory, and make a dire
t link from P1 and P2 (and vi
eversa, of 
ourse). Inthat 
ase, we 
an just send to the other pro
essor the value of i1, respe
tivelyi2.We point out a parallel algorithm whi
h des
ribes the general right bidi-re
tional parsing strategy. Be
ause it is similar to the general left bidi-re
tional parsing strategy, we shall des
ribe only the parts where this parallelalgorithms di�er.The parallel algorithm (PAR RIGHT) 
orresponding to the \right" model
an now be given (G = (VN ; VT ; S; P ) is the input 
ontext free grammar):beginread(n); read(w); i1:=1; i2:=n; push(Sta
k2,S);a

ept:=false; exit:=false;repeat in parallela
tion1(P1);if (i2>=i1) then a
tion2(P2);until (i1>=i2) or (exit=true);if (i1>=i2) and (exit=false) then beginis_no_over:=false;while (is_no_over=false) and (exit=false) doif (Sta
k1=Sta
k2) then beginis_no_over:=true;a

ept:=trueendelsea
tion1(P1)end;if (a

ept=true) then beginwrite('w is a

epted and has the left synta
ti
 analysis ');write(Output_tape2, Output_tape1);endelse write('w is not a

epted.');end;The pro
edures a
tion1(P1) and a
tion2(P2) are:pro
edure a
tion1(P1);begin
aseif (9 r= B ! � 2 P; � is in Sta
k1 starting from top) then begin/* redu
e a
tion */pop(Sta
k1,�);push(Sta
k1,B);
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tional Parsing for Context Free Languages 23push(Output_tape1, r);endif (i1<i2) then begin/* shift a
tion */i1:=i1+1;push(Sta
k1,w[i1℄);endotherwise: beginba
ktra
k step is needed;if (all the ba
ktra
k steps are over) and(still no redu
e or expand a
tion 
ould be made)then exit:=trueendend;pro
edure a
tion2(P2);beginpop(Sta
k2,top);
ase top of(top2 VT ) and (top=w[i2℄):/* redu
e a
tion */if (i2>i1) then i2:=i2-1;top2 VN: begin/* expand a
tion */�nd a produ
tion r : top! � 2 P ;if (there exists an r of this form) then beginpush(Sta
k2,�);push(Output_tape2,r);endend;otherwise: beginba
ktra
k step is needed;if (all the ba
ktra
k steps are over) and(still no redu
e or expand a
tion 
ould be made)then exit:=trueendend;Similar results related to the �niteness and 
orre
tness of Algorithm(PAR RIGHT) 
an be shown in analogous way.3 Deterministi
 sub
lasses of 
ontext free gram-marsIn this se
tion we present some important sub
lasses of 
ontext free grammarsfor whi
h there exist deterministi
 algorithms for solving the membership prob-
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omplexity will be O(n), where n is the length of the inputword.Now, we give an important result whi
h establishes the relation between a
ontext free grammar G and its reverse eG:Theorem 3.1 Let G = (VN ; VT ; S; P ) be a 
ontext free grammar and the gram-mar eG = (VN ; VT ; S; eP ) be its reverse. Then, for any A 2 VN , any derivation� 2 f1; 2; :::; jP jg�, we have:A �=)G;lm w 
 i� A �=)eG;rm e
 ewwhere w 2 V �T ; 
 2 VN � V � [ f�g:Proof We shall pro
eed by indu
tion on the number of derivations. The basisof indu
tion (j�j = 1) 
an be obviously obtained. We shall show only the dire
timpli
ation of that equivalen
e.Indu
tive Step: Let A �=)G;lm w 
 be the left most derivation �, (j�j � 1),w 2 V �T , 
 2 VN � V � [ f�g: Be
ause j�j � 1; this means that there exists agrammar produ
tion r su
h that � = �1r: Now, we may rewrite the derivation:A �1=)G;lm w1B 
2 r=)G;lm w 
; r = B ! w2 
1; w1 w2 = w; 
1 
2 = 
:But j�1j < j�j, so applying the indu
tive hypothesis, we obtain:A �1=)G;lm e
2 w e
1Now, be
ause fw1 2 V �T ; we 
ontinue with a right derivation applying in eG theprodu
tion r = B ! e
1 fw2:A �1=)eG;rm e
2B fw1 r=)eG;rm e
2 e
1 fw2 fw1 = e
 ew:The other impli
ation 
an similarly be obtained, so the proof of this theorem is
omplete.3.1 RR(k) grammarsFor presenting RR(k) grammars, we review the de�nition of LL(k) grammarsfrom [LeS68℄ (initially they were 
alled TD(k) grammars).De�nition 3.1 We say that G = (VN ; VT ; S; P ) is a LL(k) grammar (wherek � 0) if for any two distin
t derivations of the form:S �=)lm uA� =)lm u�1 � �=)lm u v1S �=)lm uA� =)lm u�2 � �=)lm u v2for whi
h (k)v1 =(k) v2 then �1 = �2.



Bidire
tional Parsing for Context Free Languages 25The name RR(k) 
omes from: Right to left s
anning of the input 
onstru
t-ing a Rightmost derivation in reverse, using k symbols of lookahead.De�nition 3.2 Let G be a 
ontext free grammar and k be a natural number.We say that G is RR(k) grammar if eG is a LL(k) grammar. A language L isRR(k) if there exists a RR(k) grammar whi
h generates L.As a remark, if G = (VN ; VT ; S; P ) is a RR(0) (redu
ed) grammar, thenfor any A 2 VN , there exists (exa
tly) at most one produ
tion of the formA! � 2 P: Of 
ourse, if G is a redu
ed grammar and RR(0), then its languageis �nite. That is why these grammars have no pra
ti
al interest.In [LeS68℄ is said that RR(k) grammars may be obtained from LL(k) \byreversing the roles of left and right one", but no pre
ise de�nition has beengiven.In order to de�ne a parser forRR(k) grammars, we shall give some de�nitionsand results whi
h are dual to LL(k) grammars.Theorem 3.2 Any RR(k) grammar is unambiguous.Proof Using De�nition 3.2 and a result for LL(k) grammars ([LeS68℄).Theorem 3.3 If G is a right re
ursive grammar, then there exists no naturalnumber k su
h as G is a RR(k) grammar.Proof Using De�nitions 3.1 and 3.2.Theorem 3.4 The RR(k) languages form a stri
t in�nite hierar
hy:RR(0) � RR(1) � RR(2) � ::: � RR(k) � RR(k + 1) � :::Proof Using De�nitions 3.1 and 3.2.Lemma 3.1 There exist 
ontext free languages whi
h are not RR(k) for anynatural number k.Proof By showing that the language L = fan 
 bn; a2n d bn j n � 1g 
annotbe RR(k), for any natural number k.In the following, we shall de�ne a sub
lass of RR(k) grammars (
alledSRR(k)) for whi
h there exists an eÆ
ient 
hara
terization. Furthermore, thesub
lass SRR(1) 
oin
ides with RR(1): First, we shall des
ribe some auxiliarysets of words useful for de�ning the SRR(k) grammars.De�nition 3.3 Let G = (VN ; VT ; S; P ) be a 
ontext free grammar, � 2 V +,A 2 VN and k 2 N+: ThenLASTk(�) = fu 2 V �T j juj � k; � �=) v u; v 2 V �T g;PREV IOUSk(A) = fu 2 V �T j S �=) �A� and u 2 LASTk(�)g:



26 Bidire
tional Parsing for Context Free LanguagesAs a remark, we have to noti
e that for a given nonterminal symbol A; theset PREV IOUSk(A) represents the set of all terminal words of the length lessthan k whi
h may o

ur in sentential forms, in front of the o

urren
e of A: We
an immediately extend the sets LASTk to sets of words in this way:if L � V � then LASTk(L) = [�2LLASTk(�):Furthermore, if � 2 V + and L � V +; we denote �L = f�x j x 2 Lg:De�nition 3.4 A 
ontext free grammar G = (VN ; VT ; S; P ) is SRR(k) if forany A 2 VN and any two produ
tions A! �1, A! �2 the following statementis ful�lled:LASTk(PREV IOUSk(A) � �1) \ LASTk(PREV IOUSk(A) � �2) = ;The asso
iated deterministi
 parser for this sub
lass of grammars 
an nowbe given. We have to mention that it has only one state, so we shall not 
onsiderthe set of states as a 
omponent.De�nition 3.5 Let G = (VN ; VT ; S; P ) be a SRR(k) grammar, where k 2 N:Let C � #V �T � #V � � f1; 2; :::; jP jg� [fACC;REJg be the set of all possible
on�gurations, where # is a spe
ial 
hara
ter (a new terminal symbol). ThePSRRk(G) parser is the pair (C0;`); where C0 = f(#w;#S; �) j w 2 V �T g � Cis 
alled the set of initial 
on�gurations, and `� C � C is the transitionrelation (sometimes denoted by PSRRk(G)) between 
on�gurations given by:10 Expand: (#u;#
 A; �) ` (#u;#
 �; � r) if r = A! � 2 P and#u(k) 2 LASTk(#PREV IOUSk(A) � �);20 Redu
e: (#u a;#
 a; �) ` (#u;#
; �)30 (#;#; �) ` ACC;40 (#u;#
; �) ` REJ if no transitions of type 10; 20 and 30 
an be applied.Theorem 3.5 Let G be a SRR(k) grammar. Then the parser PSRRk(G) isdeterministi
, i.e. for any 
on�guration at most one transition 
an be applied.Proof The expand transitions are deterministi
 a

