
Computing Least Common Subsumersin Expressive Description LogicsThomas Mantay, AI Lab, University of HamburgE-Mail: mantay@informatik.uni-hamburg.deAbstractComputing least common subsumers in description logics is animportant reasoning service useful for a number of applications. Asshown in the literature, this reasoning service can be used for theapproximation of concept disjunctions in description logics, for the\bottom-up" construction of knowledge bases, and for speci�c kindsof information retrieval. So far, the least common subsumer operatorhas been restricted to description logics which do not contain bothexistential restrictions and number restrictions. In this article, wepresent a least common subsumer operator for the expressive descrip-tion logics ALENR and ALEQ which both include these operators.1 IntroductionKnowledge representation languages based on Description Logics (DLs) haveproven to be a useful means for representing the terminological knowledgeof an application domain in a structured and formally well understood way[5]. In DLs, knowledge bases are formed out of concepts representing sets ofindividuals. Complex concepts are built out of atomic concepts and atomicroles (representing binary relations between individuals) using the conceptconstructors provided by the DL language. For example, the set of mothershaving at least one child and at least one adult daughter can be describedby the concept special-mother using the atomic concepts mother, adult, andperson and the roles has-child and has-daughter:special-mother := mother u 9 has-child:person u 9 has-daughter:adult:In this article, we focus on the DL ALENR and ALEQ whose syntax andsemantics will be introduced below. 1



A central feature of knowledge representation systems based on DLs is aset of reasoning services with the ability to deduce implicit knowledge fromexplicitly represented knowledge. For instance, the subsumption relationbetween two concepts can be determined. Intuitively speaking, a concept Csubsumes a concept D if the set of individuals represented by C is a supersetof the set of individuals represented by D, i.e., if C is more general than D.Furthermore, instantiation describes the problem of determining whether ornot a given individual is an instance of a concept.As another reasoning service, the least common subsumer (LCS) oper-ation, applied to concepts C and D, computes the most speci�c conceptwhich subsumes C and D. The LCS operation is an important reasoningservice useful for a number of applications. [3] considers an LCS operatorfor the DL ALN in order to approximate a disjunction operator which isnot explicitly included in ALN . Also, the operator is used as a subtask forthe \bottom-up" construction of KBs based on the DLs ALN with cyclicconcept de�nitions [1] and ALE [2]. In our applications, the LCS opera-tion is used as a subtask for similarity-based information retrieval [9] (see[8] for an LCS operator for a probabilistic extension of ALN ). The goalis to provide a user of an information system with an example-based querymechanism. The data of an information system are modeled as DL indi-viduals. For instance, in a document retrieval application, the TechnicalReport tr-fbi-hh-m-286/99 could be modeled as an instance of the conceptDL-document. The \commonalities" of the selected data of interest to theuser are formalized by a DL concept which (i) the user-selected examples areinstances of and (ii) is the most speci�c concept (w.r.t. subsumption) withproperty (i). A concept ful�lling properties (i) and (ii) will then be used asa retrieval �lter. The task of similarity-based information retrieval can besplit into three subtasks: First, the most speci�c concepts of a �nite set ofindividuals is computed yielding a �nite set of concepts. Then the LCS ofthese concepts is computed. Eventually, the instances of the LCS conceptare determined. Similarity-based information retrieval can also be applied inthe presence of a terminology (\TBox"). However, all concept specializationsmust be transformed into concept de�nitions and the concepts involved ina retrieval must be unfolded before the three mentioned operations can beapplied. Computing the most speci�c concept of arbitrary individuals wasinvestigated in [1] for the DL ALN with cyclic concept de�nitions. However,for the purpose of similarity-based information retrieval, this task is trivialsince a KB engineer will design the KB in such a way that each KB individ-ual is an instance of named concepts. The third subtask has been subjectto many investigations (see [7] for the DL ALCQ and [5] for several otherDLs). So far, LCS computation has only been possible for DLs with strongly2