ording to De�nition 3.4.The rest of the 
on�gurations are obviously distin
t.Theorem 3.6 For any k 2 N+ the 
lass of SRR(k) grammars is stri
tly in-
luded in the 
lass of SRR(k + 1) grammars.Proof It is obvious why a SRR(k) grammar is a SRR(k+1) grammar. On theother hand, the grammar G = (fSg; fag; S; fS ! ak j ak+1g) is a SRR(k + 1)grammar, but not a SRR(k) grammar.
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tional Parsing for Context Free Languages 27Theorem 3.7 Any SRR(k) grammar, where k 2 N, is unambiguous.Theorem 3.8 A right re
ursive grammar is not a SRR(k) grammar, for anyk 2 N+.More generally than the previous result, we 
an say that:Theorem 3.9 Let G = (VN ; VT ; S; P ) be a redu
ed 
ontext free grammar andk 2 N+: Then G is a right re
ursive grammar i� there exists w 2 V �T for whi
hthe parser PSRRk(G) has an in�nite number of 
on�gurations.3.1.1 RR(1) grammarsRR(1) grammars 
an be very useful in pra
ti
e be
ause the auxiliary setsLAST1, PREV IOUS1 (whi
h from now on will be simply denoted by LASTand PREV IOUS) may be 
omputed in polynomial time 
omplexity. A

ordingto De�nition 3.3, we 
an rewrite LAST and PREV IOUS as follows:If � 2 V + and A 2 VN then:LAST (�) = fa j a 2 VT ; � �=) u ag [� f�g if � �=) �; otherwise ;PREV IOUS(A) = fa j a 2 VT [ f�g; S �=) �A�; a 2 LAST (�)g:The next result establishes the equivalen
e between SRR(1) and RR(1) gram-mars.Theorem 3.10 A 
ontext free grammar G = (VN ; VT ; S; P ) is RR(1) i� for anyA 2 VN and any two distin
t produ
tions A ! �1 j�2 the following statementsare ful�lled:LAST (PREV IOUS(A) � �1) \ LAST (PREV IOUS(A) � �2) = ;:Proof A

ording to De�nition 3.2 and a similar result for LL(1) grammars([LeS68℄).For 
omputing the sets LAST and PREV IOUS, we need to de�ne somebinary relations over V � V:De�nition 3.6 Let G be a 
ontext free grammar. We de�ne the following bi-nary relations over V � V :1. X begin A if 9 A! �X � 2 P and � �=) �;2. X end A if 9 A! �X � 2 P and � �=) �;3. X followed_by Y if 9 A! �X � Y 
 2 P and � �=) �;4. X terminal Y if X; Y 2 VT and X = Y ;



28 Bidire
tional Parsing for Context Free Languages5. X nonterminal Y if X; Y 2 VN and X = Y ;6. last=terminal Æend� Æ nonterminal;7. previous=terminal Æend� Æ followed_by Æ(begin�)�1 Æ nonterminal.Theorem 3.11 Let G = (VN ; VT ; S; P ) be a redu
ed 
ontext free grammar anda 2 VT ; X 2 VN : Then the following statements are ful�lled:(i) a 2 LAST (X) i� a lastX ; � 2 LAST (X) i� X �=) �;(ii) a 2 PREV IOUS(X) i� a previousX ; � 2 PREV IOUS(X) i�X begin� S.Example 3.1 Let us 
onsider the grammar given by the following produ
tions:1. S ! E 2. S ! B 3. E ! � 4. B ! a5. B ! bC S e 6. C ! � 7. C ! C S ;First, we 
ompute the null nonterminal symbols, i.e. X 2 VN is a null symbol if9 X �=) �: For our grammar the set of null symbols is fS;E;Cg: We 
omputethe auxiliary binary relations:end= f(E; S); (B;S); (a;B); (e;B); (; ; C)g;end� = idV [ end[f(a; S); (e; S)g;last= f(a;B); (e;B); (; ; C); (a; S); (e; S)g;So, the sets LAST for the nonterminals symbols are:X S E B CLAST fa; e; �g f�g fa; eg f; ; �gWe 
ontinue with the other relations:begin�1 = f(S;E); (S;B); (B; a); (B; b); (C;C); (C; S); (C; ; )g;(begin�1)� Æ nonterminal= idVN [ f(S;E); (S;B); (C; S); (C;E); (C;B)g;followed_by= f(b; C); (b; S); (b; e); (C; S); (C; e); (S; e); (C; ; ); (S; ; )g;previous= f(b; C); (b; S); (b; E); (b; B); (; ; S); (; ; E); (; ; B)g:So, the sets PREV IOUS for the nonterminal symbols are:X S E B CPREV IOUS fb; ; ; �g fb; ; ; �g fb; ; g fb; �gA

ording to Theorem 3.10, we 
he
k if our grammar is RR(1):LAST (PREV IOUS(S) � E) = fb; ; ; ; �g;LAST (PREV IOUS(S) � B) = fa; eg;LAST (PREV IOUS(B) � a) = fag;LAST (PREV IOUS(B) � bC S e) = feg;LAST (PREV IOUS(C) � �) = fb; �g;LAST (PREV IOUS(C) � C S ; ) = f; g;Therefore, G is a RR(1) grammar.



Bidire
tional Parsing for Context Free Languages 29Next, we present the parser atta
hed to a RR(1) grammar.De�nition 3.7 Let G = (VN ; VT ; S; P ) be a RR(1) grammar and LAST ,PREV IOUS the 
orresponding sets of words (de�ned above). We denote byC � #V �T �#V � �f1; 2; :::; jP jg� [fACC;REJg the set of all possible 
on�gu-rations, where # is a spe
ial 
hara
ter (a new terminal symbol). The PRR1(G)parser is the pair (C0;`); where C0 = f(#w;#S; �) j w 2 V �T g � C is 
alledthe set of initial 
on�gurations, and `� C � C is the transition relation(sometimes denoted by PRR1(G)) between 
on�gurations given by:10 Expand: (#u;#
 A; �) ` (#u;#
 �; � r) if r = A! � 2 P and#u(1) 2 LAST (#PREV IOUS(A) � �);20 Redu
e: (#u a;#
 a; �) ` (#u;#
; �)30 (#;#; �) ` ACC;40 (#u;#
; �) ` REJ if no transitions of type 10; 20 and 30 
an be applied.The parser PRR1(G) is similar to a LL(1) parser, but the di�eren
e is thatit s
ans the input word from the end to its start. It 
an push or pop strings inthe sta
k. The output tape will 
ontain the right synta
ti
 analysis. It returns\ACC" or \REJ" depending on whether the input word is a

epted or not.Again the parser has only one state.
Sta
k Control

Input tapea1 an#

Output tape. . r
..

In the following, we shall present a parsing algorithm for RR(1) grammars.



30 Bidire
tional Parsing for Context Free LanguagesThe Algorithm (Parsing-RR(1))Input: The RR(1) grammar G = (VN ; VT ; S; P ), the sets LAST; PREV IOUS
orresponding to the nonterminal symbols and the word w 2 V �T ;Output: The right synta
ti
 analysis if w 2 L(G); otherwise the message: 'wis not a

epted'.Method: It is assumed that we 
an use the following prede�ned pro
edures:� pop(sta
k,top) - the value of top will be the value of the �rst symbolfrom sta
k;� push(sta
k,X) - push in the top of sta
k the value of X;� push(Output_tape,r) - push in the top of Output_tape the value of r.The main program is:beginread(w); push(sta
k,\#S"); i:= jwj+1;a

ept:=false; is_over:=false;put in the input tape the string \#w";repeatpop(sta
k,top);remove the top of the sta
k;if (top2 VN) then begin/* expand a
tion */�nd r=top! � 2 P su
h that w[i℄2 LAST (PREV IOUS(top)�);if (does not exist su
h a produ
tion) thenis_over:=true; /* reje
t a
tion */else beginpush(sta
k,�);push(Output_tape,r);endendelse if (top=w[i℄ and i>1) then/* redu
e a
tion */i:=i-1;else beginis_over:=true;if (top=#) and (i=1) then/* a

ept a
tion */a

ept:=trueend;until (is_over=true);if (a

ept=true) thenwrite('w is a

epted and has the right synta
ti
 analysis ',Output_tape)else write('w is not a

epted.')end.
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tional Parsing for Context Free Languages 31Theorem 3.12 (
orre
tness and 
omplexity of Algorithm (Parsing-RR(1)))Algorithm (Parsing-RR(1)) is 
orre
t and has the time 
omplexity of O(jwj);where w is the input word.Proof The 
orre
tness follows dire
tly from De�nition 3.2 and [LeS68℄. Thenumber of iterations of the 
y
le \repeat... until" is O(m � jwj), where mis a 
onstant depending of G: During an iteration, Algorithm (Parsing-RR(1))makes an expand or a redu
e a
tion. The number of 
onse
utively expanda
tions is �nite be
ause the input grammar is �nite. A redu
e a
tion meansreading a letter from w: Therefore the time 
omplexity of Algorithm (Parsing-RL(0)) is O(jwj):Example 3.2 We re
onsider the grammar from Example 3.1. Let w = b a ; ebe the input word for Algorithm (Parsing-RR(1)). We obtain:(#b a ; e;#S; �) 10̀ (#b a ; e;#B; [2℄) 10̀ (#b a ; e;#bC S e; [2; 5℄) 20̀(#b a ; ;#bC S; [2; 5℄) 10̀ (#b a ; ;#bC E; [2; 5; 1℄) 10̀ (#b a ; ;#bC; [2; 5; 1; 3℄) 10̀(#b a ; ;#bC S ; ; [2; 5; 1; 3; 7℄) 20̀ (#b a;#bC S; [2; 5; 1; 3; 7℄) 10̀(#b a;#bC B; [2; 5; 1; 3; 7; 2℄) 10̀ (#b a;#bC a; [2; 5; 1; 3; 7; 2; 4℄) 20̀(#b;#bC; [2; 5; 1; 3; 7; 2; 4℄) 10̀ (#b;#b; [2; 5; 1; 3; 7; 2; 4; 6℄) 20̀(#b;#b; [2; 5; 1; 3; 7; 2; 4; 6℄) 30̀ ACC. Therefore, w 2 L(G) and the right syn-ta
ti
 analysis for it is � = [2; 5; 1; 3; 7; 2; 4; 6℄: The notation for the terminalsymbols of this grammar 
omes from programming languages:b - begin, e - end, a - statement and ; - end of statement.3.2 RL(k) grammarsFor presenting RL(k) grammars, we review the de�nition of LR(k) grammars([Knu65℄).De�nition 3.8 We say that G = (VN ; VT ; S; P ) is a LR(k) grammar (wherek � 0) if for any two distin
t derivations of the form:S �=)rm �Au =)rm �� uS �=)rm �0 A0 u0 =)rm �0 �0 u0 = �� vfor whi
h (k)u =(k) v then � = �0, A = A0 and � = �0.The name RL(k) 
omes from: Right to left s
anning of the input 
onstru
t-ing a Leftmost derivation in reverse, using k symbols of lookahead.De�nition 3.9 Let G be a 
ontext free grammar and k be a natural number.We say that G is a RL(k) grammar if eG is a LR(k) grammar. A language Lis RL(k) if there exists a RL(k) grammar whi
h generates L.



32 Bidire
tional Parsing for Context Free LanguagesAt the end of the paper [Knu65℄ there has been presented an example of aRL(0) grammar, but the only \de�nition" for RL(0) grammars was that theseare obtained from LR(0) by a \asymmetri
 property". Later, in [Knu71℄, theauthor has referred again to RL(k) and RR(k) grammars in an informal way,too.In order to de�ne a parser for RL(k) grammars, we shall again need somede�nitions and results whi
h are dual to LR(k) grammars.Theorem 3.13 Any RL(k) grammar is unambiguous.Proof Using De�nition 3.9 and a similar result for LR(k) grammars.Theorem 3.14 ([Knu65℄) There exist RL(0) languages whi
h 
annot be LR(k)languages.Proof Let G be the grammar:S ! A
 jB A! aA b b j a b b B ! aB b j a bObviously, G is a RL(0) grammar be
ause eG is a LR(0) grammar. We observethat L(G) = fan b2n 
; an bn j n � 1g is not a deterministi
 
ontext free lan-guage. But ([Knu65℄) a 
ontext free language 
an be generated by a LR(k)grammar if and only if it is deterministi
. So, we 
annot �nd an equivalentLR(k) grammar to G:3.2.1 RL(0) grammarsDe�nition 3.10 Let G = (VN ; VT ; S; P ) be a 
ontext free grammar and =2 V anew symbol (
alled point). An RL(0) item for G is a 
onstru
tion A! �1 �2;where A! �1�2 2 P . The set of all items of G is denoted by I(G):Example 3.3 For the produ
tion S ! x1 x2 ::: xn there exist n+1 items, su
has: S ! x1 x2 ::: xn ; S ! x1 x2 ::: xn�1 xn; ::: S ! x1 x2 ::: xnDe�nition 3.11 An RL(0) item by the form A! � is 
alled 
omplete, i.e.the point is at the beginning of the produ
tion.De�nition 3.12 A viable suÆx for G is a word 
 2 V � for whi
h there existsa derivation S �=)lm uA� =)lm u��, and 
 is a suÆx for � � (i.e. there exists
0 2 V � su
h that � � = 
0 
).Example 3.4 Let us 
onsider the left derivation:A =) aAB =) a 
 dBA

ording to De�nition 3.12, the viable suÆxes for a 
 dB are �; B, dB, 
 dBand a 
 dB:



Bidire
tional Parsing for Context Free Languages 33De�nition 3.13 An item A ! �1 �2 is valid for the viable suÆx 
 if thereexists a derivation: S �=)lm uA� =)lm u�1 �2 � and 
 = �2 �The set of all valid items for the viable suÆx 
 is denoted by I(
).Example 3.5 Let us 
onsider the grammar:A! aAB j 
 d B ! b e j fFor the suÆx \�", there are several valid items, su
h as:A! aAB ; A! 
 d ; B ! b e ; B ! fFor the suÆx \d", there is only one valid item: A! 
 d:For the suÆx \b e", there is only one valid item, too: B ! b e:Theorem 3.15 (
hara
terization of RL(0) grammars)A redu
ed grammar G = (VN ; VT ; S; P ) (and in whi
h S does not appear inthe right side of the produ
tions) is RL(0) if and only if for all viable suÆxes
; the set of all valid items for 
 (denoted by I(
)) satis�es the 
onditions:(i) I(
) 
ontains no two (or more than two) distin
t 
omplete items;(ii) if A! � 2 I(
) then I(
) 
ontains no item of the formB ! �1 a �2; a 2 VT :Proof Similar to the 
orresponding proof for LR(0) grammars ([Knu65℄).Theorem 3.16 Let G be a redu
ed 
ontext free grammar. The set of all viablesuÆxes of the grammar G (generally an in�nite set) is a regular language.Proof Similar to the 
orresponding proof for LR(0) grammars [Knu65℄.We present only the idea. Starting from the redu
ed 
ontext free grammarG = (VN ; VT ; S; P ), we shall 
onstru
t a nondeterministi
 �nite automaton with��transitions whi
h a

epts the set of all viable suÆxes. LetM = (I; V; Æ; q0; I)be an automaton for whi
h:� I = fq0g [ fA! �1 �2 j A! �1�2 2 Pg� Æ is de�ned as follows:(i) Æ(A! �1B �2; �) = fB ! � j B ! � 2 Pg;(ii) Æ(A! �1X �2; X) = fA! �1 X �2g;(iii) Æ(A! �a �; �) = Æ(A! �X �; Y ) = ;; Y 2 VN ; X 6= Y; a 2 VT :We put q0 as a notation for the initial state, whi
h is in fa
t the item S0 ! S .Here S0 is a new symbol and S0 ! S is a new produ
tion. Sometimes, if S doesnot o

ur on the right side of the grammar produ
tions, we may 
hoose S0 = S(in that 
ase, the \initial state" will be a set of items of the form S ! � ; whereS ! � 2 P ).
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tional Parsing for Context Free LanguagesExample 3.6 Let us 
onsider the 
ontext free grammar G given by the produ
-tions: S ! aAd j bAB; A! 
A j 
; B ! bWe shall 
onstru
t the equivalent automaton M with ��transitions. Then we
he
k if G is a RL(0) grammar using Theorem 3.15. The two 
onditions fromTheorem 3.15 may be translated in the automaton graph into:(i) the automaton graph 
ontains no two verti
es A! �; B ! �(A ! � 6= B ! �), su
h that the paths from q0 to these verti
es arelabelled with the same word;(ii) the automaton graph 
ontains no two verti
es A ! �; B ! �1 a �2;a 2 VT su
h that the paths from q0 to these verti
es are labelled with thesame word. S'!S. S!bAB. B!b.S!aAd.S!aA.d S'!.S S!bA.B B!.bS!a.Ad A!
A. A!
. S!b.ABS!.aAd A!
.A A!.
 S!.bABa A b
A!.
A