limited expressivity. None of the DLs that the LCS operation has yet beenintroduced for includes an operator for number restrictions and existentialquanti�cations.The main contribution of this paper is the proposal of an LCS operator forthe expressive DLs ALENR and ALEQ consisting of the top and bottomconcept, atomic concepts, negations of atomic concepts, concept conjunc-tions augmented by either existential and universal role quanti�cations, roleconjunctions, and number restrictions (ALENR) or quali�ed number restric-tions (ALEQ). The special challenge is a proper treatment of conjunctionsof existential role quanti�cations in combination with number restrictions(in ALENR) and conjunctions of quali�ed number restrictions (in ALEQ).Qualifying number restrictions are essential language constructs partly avail-able in some knowledge representation systems. For instance, the conceptlanguage used in KANDOR allows for qualifying number restrictions in arestricted form. Also, the constructors are included into the assertional part(\ABox") of the system MESON [10]. Section 2 formally introduces syntaxand semantics of ALENR and ALEQ and gives an LCS de�nition. Section3 explains how the LCS will be computed. The computation process restson a special representation of the involved concepts in which all relevantinformation contained in concepts is made explicit in order to simplify thedetermination of their LCS. In Section 4 we show an algorithm to computethis information for ALEQ concepts and Section 5 ALENR aims at thesame task for ALENR concepts. Finally, in Section 6 we present the LCSalgorithm and show soundness, completeness, and complexity results. Weconclude with a summary and proposals for future research topics.2 The Underlying Description LogicsIn this section, we review the de�nition and some properties of the DLsALENR (e.g., considered in [4, 5]) and ALEQ (a sublanguage of ALCQintroduced in [6]).De�nition 1 (Syntax of ALENR) Let C be a set of atomic concepts andR a set of atomic roles disjoint from C. ALENR concepts are recursivelyde�ned as follows:� The symbols > and ? are ALENR concepts (top concept, bottom con-cept).� A and :A are ALENR concepts for each A 2 C (atomic concept,negated atomic concept). 3



� Let C and D be ALENR concepts, R 2 R an atomic role, and n 2IN [ f0g. Then{ C uD (concept conjunction),{ 9R:C (existential role quanti�cation),{ 8R:C (universal role quanti�cation),{ (� n R) (�-restriction), and{ (� n R) (�-restriction)are also concepts.� If R and S are roles, then R u S is a role (role conjunction). 2De�nition 2 (Syntax of ALEQ) Let C be a set of atomic concepts and Ra set of atomic roles disjoint from C. ALEQ concepts are recursively de�nedas follows:� The symbols > and ? are ALEQ concepts (top concept, bottom con-cept).� A and :A are ALEQ concepts for each A 2 C (atomic concept, negatedatomic concept).� Let C and D be ALEQ concepts, R 2 R an atomic role, and n 2IN [ f0g. Then{ C uD (concept conjunction),{ (� n R C) (quali�ed �-restriction), and{ (� n R C) (quali�ed �-restriction)are also concepts. 2A subconcept of a concept C is a substring of C that quali�es as a concept.The semantics of an ALENR and ALEQ concept is de�ned in terms of aninterpretation.De�nition 3 (Interpretation, model, coherence) An interpretation I =(�I ; �I) of an ALENR or ALEQ concept consists of a non-empty set �I(the domain of I) and an interpretation function �I. The interpretation func-tion maps every atomic concept A to a subset AI � �I and every role R to asubset RI � �I ��I. The interpretation function is recursively extended toa complex ALENR or ALEQ concept as follows. Assume that AI ; CI; DIand RI; SI are already given and n 2 IN [ f0g. Then4



� >I := �I,� ?I := ;,� (:A)I := �I nAI ,� (C uD)I := CI \DI,� (R u S)I := RI \ SI,� 9 R:CI := fa 2 �Ij9b : (a; b) 2 RI ^ b 2 CIg;� 8 R:CI := fa 2 �Ij8b : (a; b) 2 RI ) b 2 CIg;� (� n R)I := fa 2 �Ij]fbj(a; b) 2 RIg � ng,� (� n R)I := fa 2 �Ij]fbj(a; b) 2 RIg � ng,� (� n R C)I := fa 2 �Ij]faRI \ CIg � ng, and� (� n R C)I := fa 2 �Ij]faRI \ CIg � ngwhere aRI := fb 2 �I j(a; b) 2 RIg. An interpretation I is a model of anALENR or ALEQ concept C i� CI 6= ;. In this case, C is called coherent.2Note that both constructors > and ? are expressible by (� 0 R) andA u :A, respectively. We will call R a subrole of S i� RI � SI holds for allinterpretations I. One of the most important inference services provided byknowledge base systems is the determination of the subsumption relationshipbetween two concepts.De�nition 4 (Subsumption, equivalence) A concept C is subsumed bya concept D (C v D) i� CI � DI holds for all interpretations I of C andD. C is equivalent to D (C � D) i� C v D ^D v C. 2For some explanations of the algorithms presented subsequently, we in-troduce the concept depth.De�nition 5 The depth of a concept C is recursively de�ned over its struc-ture.� If C = 9 R:C 0, C = 8 R:C 0, C = (� n R C 0), C = (� n R C 0), thendepth(C) = 1 + depth(C 0). 5