�d S B
A
 
 bA

� ���
Figure 4. The automaton with �-transitions of viable suÆxes

� �� �
We 
an observe that the graph of the automaton M satis�es the previous
onditions (i) and (ii), so G is a RL(0) grammar.However, the 
onditions presented in Example 3.6 are hard to 
he
k onthis automaton with ��transitions. We may atta
h an equivalent deterministi
automaton M 0 = (T; V; Æ0; t0; T ), where T � 2I (one state for the deterministi
automaton is a subset of items), t0 
ontains all items a

essible fromq0 = S0 ! S using ��transitions, and Æ0 : T � V ! T is partially de�ned.But M a

epts the set of all viable suÆxes and A! �1 �2 2 Æ(qo; 
) if andonly if A! �1 �2 is valid for 
: This implies (inM 0) that a state t 2 T 
ontainsexa
tly all valid items for a 
ertain viable suÆx. Therefore, the two 
onditionsabove (for de
iding if G is a RL(0) grammar) 
an be rewritten as:(i) any state t 2 T 
ontains at most a 
omplete item;
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h 
ontains a 
omplete item, t must 
ontain noitem in whi
h a terminal symbol is followed by .These two 
onditions are easy to 
he
k for M 0. In the following, we shallindi
ate the way of 
onstru
tingM 0 (
alled the RL(0) automaton of grammarG). First, we shall des
ribe a fun
tion, 
alled 
losure, whi
h has as input a setof items t and returns in the output all states (set of items) a

essible from twith ��paths. The Algorithm (Closure)Input: G = (VN ; VT ; S; P ) a 
ontext free grammar and t � I a set of items;Output: 
losure(t) = ft00 2 I j Æ(t; �) = t00g (T is a notation for a subset of I);Method:fun
tion 
losure(t):T;begint':=t; flag:=true;while (flag=true) do beginflag:=false;for (all A! �B � 2t') dofor (all B ! 
 2 P) doif (B ! 
 =2t') then begint':=t'[fB ! 
 g;flag:=trueendend;return(t');end;Lemma 3.2 Let M = (I; V; Æ; q0; I) be the automaton with ��transitions asso-
iated to grammar G and let t � I be a set of items. Then, using Algorithm(Closure) we obtain as output 
losure(t) = ft00 2 I j Æ(t; �) = t00g:Now, we are ready to indi
ate an algorithm for 
onstru
ting the RL(0) au-tomaton for grammar G:The Algorithm (RL(0)-Automaton)Input: G = (VN ; VT ; S; P ) a 
ontext free grammar (augmented with the pro-du
tion S0 ! S);Output: M 0 = (T; V; Æ0; t0; T ) a deterministi
 automaton equivalent to M ;Method:begint0:=
losure(S0 ! S ); T:= ft0g; mar
at[t0℄:=false;while (9t 2 T and not(mar
at[t℄)) do beginfor (all X 2 V ) do begin
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tional Parsing for Context Free Languagest0:=;;for (all A! �X � 2 t) do t0:=t0 [ fA! � X�g;if (t0 6= ;) then begint0:=
losure(t0);if (t0 =2 T) then beginT:=T [ ft0g;mar
at[t0℄:=false;end;Æ0(t;X):=t0;endend;mar
at[t℄:=true;endend;Lemma 3.3 The Algorithm (RL(0)-Automaton) is 
orre
t, i.e. M 0 is a deter-ministi
 automaton equivalent to M:Example 3.7 We 
onsider the same grammar as in Example 3.6. Using Algo-rithm (RL(0)-Automaton) we shall 
onstru
t the deterministi
 automaton M 0(we shall number the states of the automaton M 0 in a breadth �rst sear
h man-ner):
t0

S'!.St1
t2

t4 t3
t5t6
t7

t8t9
t10b Bd

S A

A b


aS'!S.S!aAd.S!bAb.B!b.B!.b

S!aA.dA!
A.A!
.
A!bA.BA!
A.A!
.

S!a.AdA!
.AA!.
S!b.ABA!
.A

S!.aAdA!.
A
S!.bABNow, 
he
king the asso
iated 
onditions forM 0; we 
an say that G is a RL(0)grammar.Example 3.8 Let us 
onsider the grammarG = (fS;Ag; fag; S; fS ! A; A! Aa j ag):
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 automaton M 0 
orresponding to G is:S!A.A!Aa.A!a.t0
S!.At1A!A.aA!.aA!Aa.A!a.t2 A!.AaA

a Aa t3We 
an see that the state t2 does not satisfy the 
onditions for RL(0) gram-mars be
ause it 
ontains the 
omplete item A ! a and the item A ! Aa inwhi
h the terminal a is followed by .We 
an adapt the LR(0) language 
hara
terization theorem to 
hara
terizeRL(0) languages (Theorem 13.3.1, [Har78℄).Theorem 3.17 (RL(0) language 
hara
terization theorem)Let L � ��; where � is an arbitrary alphabet. The following four statementsare equivalent:a) L is an RL(0) language;b) eL � �� is a deterministi
 
ontext free language and for all x 2 �+;w; y 2 ��; if w 2 eL; wx 2 eL, and y 2 eL; then yx 2 eL;
) there exists a deterministi
 pushdown automaton A=(Q;�;�; Æ; q0; Z0; F ),where F = fqfg and there exists Zf 2 � su
h thateL = T (A;Zf ) = T (A;�) = fw 2 �� j (q0; w; Z0) �̀ (qf ; �; Zf )g;d) there exist stri
t deterministi
 languages L0 and L1 su
h that eL = L0L�1:Next, we present the parser atta
hed to a RL(0) grammar.De�nition 3.14 Let G = (VN ; VT ; S; P ) be a RL(0) grammar andM 0 = (T; V; Æ0; t0; T ) the 
orresponding deterministi
 automaton. We denote byC � #V �T � (T � VT )�t0 � f1; 2; :::; jP jg� [fACC;REJg the set of all possible
on�gurations, where # is a spe
ial 
hara
ter (a new terminal symbol). TheRL(0) parser (denoted by PRL0(G)) is the pair (C0;`); where the setC0 = f(#w; t0; �) j w 2 V �T g � C is 
alled the set of initial 
on�gurations, and`� C � C is the transition relation (sometimes denoted by PRL0(G)) between
on�gurations given by:
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tional Parsing for Context Free Languages10 Shift: (#u a; t �; �) ` (#u; t0 a t �; �) if Æ0(t; a) = t0;20 Redu
e: (#u; t0 � t �; �) ` (#u; t00A t �; r �) if A ! � 2 t0; j�0 t0j = j�j;r = A! �; t00 = Æ0(t; A);30 A

ept: (#; �; �) ` ACC if S0 ! A 2 t1;40 Reje
t: (#u; �; �) ` REJ if no transitions of type 10; 20 and 30 
an beapplied.The parser PRL0(G) is similar to the LR(0) parser, but the di�eren
e is thatit s
ans the input word from the end to its start. It 
an push or pop stringsin the sta
k using Æ0 a

ording to automaton M 0: The output tape will 
ontainthe left synta
ti
 analysis. It returns \ACC" or \REJ" depending on whetherthe input word is a

epted or not.

Output tape
Sta
k Control M 0

Input tapea1 an#
tm
t0 r
..

. .

. .In the following, we shall present the parsing algorithm for RL(0) grammars.The Algorithm (Parsing-RL(0))Input: The RL(0) grammar G = (VN ; VT ; S; P ), the 
orresponding automatonM 0 = (T; V; Æ0; t0; T ), and the word w 2 V �T ;Output: The left synta
ti
 analysis if w 2 L(G); otherwise the message: 'w isnot a

epted'.Method: It is assumed that we 
an use the following prede�ned pro
edures:� pop(sta
k,top) - the value of top will be the value of the �rst symbolfrom sta
k (without removing the top of the sta
k);
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k,X) - push in the top of sta
k the value of X;� push(Output_tape,r) - push in the top of Output_tape the value of r.The main program is:beginread(w);push(sta
k,t0);i:=jw j+1;a

ept:=false;is_over:=false;put in the input tape the string \#w";repeatpop(sta
k,t);if (Æ0(t,w[i℄)6= ; then begin/* shift a
tion */push(sta
k,w[i℄);push(sta
k,Æ0(t,w[i℄));i:=i-1;endelseif (A! X1X2 ::: Xm 2t) then beginif (A = S0) then begin/* a

ept a
tion */push(Output_tape,S0! X1X2 ::: Xn);is_over:=true;a

ept:=trueend;else begin/* redu
e a
tion */remove the �rst 2 �m symbols from the sta
k;pop(sta
k,t');t":=Æ0(t',A);push(sta
k,A);push(sta
k,t");push(Output_tape,A! X1X2 ::: Xn)endendelse is_over:=true /* reje
t a
tion */until (is_over=true);if (a

ept=true) thenwrite('w is a

epted and has the left synta
ti
 analysis ', Output_tape)else write('w is not a

epted.')end.Theorem 3.18 (
orre
tness and 
omplexity of Algorithm (Parsing-RL(0)))Algorithm (Parsing-RL(0)) is 
orre
t and has the time 
omplexity of O(jwj);where w is the input word.
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tional Parsing for Context Free LanguagesProof The 
orre
tness follows dire
tly from De�nition 3.9 and [Knu65℄. Thenumber of iterations of the 
y
le \repeat... until" is O(m � jwj), where mis a 
onstant depending of G: During an iteration, Algorithm (Parsing-RL(0))makes a shift or a redu
e a
tion. The number of 
onse
utively redu
e a
tions is�nite be
ause the input grammar is �nite. A shift a
tion means reading a letterfrom w: So the time 
omplexity of Algorithm (Parsing-RL(0)) is O(jwj):Example 3.9 We re
onsider the grammar from Examples 3.6 and 3.7. Letw = b 
 