� If C = C1 u � � � u Cn, then depth(C) = maxfdepth(Ci)j1 � i � ng.� In all other cases, depth(C) = 0. 2Furthermore, for a coherent concept C in which a role R occurs as a sub-string, we want to express that in any model of C an individual functioningas an R-successor is required.De�nition 6 Given a coherent concept C and a role R occurring in C, wesay that C has an R-successor i� for all models I of C there are individualsi; j 2 �I such that (i; j) 2 RI. 2Example. Let C1 = 9 R:A0 and C2 = A1 u 8 R:A2 be concepts. Then C1has an R-successor because an individual as an instance of A0 is required tosatisfy C1. C2 has no R-successor since, for instance, fi : A1g is a model ofC2.For the presentation of the algorithms involved in the LCS computation,it is convenient to arrange a concept in sorted normal form.De�nition 7 (Sorted normal form) An ALENR concept C is in sortednormal form (SNF) i�C = > _ C = ? _ C = A u E u F with (1)E = u1�i�n9 Ri:Ci andF = u1�j�m8 R0j:C 0j:where A is an arbitrary conjunction of atomic concepts, negated atomic con-cepts, �-, or �-restrictions. An ALEQ concept C is in SNF ifC = > _ C = ? _ A u L uM with (2)L = u1�i�n(� pi Ri Ci) andM = u1�j�m(� p0j R0j C 0j):where A is an arbitrary conjunction of atomic concepts or negated atomicconcepts and Ci and C 0j are also in SNF. 2Obviously, any ALENR and ALEQ concept can be transformed into anequivalent concept in SNF in linear time by sorting its components on eachdepth.In this article, we are interested in the inference task of computing theLCS of ALENR and ALEQ concepts.6



De�nition 8 Let C and D be either both ALENR or ALEQ concepts.Then we recursively de�ne the set of least common subsumers as:lcs(C;D) := fE j C v E ^D v E ^ 8E 0 : C v E 0 ^D v E 0 =) E v E 0g: 2From this de�nition it follows immediately that, for concepts C and D,all pairs of elements of lcs(C;D) are equivalent.Proposition 1 Let C and D be either both ALENR or ALEQ concepts.Then 8E;E 0 2 lcs(C;D) : E � E 0:Proof. Assume E;E 0 2 lcs(C;D) with E 6� E 0. Then E u E 0 would be amore speci�c subsumer of C and D than E and E 0 and, hence, E (resp. E 0)cannot be an LCS of C and D which is a contradiction. 2Due to this uniqueness property, we will consider lcs(C;D) as a conceptrather than a set of concepts in the following.De�nition 8 can straightforwardly be extended to n arguments. In thiscase, lcs is associative and commutative and lcs(C1; : : : ; Cn) = lcs(C1; lcs(C2;: : : lcs(Cn�1; Cn) : : : )). We will restrict the attention to the problem of com-puting the LCS of two concepts since the LCS of n > 2 concepts can beobtained by iterated applications of the binary LCS operation.De�nition 9 Let R and S be roles in ALENR. Then we de�ne the mostspeci�c role of R and S as a partial function:msr(R; S) := 8<: uT2fR1;::: ;Rng\fS1;::: ;SmgT if R = R1 u � � � u Rn andS = S1 u � � � u Smunde�ned otherwise 2In the next section, we will discuss how to determine the LCS of twoALENR and ALEQ concepts and describe an algorithm to compute it.
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3 Outline of the LCS AlgorithmSince ALE and ALN are sublanguages of both ALENR and ALEQ, someof the operations for computing the LCS of ALE and ALN concepts canalso be applied to ALENR and ALEQ. As in [3], we discriminate over thelanguage constructors.Subsumption. If C and D are both either ALENR or ALEQ conceptswith D v C (C v D), their LCS is C (D).> and ?. This case can be reduced to the subsumption case because >subsumes any other concept and ? is subsumed by any other concept.Atomic concepts. Given atomic concepts A and B, the least common con-cept subsuming both A and B is >. The same holds in case A or B (or both)are negated atomic concepts.Existential and universal role quanti�cations. In ALENR, the LCS oftwo existential role quanti�cations 9R:C and 9S:D is the concept 9msr(R; S):lcs(C;D) if msr(R; S) exists. Otherwise, their LCS is >. Likewise, the LCSof universal role quanti�cations 8R:C and 8S:D is 8msr(R; S):lcs(C;D) incase msr(R; S) exists and > otherwise.�- and �-restrictions. For two ALENR constructs (� nR) and (� mS),the LCS is represented by the concept (� minfn;mg msr(R; S)). Analo-gously, the LCS of (� n R) and (� m S) is (� maxfn;mgmsr(R; S)).Quali�ed �- and �-restrictions. For ALEQ concepts (� n R C) and(� mRD), the LCS is represented by the concept (� minfn;mgRlcs(C;D)).As in the case of �-restrictions, the LCS of two quali�ed �-restrictions(� nRC) and (� mRD) is a quali�ed �-restriction taking maxfn;mg as its�rst and R as its second argument. The quali�ed �-constructor in ALEQ isan anti-monotonic operator, i.e., if its concept argument becomes \larger",the resulting concept after applying this operator becomes \smaller" and viceversa. Thus, we have to consider the most speci�c concept which is subsumedby C and D as the concept argument of the LCS concept: C u D. Hence,the LCS of (� n R C) and (� mRD) is (� maxfn;mgR (C uD)).\Incomparable" concepts. All other concept combinations yield > astheir LCS, except for concept conjunctions which will be considered below.Concept conjunctions. Concept conjunctions require a special treatment8



in the computation process. For the DLs ALN and ALE (see [3, 2]), theLCS of two concept conjunctions simply is the conjunction of the LCS ofeach pair of conjuncts. However, as the following example shows, this doesnot yield the correct result in the presence of ALEQ concepts.Example 1 LetX1 := (� 1R (A uB)) u (� 1R (A u :B))Y1 := (� 3R A):Then lcs((� 1 R (A u B)); (� 3 R A)) u lcs((� 1 R (A u :B)); (� 3R A))yields a concept equivalent to (� 1RA) which is a less speci�c subsumer ofX1 and Y1 than (� 2R A).The same problem occurs when handling conjunctions of ALENR con-cepts. However, the situation is even more complicated due to the possibleexistence of role conjunctions.Example 2 Let X2 := 9 R:A1 u 9 (R u S)::A1 andY2 := (� 3R):Then lcs(9 R:A1; (� 3 R)) u lcs(9 (R u S)::A1; (� 3 R)) yields a conceptequivalent to > whereas lcs(X2; Y2) = (� 2R).The reason for the incorrect result in Example 1 is that (conjunctionsof) quali�ed �-restrictions always imply further quali�ed �-restrictions notalready explicitly present. For instance, X1 has at least two distinct R-successors (one successor as an instance of A u B and another one as aninstance of A u :B). Therefore, we can conclude that X1 has at least twodistinct R-successors as instances of A. In other words, (� 2RA) follows fromX1. Thereby, the quali�cation A results from the LCS of the quali�cations ofthe involved quali�ed �-restrictions: lcs(A u B;A u :B) = A. As Example2 shows, (conjunctions of) existential role quanti�cations always imply �-restrictions. For instance, the subconcept 9R:A1 of X2 implies (� 1R) and9R:A1u9(RuS)::A1 implies (� 2R). Analyzing the concept X2, we observethat X2 has at least one unique R u S-successor and at least one unique R-successor. Thus, X2 has two R-successors since every RuS-successor is alsoan R-successor. In other words, (� 2 R) u (� 1 (R u S)) follows from X2.In general, for an ALENR or ALEQ concept C, the idea is to �rst makethis implicitly contained information explicit for every role occurring in C9