 b be the input word for Algorithm (Parsing-RL(0)). We obtain:(#b 
 
 b; t0; �) 10̀ (#b 
 
; t4 b t0; �)20̀ (#b 
 
; t3B t0; [5℄)10̀ (#b 
; t6 
 t3B t0; [5℄)20̀(#b 
; t7A t3B t0; [4; 5℄) 10̀ (#b; t9 
 t7A t3B t0; [4; 5℄)20̀ (#b; t7A t3 B t0; [3; 4; 5℄)10̀ (#; t10 b t7A t3B t0; [3; 4; 5℄) 20̀ (#; t1 S t0; [2; 3; 4; 5℄) 30̀ ACCTherefore, w 2 L(G) and the left synta
ti
 analysis for it is � = [2; 3; 4; 5℄:3.2.2 SRL(1) grammarsSometimes, for a given 
ontext free grammarG whi
h is not an RL(0) grammar,the 
on
i
ts redu
e - redu
e, redu
e - shift from the RL(0) automaton 
anbe solved. In this sense, we shall de�ne simple RL(1) grammars (denoted bySLR(1)).De�nition 3.15 The 
ontext free grammar G = (VN ; VT ; S; P ) is SRL(1) if forany state t 2 T from the RL(0) automaton M 0 = (T; V; Æ; t0; T ), the followingstatements are ful�lled:(i) if A! � 2 t and B ! � 2 t thenPREV IOUS(A) \ PREV IOUS(B) = ;;(ii) if A! � 2 t and B ! � a 
 2 t then a =2 PREV IOUS(A):Next, we shall de�ne a relation ACTION : T ! VT [f#g (sometimes 
alledSRL(1)-table), whi
h has the goal to de
ide the removing of the 
on
i
ts redu
e- redu
e, redu
e - shift. This relation is 
onstru
ted using the RL(0) automatonand the sets PREV IOUS by the following algorithm:The Algorithm SRL(1)-table:Input: The 
ontext free grammar G = (VN ; VT ; S; P ), the RL(0) automatonM 0 = (T; V; Æ; t0; T ), the sets PREV IOUS(A); 8 A 2 VN :Output: The relation ACTION(t; a); 8 t 2 T; 8 a 2 VT [ f#g:Method:beginfor (all t 2 T ) do beginfor (all A! � 2 t and A 6= S0) do beginfor (a 2 PREV IOUS(A)) doACTION(t; a):=redu
er; where r = A! � 2 P;
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tional Parsing for Context Free Languages 41if (� 2 PREV IOUS(A)) thenACTION(t;#):=redu
er; where r = A! � 2 Pend;for (all B ! � a 
 2 t; a 2 VT ) doACTION(t; a):=shiftk; where tk = Æ(t; a);if (S0 ! S 2 t) thenACTION(t;#):=ACCr ; where r = S0 ! S 2 Pendend.It is obvious to remark that if the relation ACTION is well de�ned, i.e.jACTION(t; a)j � 1; 8 t 2 T; 8 a 2 VT , then the two 
onditions from De�nition3.15 are ful�lled (so G is a SRL(1) grammar), and vi
eversa.In the following, we present the SRL(1) parsing algorithm. Be
ause it issimilar to (Parsing-RL(0)) Algorithm, we present only the main program:The Algorithm (Parsing-SRL(1))beginread(w);push(sta
k,t0);i:=jw j+1;a

ept:=false;is_over:=false;put in the input tape the string \#w";repeatpop(sta
k,t);if (ACTION(t,w[i℄)= ACCr) then begin/* a

ept a
tion */push(Output_tape,r);is_over:=true;a

ept:=trueendelseif (ACTION(t,w[i℄)= shiftk then begin/* shift a
tion */push(sta
k,t_k);i:=i-1;endelseif (ACTION(t,w[i℄)= redu
er then begin/* redu
e a
tion */let A! � be the produ
tion r;remove the �rst j�j symbols from the sta
k;pop(sta
k,t');push(sta
k,Æ(t0; A));push(Output_tape,r)endelse is_over:=true /* reje
t a
tion */
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tional Parsing for Context Free Languagesuntil (is_over=true);if (a

ept=true) thenwrite('w is a

epted and has the left synta
ti
 analysis ', Output_tape)else write('w is not a

epted.')end.Theorem 3.19 (
orre
tness and 
omplexity of Algorithm (Parsing-SRL(1)))Algorithm (Parsing-SRL(1)) is 
orre
t and has the time 
omplexity O(jwj);where w is the input word.Proof Using De�nition 3.15, the 
onstru
tion of ACTION and following thesame pro
edure as in the proof of Theorem 3.18.Example 3.10 Let us 
onsider the 
ontext free grammar G whi
h generates thearithmeti
 expressions over the operations +; �:E0 ! E E ! T + E jT T ! F � T jF F ! (E ) j idIt 
an be 
he
ked that G is not a RL(0) grammar, but it is a SRL(1) grammar.3.2.3 RL(1) grammarsDe�nition 3.16 Let G = (VN ; VT ; S; P ) be a 
ontext free grammar. An RL(1)item for G is a pair (a;A ! � �), where A ! � � is an RL(0) item, anda 2 PREV IOUS(A) (if � 2 PREV IOUS(A); then a = #).De�nition 3.17 A viable suÆx for G is a word 
 2 V � for whi
h there existsa derivation S �=)lm uA� =)lm u�1 �2 �; and 
 is a suÆx for �1 �2 �: The item(a;A ! �1 �2) is 
alled valid for the viable suÆx �2 � if a = u(1) (if u = �then a = #). The set of all valid items for 
 is denoted by I(
).Theorem 3.20 (
hara
terization of RL(1) grammars)A redu
ed grammar G = (VN ; VT ; S; P ) is a RL(1) grammar if and only iffor any viable suÆx 
; there exist no two distin
t LR(1) items valid for 
 by theform:(a;A! �); (b; B ! �1 �2 
) where �(1)1 =2 VN and a 2 LAST (b �1)Using a way similar to the RL(0) grammars, for des
ribing the so 
alledRL(1) automaton, we need to give a fun
tion 
alled 
losure(I). This 
omputesall the valid items for the same suÆx 
 (starting from a given set of valid items).fun
tion 
losure(I):T; /* T is a notation for a subset of valid items */beginI':=I; flag:=true;while (flag=true) do beginflag:=false;for (all (a;A! �B �) 2 I 0) dofor (all B ! 
 2 P ) do
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 ) =2 I 0) do beginI 0:=I 0 [ f(B ! 
 ; b)g;flag:=trueendend;return(I');end.Now, we are ready to present an algorithm for 
onstru
ting the RL(1) au-tomaton for grammar G:The Algorithm (RL(1)-Automaton)Input: G = (VN ; VT ; S; P ) a 
ontext free grammar (augmented with the pro-du
tion S0 ! S);Output: M = (T; V; Æ; t0; T ) the RL(1) deterministi
 automaton;Method:begint0:=
losure((#; S0 ! S )); T:= ft0g; mar
at[t0℄:=false;while (9t 2 T and not(mar
at[t℄)) do beginfor (all X 2 V ) do begint0:=;;for (all (a;A! �X �) 2 t) do t0:=t0 [ f(a;A! � X�)g;if (t0 6= ;) then begint0:=
losure(t0);if (t0 =2 T) then beginT:=T [ ft0g;mar
at[t0℄:=false;end;Æ0(t;X):=t0;endend;mar
at[t℄:=true;endend;Lemma 3.4 The automaton M given in the output of Algorithm (RL(1)-Automaton) is deterministi
 and equivalent (i.e. a