in an existential role quanti�cation or quali�ed �-restriction and add it toC in the form of conjuncts of additional �-restrictions. For an ALENRconcept, these additional �-restrictions have the form (� n R) and for anALEQ concept they have the form (� nRC). Intuitively, in ALENR theseadditional �-restrictions indicate the minimum number of R-successors foreach occurring role R. In ALEQ the additional quali�ed number restrictionshave the same meaning, however, as Example 1 shows, a quali�cation C isnecessary. In our example, we have X̂2 := X2u(� 2R)u(� 1(RuS)). SinceY2 does not contain any implicit information relevant for LCS computation,it remains unchanged: Ŷ2 := Y2. X̂2 contains all relevant information forcomputing lcs(X2; Y2) and will therefore be called an �-completion of X2.Once the �-completions Ĉ and D̂ of two ALENR or ALEQ concepts C andD are computed, lcs(C;D) can be determined by the conjunction of the LCSof Ĉ's and D̂'s conjuncts:lcs(X̂1; Ŷ1) � lcs((� 1R (A u B)); (� 3R A)) ulcs((� 1R (A u :B)); (� 3R A)) ulcs((� 2R A); (� 3R A))� (� 1R A) u (� 1R A) u (� 2R A)� (� 2R A)lcs(X̂2; Ŷ2) � lcs(9 R:A1; (� 3R)) ulcs(9 (R u S)::A1; (� 3R)) ulcs((� 2R); (� 3R)) ulcs((� 1 (R u S)); (� 3R))� > u > u (� 2R) u (� 1R)� (� 2R):Note that an analogous operation for universal role quanti�cations (inALENR) and quali�ed �-restrictions (in ALEQ) is not necessary. Table1 summarizes the necessary LCS operations in dependence of the conceptforming operators.In the following, we will de�ne the �-completion of a concept and givean algorithm to compute it.De�nition 10 For an ALENR concept C in SNF given by Equation (1),we de�ne the �-completion Ĉ of C asĈ := A u Ê u F̂ u ~E with ~E := u1�i�n(� ~ei Ri) (3)10



Condition lcs(C;D)D v C CC v D DC = A;C = B A if A = B, > otherwiseC = 9R:C 0 9msr(R; S):lcs(C 0; D0) if msr(R; S) exists,D = 9 S:D0 > otherwiseC = 8R:C 0 8msr(R; S):lcs(C 0; D0) if msr(R; S) exists,D = 8 S:D0 > otherwiseC = (� n R) (� minfn;mgmsr(R; S)) if msr(R; S) exists,D = (� m S) > otherwiseC = (� n R) (� maxfn;mgmsr(R; S)) if msr(R; S) exists,D = (� m S) > otherwiseC = (� n R C 0),D = (� mRD0) (� minfn;mgR lcs(C 0; D0))C = (� n R C 0),D = (� mRD0) (� maxfn;mgR (C 0 uD0))C = C1 u � � � u Cn,D = D1 u � � � uDm lcs(Ĉ; D̂), see textTable 1: Computing the LCS of ALENR and ALEQ concepts C and D.The LCS of all concept combinations not listed here yield >.
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where 8i 2 f1; : : : ; ng : ~ei = min(fk 2 INjE u F u (� k Ri) is coherentg)and Ê and F̂ are �-completions of E and F , respectively. If C = A, thenĈ := C. For an ALEQ concept C in SNF given by Equation (2), we de�nethe �-completion Ĉ of C asĈ := A u L̂ u M̂ u ~L with ~L := u1�i�n(� ~li Ri lcs(C1; : : : ; Cn)) (4)where 8i 2 f1; : : : ; ng : ~li = min(fk 2 INjLuM u (� kRi lcs(C1; : : : ; Cn)) iscoherentg) and L̂ and M̂ are �-completions of L and M , respectively. IfC = A, then Ĉ := C.In De�nition 10 the relevant information implicitly contained in an ALENR(ALEQ) concept C is made explicit by ~E (~L). Intuitively, ~ei (~li) representsthe minimum number of role successors (as instances of lcs(C1; : : : ; Cn))required to satisfy the constraints imposed by E u F (L uM) on depth 0w.r.t. Ri. We can state the following proposition.Proposition 2 Let C;D be ALENR or ALEQ concepts and Ĉ and D̂ theircorresponding �-completions. Then(i) C � Ĉ and(ii) if C = C1u� � �uCn; D = D1u� � �uDm and Ĉ = Ĉ1u� � �u ĈnuCn+1u� � � u Cn0; D̂ = D̂1 u � � � u D̂m u Dm+1 u � � � u Dm0, then lcs(C;D) =u 1�i�n01�j�m0 lcs(C 0i ; D0j).Proof. We show (i) by induction over the depth of C. If depth(C) = 0, wehave C = Ĉ = A. If depth(C) = n + 1, we have C = A u E u F and Ĉ =AuÊuF̂ u ~E and, by assumption, E � Ê and F � F̂ . Now Ĉ v C is obvioussince ~E is a conjunct in Ĉ but not in C. On the other hand, we have C v ~Ebecause, by the de�nition of an �-completion, the constraints imposed bythe �-restrictions of ~E are already implicitly contained in C. Thus, C v Ĉholds as well. The same proof can be applied to ALEQ concepts. (ii) alsofollows since, by construction, Ĉ and D̂ are �-completions w.r.t. C and D,respectively, including all relevant subconcepts for computing lcs(C;D). 2In order to be able to use the formula given by (ii) in Proposition 2 forcomputing the LCS of concept conjunctions, we will give an algorithm tocompute the �-completion of an ALEQ concept. ALENR concepts will betreated in Section 5. 12