epts) to the set of viablesuÆxes of the input grammar G: Furthermore, for any 
 viable suÆx, Æ(to; 
)represents the set of all valid RL(1) items for 
:Example 3.11 The 
ontext free grammar given by the produ
tionsS ! R = L jR; L! R � j a;R! Lis not a SRL(1) grammar, but it is a RL(1) grammar.
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tional Parsing for Context Free LanguagesRelated to the synta
ti
 algorithm for RL(1) grammars, we 
an say that itis the same with the 
orresponding algorithm for SRL(1) grammar. The onlypossible di�eren
e is the way of 
onstru
ting the RL(1)-table.The Algorithm RL(1)-table:Input: The 
ontext free grammar G = (VN ; VT ; S; P ), the RL(1) automatonM = (T; V; Æ; t0; T );Output: The relation ACTION(t; a); 8 t 2 T; 8 a 2 VT [ f#g:Method:beginfor (t 2 T ) do beginif ((b; A! �a �) 2 t) thenACTION(t; a):=shiftk; where tk = Æ(t; a);if ((a;A! �) 2 t) thenACTION(t; a):=redu
er; where r = A! � 2 P;if ((#; A! �) 2 t and A 6= S0) thenACTION(t;#):=redu
er; where r = A! � 2 P;if ((#; S0 ! S) 2 t) thenACTION(t;#):=ACCr ; where r = S0 ! S 2 P;for (all a 2 VT [ f#g) doif (ACTION(t; a) = ;) then ACTION(t; a) = REJendend.In the next subse
tion we shall see that in some 
ases the dimension ofthe 
orresponding automaton will be the same as the dimension of the RL(0)-automaton. This sub
lass is 
alled LARL(1) grammars (Look Ahead RL(1)).3.2.4 LARL(1) grammarsIn the RL(1) automaton it may happen that some states have the same values onthe �rst 
omponent of RL(1) items. So, these states are somehow \equivalent".De�nition 3.18 Let t be a state from the RL(1) automaton 
orresponding tothe 
ontext free grammar G: The kernel of this state (denoted by Ker(t)) is theset of RL(0) items whi
h 
orresponds to the �rst 
omponent of t, i.e.Ker(t) = fA! �1 �2 j 9 (a;A! �1 �2) 2 tg:Example 3.12 Ker(f(a;A ! �1 �2); (b; A ! �1 �2); (
; B ! �1 �2)g) isthe set fA! �1 �2; B ! �1 �2g:De�nition 3.19 Two states t1; t2 of an RL(1) automaton 
orresponding to a
ontext free grammar G are 
alled equivalent if they have the same kernel, i.e.Ker(t1) = Ker(t2).
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tional Parsing for Context Free Languages 45Be
ause every state of a RL(1) automaton is a set of RL(1) items, we may
onsider the union of two states. Let t1 = f(fa; bg; A! �1 �2)g andt2 = f(a;A! �1 �2)g be two states. Obviously t1 [ t2 = t1 (be
ause t2 � t1).If t3 = f(b; A! �1 �2)g then t2 [ t3 = t1:De�nition 3.20 Let G = (VN ; VT ; S; P ) be a RL(1) grammar andM = (T; V; Æ; t0; T ) the 
orresponding RL(1) automaton. We say that G is aLARL(1) grammar if for any pair of equivalent states (t1; t2), where t1; t2 2 T ,the state t1 [ t2 does not 
ontain 
on
i
ts (i.e. redu
e - redu
e, redu
e - shift).All the algorithms related to LARL(1) grammars are similar to the 
orre-sponding algorithms 
on
erning RL(1) grammars. The only di�eren
e 
on
ernsthe algorithm for 
onstru
ting the LARL(1) automaton. The following addi-tional 
omments have to be presented.First, we 
ompute the RL(1) automaton M = (T; V; Æ; t0; T ) for the RL(1)grammar G = (VN ; VT ; S; P ), where for instan
e T = ft0; t1; :::; tng: By deter-mining the equivalent states and making the union operation, we obtain a newset of states, denoted by T 0 = fs0; s1; :::; smg; where m � n: Now, if T 0 
ontainsstates with 
on
i
ts, then we say that G is not a LARL(1) grammar. Other-wise, we 
ompute the automaton M 0 = (T 0; V; Æ0; s0; T 0) in this way. Let s bean arbitrary state whi
h belongs to T 0: Then:� if s 2 T then Æ0(s;X) = Æ(s;X); 8 X 2 V ;� otherwise (s 2 T 0 � T ), s = t1 [ t2 [ ::: [ tk (k � 2) then 8 X 2 V; thestates Æ(t1; X); Æ(t2; X); ..., Æ(tk; X) have the same kernel be
ause t1; t2;..., tk have the same kernel. Let s0 2 T 0 be the state whi
h has the samekernel as Æ(t1; X). Now, we de�ne Æ0(s;X) = s0:The LARL(1) table 
an now be 
omputed with Algorithm RL(1)-table, butof 
ourse, repla
ing Æ with Æ0:3.3 SIP grammarsThe pre
eden
e grammars were invented in 1963 by R. W. Floyd ([Flo63℄). Hede�ned the main theoreti
al properties and even a grammar for des
ribing alanguage 
losely 
omparable to ALGOL60. Next, N. Wirth des
ribed in 1965an algorithm for �nding pre
eden
e fun
tions ([Wir65℄). Later, in 1966, N.Wirth and H. Weber des
ribed, using pre
eden
e grammars, a formal de�nitionfor the language Euler - a generalization of ALGOL ([WiW66℄). In 1968, N.Wirth des
ribed a grammar for PL360 ([Wir68℄).In this se
tion, our intention is to present formal de�nitions for SIP gram-mars, whi
h 
an be viewed as \mirroring" the pre
eden
y grammars.De�nition 3.21 Let G = (VN ; VT ; S; P ) be a 
ontext free grammar without nullprodu
tions. We 
onsider the following binary relations < �; := � V � V and�> � V � VT as:
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tional Parsing for Context Free Languages� X< �Y if there exists a produ
tion A! �X B � 2 P and B +=) Y 
;� X :=Y if there exists a produ
tion A! �X Y � 2 P ;� X �>a if there exists a produ
tion A ! �B Y � 2 P , B +=) 
 X andY �=) a Æ.De�nition 3.22 A 
ontext free grammar G without null produ
tions in whi
hthe binary relations < �; :=, �> are disjoint, is 
alled a pre
eden
e grammar.Furthermore, if G satis�es the statement (invertible grammar):8 A! � 2 P; 8A! �0 2 P =) A = A0then G is 
alled a simple pre
eden
e grammar (denoted by SP grammar).De�nition 3.23 We say that a 
ontext free grammar G is an inverse pre
eden
egrammar if eG is a pre
eden
e grammar. If G is invertible, then G is 
alled asimple inverse pre
eden
e grammar (denoted by SIP grammar).De�nition 3.24 Let G = (VN ; VT ; S; P ) be a 
ontext free grammar without nullprodu
tions. We 
onsider the following relations (
alled inverse pre
eden
erelations) << � � VT � V and :�; �>> � V � V as:� a<< �X if there exists a produ
tion A ! �B C � 2 P; B �=) 
 a andC +=) X Æ;� X :�Y if there exists a produ
tion A! �X Y � 2 P ;� X �>>Y if there exists a produ
tion A! �B Y � 2 P and B +=) 
 X;As an extension to a spe
ial terminal symbol #, we may say that #<< �Xi� 9 S +=) X � and X �>># i� 9 S +=) �X:A

ording to De�nitions 3.21, 3.23 and 3.24, we 
an say that the followingstatements hold:� X< �Y in G i� Y �>>X in eG;� X :=Y in G i� Y �>>X in eG;� X �>Y in G i� Y << �X in eG:Therefore, a 
ontext free grammar G without null produ
tions, in whi
h thebinary relations << �, :�, �>> are disjoint, is 
alled an inverse pre
eden
egrammar.Theorem 3.21 Let G = (VN ; VT ; S; P ) be a redu
ed 
ontext free grammar with-out null produ
tions, let#S# �=)lm u1 u2 ::: uk AX1X2 ::: Xn =)lm u1 u2 ::: uk Y1 Y2 ::: YmX1X2 ::: Xnbe an arbitrary derivation for whi
h u1 = #; u2; :::; uk 2 VT ; Xn = #: Thenthe following statements are ful�lled:



Bidire
tional Parsing for Context Free Languages 471. uk<< �Y1;2. Yk :�Yk+1; 8 k = 1;m� 1;3. Ym�>>X1;4. Xk�>>Xk+1 or Xk :�Xk+1, 8 k = 1; n� 1:Proof By indu
tion on the number of derivation steps.De�nition 3.25 Let G = (VN ; VT ; S; P ) be an inverse pre
eden
e grammar and<< �, :�, and �>> the 
orresponding inverse pre
eden
e relations. We denote byC � #V �T � V �# � f1; 2; :::; jP jg� [fACC;REJg the set of all possible 
on�g-urations, where # is a spe
ial 
hara
ter (a new terminal symbol). The simpleinverse pre
eden
e parser (denoted by SIPP (G)) is the pair (C0;`); wherethe set C0 = f(#w;#; �) j w 2 V �T g � C is 
alled the set of initial 
on�g-urations, and `� C � C is the transition relation (sometimes denoted bySIPP (G)) between 
on�gurations given by:10 Shift: (#u a; 
#; �) ` (#u; a 
#; �) if a�>>(1)
 or a :�(1)
;20 Redu
e: (#u; � 
#; �) ` (#u;A 
#; r �) if � = �1 ::: �m, u(1)<< ��1,�k :��k+1; 8 k = 1;m� 1; �m�>>(1)
; r = A! �;30 A

ept: (#; S#; �) ` ACC;40 Reje
t: (#u; 
#; �) ` REJ if no transitions of type 10; 20 and 30 
an beapplied.The parser SIPP (G) is similar to the parser PRL0(G), the only di�eren
ebeing the auxiliary parsing informations (the relations << �, :�, �>>).Example 3.13 Let G be a 
ontext free grammar giben by the produ
tions:S ! aS S b j 
By 
omputing the binary relations << �, :�, �>>, we obtain:� << � = f(#; a); (#; 
); (a; a); (a; 
); (b; 
); (b; a); (
; a); (
; 
)g;� :� = f(a; S); (S; S); (S; b)g;� �>> = f(b;#); (
;#); (b; b); (b; S); (
; b); (
; S)g:Therefore, be
ause the relations << �, :�, �>> are disjoint, we 
an say that Gis an inverse pre
eden
e grammar. Be
ause it is invertible, too, G is a simpleinverse pre
eden
e grammar.Now, let w = a a 
 
 b 
 b be a input word for the parser SIPP (G): We obtainthe transitions array:
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 b 
 b;#; �) 10̀ (#a a 
 
 b 
; b#; �) 10̀ (#a a 
 
 b; 
 b#; �) 20̀(#a a 
 
 b; S b#; [2℄) 10̀ (#a a 
 
; b S b#; [2℄) 10̀ (#a a 
; 
 b S b#; [2℄) 20̀(#a a 
; S b S b#; [2; 2℄) 10̀ (#a a; 
 S b S b#; [2; 2℄) 20̀ (#a a; S S b S b#; [2; 2; 2℄) 10̀(#a; a S S b S b#; [2; 2; 2℄) 20̀ (#a; S S b#; [1; 2; 2; 2℄) 10̀ (#; a S S b#; [1; 2; 2; 2℄)20̀(#; S#; [1; 1; 2; 2; 2℄) 30̀ ACC:Therefore w 2 L(G), and w has the left synta
ti
 analysis �l = [1; 1; 2; 2; 2℄:Now, we present the parsing algorithm for simple inverse pre
eden
e gram-mar. We 
onsider the prede�ned pro
edures pop, push already known.