4 Determining �-completions in ALEQIn order to determine the �-completion of an ALEQ concept C given byEquation (2), the numbers ~li must be computed for any role Ri occurringon any depth of C. For simplicity of presentation, we will consider a �xedconcept depth. The value of ~li does only depend on L andM . For computingthe parameters ~li for each i 2 f1; : : : ; ng in De�nition 10, we de�ne Ni :=fpkjRk = Ri ^ 1 � k � ng and observe that lower and upper bounds for ~liare given by ~lmini := min(Ni) � ~li �Xp2Ni p =: ~lmaxi (5)Thus, ~li can be determined by a binary search algorithmwhich takes log2( ~lmaxi �~lmini ) satis�ability tests in the worst case.Algorithm 1 recursively computes the �-completion of an ALEQ con-cept C. First, C is transformed into SNF. If C is > or ?, C is already an�-completion and is returned unchanged. If no �-restrictions are present,Ê and ~L will be set to >. Otherwise, for each role Ri occurring on depth0 of C, ~lmini and ~lmaxi are computed according to Equation (5). The vari-able D represents a concept which is built of a conjunction of all �- and�-restrictions involving role Ri. The function compute-~li implements thebinary search algorithm for computing ~li given D and the lower and upperbound for ~li. It falls back on a satis�ability checking algorithm of ALEQconcepts (see, for example, [6]). Next the algorithm recursively computesthe �-completions of all �-restrictions of C on depth 0 (Ê) and collects theinformation implicitly contained in C (~L). At this point, the algorithm mustperform an LCS computation. In Section 6 we will give an implementationof the LCS operation. As for �-restrictions only the �-completions of thequanti�ers of the �-restrictions must be computed. If no �-restrictions arepresent, F̂ is set to >. Eventually, completion(C) returns C's �-completionĈ = A u Ê u F̂ u ~L.Theorem 1 For any ALEQ concept C, the call completion(C) returns aconcept which is equivalent to C's �-completion Ĉ. 2Example 3 LetX3 = (� 1R A) u (� 1R B) u (� 2R :A) u (� 2R :B) u(� 1R (A u B)) 13



Algorithm 1 completion(concept)C := SNF (concept)==C = A u u1�i�n(� pi Ri Ci) u u1�i�m(� p0i R0i C 0i)if C = > _ C = ? _ (n = 0 ^m = 0) thenreturn Celseif n = 0 then~L := >; Ê := >elsefor i 2 f1; : : : ; ng doN := fpkjRk = Ri ^ 1 � k � ngmin := min(N)max :=Pp2N pD := u 1�j�nRj=Ri(� pj Rj Cj) uM~li := compute-~li(D;min;max)~Li := (� ~li Ri lcs(C1; : : : ; Cn))end forÊ := u1�i�n(� pi Ri completion(Ci))~L := u1�i�n ~Liend ifif m = 0 thenF̂ := >elsêF := u1�j�m(� p0j R0j completion(C 0j))end ifreturn (A u Ê u F̂ u ~L)end if
14