Bidire
tional Parsing for Context Free Languages 49The Algorithm (Parsing-SIP )Input: The SIP grammar G = (VN ; VT ; S; P ), the binary relations << �; :�,�>> and the word w 2 V �T ;Output: The left synta
ti
 analysis if w 2 L(G); otherwise the message: 'w isnot a

epted'.Method:The main program is:beginread(w);push(sta
k,#);i:=jw j+1;a

ept:=false;is_over:=false;put in the input tape the string \#w";repeatpop(sta
k,Y1);if (i>1) and ((w[i℄�>>Y1) or (w[i℄ :�Y1 )) then begin/* shift a
tion */push(sta
k,w[i℄);i:=i-1;endelseif (i=1) then beginif (sta
k="#") then/* a

ept a
tion */a

ept:=trueelse /* reje
t a
tion */is_over:=true;endelseif (w[i℄<< �Y1) then beginlet Y1 Y2 ::: YmX1 be the string from the sta
k for whi
h:Yk :�Yk+1; 8 i = 1;m� 1; Ym :�X1;�nd a produ
tion of the form r= A! Y1 Y2 ::: Ym 2 P;if (does not exist su
h a produ
tion) then/* reje
t a
tion */else is_over:=trueendelse begin/* redu
e a
tion *//* r is unique be
ause G is invertible */remove the string Y1 Y2 ::: Ym from the sta
k;push(sta
k,A);push(Output_tape,r)endendelse is_over:=true /* reje
t a
tion */
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tional Parsing for Context Free Languagesuntil (is_over=true);if (a

ept=true) thenwrite('w is a

epted and has the left synta
ti
 analysis ', Output_tape)else write('w is not a

epted.')end.Theorem 3.22 (
orre
tness and 
omplexity of Algorithm (Parsing-SIP ))Algorithm (Parsing-SIP ) is 
orre
t and has the time 
omplexity of O(jwj);where w is the input word.Proof Follows the same lines as the Proof of Theorem 3.18.4 Deterministi
 bidire
tional parsing for 
on-text free languagesIn this se
tion, we shall present how we 
an 
ombine some sub
lasses of 
ontextfree grammars to obtain deterministi
 (and linear) parallel algorithms for solvingthe membership problem.The deterministi
 bidire
tional parsers have the same devi
e as the generalmodel, the only di�eren
e being the uniqueness of 
hoosing the produ
tion rfrom the set of produ
tions of the input grammar.Next, we shall de�ne 10 sub
lasses of 
ontext free grammars.De�nition 4.1 Let G be a 
ontext free grammar and k 2 N. We say that:1. G is a LL(k)�RL(0) grammar if G is a LL(k) and RL(0) grammar;2. G is a LL(k)� SRL(1) grammar if G is a LL(k) and SRL(1) grammar;3. G is a LL(k)�RL(1) grammar if G is a LL(k) and RL(1) grammar;4. G is a LL(k)�LARL(1) grammar if G is a LL(k) and LARL(1) grammar;5. G is a LL(k)� SIP grammar if G is a LL(k) and SIP grammar;6. G is a LR(0)�RR(k) grammar if G is a LR(0) and RR(k) grammar;7. G is a SLR(1)�RR(k) grammar if G is a SLR(1) and RR(k) grammar;8. G is a LR(1)�RR(k) grammar if G is a LR(1) and RR(k) grammar;9. G is a LALR(1)�RR(k) grammar if G is a LALR(1) and RR(k) gram-mar;10. G is a SP �RR(k) grammar if G is a SP and RR(k) grammar.Of 
ourse, we 
an easily extend the above de�nition to the languages. Forinstan
e, we say that L is a LL(k)�RL(0) language if there exists k 2 N andG a LL(k)�RL(0) grammar su
h that L = L(G).



Bidire
tional Parsing for Context Free Languages 51Corollary 4.1 The following statements are ful�lled:1. G is a LL(k)�RL(0) grammar i� eG is a LR(0)�RR(k) grammar;2. G is a LL(k)� SRL(1) grammar i� eG is a SLR(1)�RR(k) grammar;3. G is a LL(k)�RL(1) grammar i� eG is a LR(1)�RR(k) grammar;4. G is a LL(k)�LARL(1) grammar i� eG is a LALR(1)�RR(k) grammar;5. G is a LL(k)� SIP grammar i� eG is a SP �RR(k) grammar;Proof By De�nitions 3.2, 3.9, 3.23 and 4.1.It is obvious that all the languages asso
iated to the grammars presentedin De�nition 4.1 are deterministi
 
ontext free languages. Using a \mirroring"strategy, we 
an easily extend from the literature ([AhU72℄, [Har78℄, [HoU79℄,[Sal73℄) the spe
i�
 results for in
lusions, hierar
hies of 
lassi
al sub
lasses ofdeterministi
 
ontext free languages. Therefore, the following relations hold(8 k 2 N):� RL(k) = RL(1), RR(k) � RL(k), SIP � RL(1), RR(k) � RR(k + 1);� LL(k)�RL(0) � LL(k)� SRL(1) � LL(k)�RL(1);� LL(k)�RL(0) � LL(k)� LARL(1) � LL(k)�RL(1);� LR(0)�RR(k) � SLR(1)�RR(k) � LR(1)�RR(k);� LR(0)�RR(k) � LALR(1)�RR(k) � LR(1)�RR(k).We note that the �rst �ve 
lasses of grammars (De�nition 4.1) use a leftbidire
tional strategy and the last �ve use a right bidire
tional strategy.In parti
ular, this deterministi
 parallel approa
h is very similar to the gen-eral parallel aproa
h, the only di�eren
e is the missing of ba
ktra
k steps. Thusthe kernel of the parallel iteration 
orresponding to the left bidire
tional strategyis (we use the same 
onsiderations of Algorithm (PAR LEFT)):repeat in parallelif (i1<=i2) then a
tion1(P1);a
tion2(P2);until (i1>=i2) or (exit=true);where a
tion1, respe
tively a
tion2, are pro
edures related to sequential al-gorithms for synta
ti
 analysis (i.e. asso
iated to the 
lassi
al sub
lasses ofgrammars and to the sub
lasses des
ribed in Se
tion 3, su
h as AlgorithmsParsing-RR(1), Parsing-RL(0), Parsing-SLR(1), Parsing-SIP). But this time,instead of exponential sequential running time, we have a linear running timefor the pro
edures a
tion1 and a
tion2, be
ause ba
ktra
k steps are not ne
-essary. The linear time 
omplexity follows from Theorems 3.12, 3.18, 3.19, 3.22and the similar 
lassi
al results.The 
orre
tness of the deterministi
 parallel algorithms is ensured by the
orre
tness of the general parallel algorithm and the 
orre
tness of ea
h of thesequential synta
ti
 analysers for our sub
lasses of 
ontext free grammars.
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tional Parsing for Context Free LanguagesTheorem 4.1 (the 
omplexity of the deterministi
 parallel algorithms)Let us denote with T1(n); T2(n) the running time of the sequential synta
ti
analysers from Se
tion 3, where n is the length of the input word. Then theparallel running time t(n) satis�es the relations:� minfT1(n);T2(n)g2 + K � t(n) � maxfT1(n); T2(n)g: (we suppose that thetime routing is zero and K is a 
onstant not depending on n);� t(n) 2 O(n):Proof The inequality t(n) � maxfT1(n); T2(n)g 
an be obtained by supposingthat one pro
essor stays. For instan
e, if P1 stays, then t(n) = T2(n) (timerouting is zero).The other inequality 
an be obtained by supposing that both pro
essors workuntil i1 = i2: This means a running time of minfT1(n);T2(n)g2 . Then one pro
essorstays and the other (possibly) performs some 
onstant number of iterations.The fa
t that t(n) 2 O(n) is obvious be
ause of the linear 
omplexity forthe deterministi
 parsers asso
iated to our sub
lasses of grammars.Example 4.1 Let us 
onsider the 
ontext free grammarG = (fS0; S; B;Cg; fa; b; e; ; g; S0; P )where the set of produ
tions P is:1. S0 ! S 2. S ! � 3. S ! B 4. B ! a5. B ! b S C e 6. C ! � 7. C !; S CWe shall see that G is a LL(1)�LARL(1) grammar. First, we 
ompute thefollowing sets:X S0 S B CFIRST fa; b; �g fa; b; �g fa; bg f; ; �gFOLLOW f�g fe; ; ; �g fe; ; g fegNow, we 
ompute the sets of \lookahead" symbols and thus we 
an 
he
kwhether G is a LL(1) grammar or not:� FIRST (FOLLOW (S)) = fe; ; ; �g, FIRST (BFOLLOW (S)) = fa; bg;� FIRST (aFOLLOW (B)) = fag, FIRST (b S C eFOLLOW (B)) = fbg;� FIRST (FOLLOW (C)) = feg, FIRST (; S C FOLLOW (C)) = f; g:Be
ause any two of these sets are disjoint, it follows that G is a LL(1) gram-mar. For testing the LARL(1) property, we need some auxiliary informations,su
h as the sets LAST and the RL(1) automaton atta
hed to G.X S0 S B CLAST fa; e; �g fa; e; �g fa; eg fa; e; ; ; �gNow, we are ready to 
onstru
t the RL(1) automaton for G:



Bidire
tional Parsing for Context Free Languages 53(f#g; S0 ! S:)(f#g; S ! :)(f#g; S ! B:)(f#g; B ! a:)(f#g; B ! bSCe:)t0(f#g; B ! bSC:e)(fa; b; ; g; C ! :)(fa; b; ; g; C !;SC:)(fa; e; ; g; C ! :)(fa; b; ; g; C !;SC:)t4

t1(f#g; S0 ! :S)(f#g; S ! :B)t2(f#g; B ! :a)t3 (fb; ; g; S ! :B)t7(fb; ; g; B ! :a)t8

t10 (fa; b; e; ; g;t11(f#g: C ! :;SC)B ! :bSCe)
(f#g; B ! bS:Ce)(fa; b; e; ; g; C !;S:C)(fb; ; g; S ! :)(fb; ; g; S ! B:)(fb; ; g; B ! a:)(fb; ; g; B ! bSCe:)t5

(f#g; B ! b:SCe)(fa; b; e; ; g; C !; :SC)t6

(fb; ; g; B ! bS:Ce)(fa; b; e; ; g; C !;S:C)(fb; ; g; S ! :)(fb; ; g; S ! B:)(fb; ; g; B ! a:)(fb; ; g; B ! bSCe:)t12
(fb; ; g; B ! b:SCe)(fa; b; e; ; g; C !; :SC)t13(fb; ; g; B ! b:SCe)t14

t11 t7 t8
Figure 9. RL(1) automaton for G
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b
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(fb; ; g; B ! bSC:e)(fa; b; eg; C ! :)(fa; b; eg; C !;SC:)(fa; e; ; g; C ! :)(fa; e; ; g; C !;SC:)t9C
C

aBS

S

In Figure 9, the ar
s (t12; t7); (t12; t8) and (t13; t11) are pointed out in adi�erent way be
ause of the pi
ture size.It 
an be 
he
ked on the RL(1) automaton that G is a RL(1) grammar a
-
ording to Theorem 3.20. Furthermore, the following pairs of states are equiva-lent (De�nition 3.19):(t2; t7); (t3; t8); (t4; t9); (t5; t12); (t6; t13); (t10; t14)Therefore, the LARL(1) automaton will have only 9 states, i.e. the set of stateswill be ft0; t1; t2; t3; t4; t5; t6; t10; t11g. Be
ause the LARL(1) automaton has no
on
i
ts in its states, we 
on
lude that G is a LARL(1) grammar. Denotingredu
er by Rr and shiftk by Sk, the asso
iated LARL(1) table will be:
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tional Parsing for Context Free LanguagesACTION # a b e ; Æ S B Ct0 R2 S3 S4 t0 t1 t2t1 R1 t1t2 R3 R3 R3 t2t3 R4 R4 R4 t3t4 R6 R6 R6 R6 t4 t5t5 S3 R2 S4 R2 t5 t6 t2t6 S10 S11 t6t10 R5 R5 R5 t10t11 R7 R7 R7 R7 t11The empty pla
es in the above table mean REJ 
on�guration, i.e. the reje
-tion of the input word.Let us 
onsider the input word w = b a ; b a e e: We shall present thetransitions for the deterministi
 left bidire
tional parser of the 
orrespondingLL(1) � LARL(1) grammar. In the following, we shall suppose that the pro-
essors operate in a syn
hronous way, i.e. the pro
essor P1 waits for the ter-mination of the operations from P2, and vi
eversa. In that 
ase, we present apossible parallel running of that two pro
essors.Step A
tion1 Output_tape1 Sta
k1 i10. Initial � S0 11. Expand [1℄ S 12. Expand [1; 3℄ B 13. Expand [1; 3; 5℄ b S C e 14. Redu
e [1; 3; 5℄ S C e 25. Expand [1; 3; 5; 3℄ BC e 26. Expand [1; 3; 5; 3; 4℄ aC e 27. Redu
e [1; 3; 5; 3; 4℄ C e 38. Expand [1; 3; 5; 3; 4; 7℄ ; S C e 3Step A
tion2 i2 Sta
k2 Output_tape20. Initial 7 t0 �1. Shift 6 t4 e t0 �2. Redu
e 6 t5 C t4 e t0 [6℄3. Shift 5 t4 e t5C t4 e t0 [6℄4. Redu
e 5 t5 C t4 e t5C t4 e t0 [6; 6℄5. Shift 4 t3 a t5 C t4 e t5C t4 e t0 [6; 6℄6. Redu
e 4 t2B t5 C t4 e t5C t4 e t0 [4; 6; 6℄7. Redu
e 4 t6 S t5 C t4 e t5C t4 e t0 [3; 4; 6; 6℄8. Shift 3 t10 b t6 S t5 C t4 e t5C t4 e t0 [3; 4; 6; 6℄9. Redu
e 3 t2B t5 C t4 e t0 [5; 3; 4; 6; 6℄10. Redu
e 3 t2 S t5 C t4 e t0 [3; 5; 3; 4; 6; 6℄11. Shift 2 t11 ; t2 S t5 C t4 e t0 [3; 5; 3; 4; 6; 6℄The pro
essor P1 is waiting the last three steps of the pro
essor P2 are exe-
uted. The test \if (Sta
k1=Sta
k2) then" from the general left bidire
tionalalgorithm (PAR LEFT) has to be view as \if (Sta
k1=h(Sta
k2)) then",



Bidire
tional Parsing for Context Free Languages 55whereh1 : V [ T ! V given by: h1(X) = nX if X 2 V� otherwiseOf 
ourse, we 
an extend it to the words of arbitrary length using the fun
tionh : (V [ T )� ! V �, given by:h(�) = �; h(X1 ::: Xn) = h1(X1) � ::: � h1(Xn):We remind the reader that T is the set of states from the RL(1) automaton.Now, it is obvious thath(Sta
k2) = h(t11 ; t2 S t5 C t4 e t0) =; S C e = Sta
k1Therefore, the word w is a

epted by the parallel algorithm and has the leftsynta
ti
 analysis [1; 3; 5; 3; 4; 7; 3; 5; 3; 4; 6; 6℄:5 Con
lusionsAs it was also des
ribed in Example 1.2 the main 
omplexity result of our paperis Theorem 4.1.We think that the 
on
ept of bidire
tional parsing for 
ontext free grammarsdes
ribed in this paper will 
ontribute to a new view for des
ribing 
ompilerson 
omputers with two pro
essors.Open problems:� to �nd new sub
lasses of deterministi
 parallel algorithms for simulatingthe bidire
tional parsing;� to estimate more pre
isely the running time of the deterministi
 parallelalgorithm presented in Se
tion 4;� to �nd further 
losure properties of the sub
lasses of the des
ribed lan-guages.Referen
es[AnK98℄ Andrei, S�t., Kudlek, M.: Linear Bidire
tional Parsing for a Sub
lassof Linear Languages. B-215, Fa
hberei
h Informatik, Universit�at Hamburg,pp. 1-20 (1998)[AhU72℄ Aho, A.V., Ullman, J.D.: The Theory of Parsing, Translation, andCompiling. Volume I, II, Prenti
e Hall, 1972[Akl97℄ Akl, S.: Parallel Computation. Models and Methods. Prenti
e Hall,1997
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ompilare. Editura Uni-versit�at�ii \Al.I.Cuza", Ia�si, 1986[Har78℄ Harrison, M. A.: Introdu
tion to Formal Language Theory. Addison -Wesley Publishing Company, 1978[Hay88℄ Hayes, J.P.: Computer Ar
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Graw-HillInternational Editions, 1988[HoU79℄ Hop
roft, J.E., Ullman, J.D.: Introdu
tion to Automata Theory, Lan-guages and Computation. Addison - Wesley Publishing Company, 1979[Knu65℄ Knuth, D.E.: On the translation of languages from left to right. Infor-mation Control, No. 8, pp. 607-639 (1965)[Knu71℄ Knuth, D.E.: Top-down analysis. A
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