and let us compute the �-completion for X3, completion(X3). Since X3 is inSNF and we have four �-restrictions in X3 the loop is iterated four times.In all four iterations we get min = 1, max = 6. The variable D collects all�- and �-restrictions involving the role of the current � restriction. In ourexample we get D = (� 1RA)u (� 1RB)u (� 2R:A)u (� 2R:B)u (�1 R (A u B)) and the call compute-~li(D;min;max) returns 3 because D hasthree R-successors. Hence, 8i 2 f1; : : : ; 4g : L̂i = (� 3R lcs(A;B;:A;:B))and lcs(A;B;:A;:B) = >. Thus, ~L = u4i=1(� 3R >) � (� 3R>). Sincedepth(X3) = 1, we get Ê = (� 1RA)u (� 1RB)u (� 2R:A)u (� 2R:B)and F = (� 1R (A u B)). Eventually, completion(X3) returns the conceptX̂3 = (� 1R A) u (� 1R B) u (� 2R :A) u (� 2R :B) u(� 1R (A u B)) u (� 3R>)as desired.5 Determining �-completions in ALENRIn order to determine the �-completion of an ALENR concept given byEquation (1), the numbers ~ei must be computed for any role Ri occurring onany depth of C. Again, for simplicity of presentation, we will consider a �xedconcept depth. The value of ~ei does only depend on E and F . In particular,the algorithm for computing the parameters ~ei must take into account thepresence of role conjunctions.For computing ~ei given an ALENR concept C, the idea is to build aset of new concepts MC := f �C1; : : : ; �Cqg from C such that ~ei can easily bederived from MC 's elements.Example 4 LetS1 := R u S 0; S2 := R u S 00; T := S1 u T 0; U := T u U 0 be roles andX4 := u1�i�6X4i:= 9R:A1 u 9 S1:(:A1 u A3) u 9 S2:A2 u9 T:A4 u 9 U:A5 u 8 U:(:A1 u :A3 u :A4):We observe that the role successors satisfying the constraints 9R:A1 and9 S2:A2 can be \merged" such that we only need one S2-successor (as aninstance of A1 u A2) in order to satisfy both constraints. Obviously, thismerge would not be possible if the concept 9 S2:(A1 u A2) was not coherentor if a universal role quanti�cation of the form 8 S2::A1 was present.15



In general, we will model the merging process as the result of an applica-tion of a merging rule to a concept C yielding a new concept C 0 which onlydi�ers from C in that two existential role quanti�cations are merged. By thisconstruction we can guarantee that every model of C 0 is also a model of Cand, hence, C 0 v C. Our intention is to recursively apply this merging ruleas long as no further rule applications are possible. A concept resulting fromthis series of merging rule applications will be called merging rule complete.Intuitively, this means that no further role successors can be merged.De�nition 11 For an ALENR concept C in SNF given by Equation (1) wesay that C 0 emerges from C by application of the merging rule (C m�! C 0)i� 9k; k0 2 f1; : : : ; ng; k < k0; with(i) C = A u E u F ,(ii) C 0 = A u u 1�i<kk+1�i<k0k0+1�i�n 9Ri:Ci u 9 Rk0:(Ck0 u Ck) u F ,(iii) Rk0 is a subrole of Rk, and(iv) C 0 is coherent.C 0 also merges from C by application of the merging rule if D0 is a subcon-cept of C 0, D is a subconcept of C, and D m�! D0. C 0 emerges from C bysuccessive applications of the merging rule i� 9C1; : : : ; Cp, p 2 IN [ f0g,such that C = C1 m�! � � � m�! Cp = C 0. C 0 is merging rule complete w.r.t.C i� C 0 emerges from C by successive applications of the merging rule and:9C 00 : C 0 m�! C 00. In this case, C 0 is called a merging rule completion of C.Furthermore, we de�ne the set of merging rule completions of C asMC := fC 0jC 0 is a merging rule completion of C:gAccording to De�nition 11, we can apply the merging rule to an ALENRconcept C (yielding C 0) if C contains two conjunctive existential role quan-ti�cations involving roles Rk and Rk0, Rk0 is a subrole of Rk and the resultingconcept C 0 is coherent. Furthermore, since we allowed for p = 0, a conceptwhich is already merging rule complete quali�es as a merging rule completion.Lemma 1 Let C and C 0 be ALENR concepts with C m�! C 0. ThenC 0 v C:
16



Proof. Let C m�! C 0 withC = A u E u FC 0 = A u u 1�i<kk+1�i<k0k0+1�i�n 9 Ri:Ci u 9Rk0:(Ck0 u Ck) u Ffor some k; k0 2 f1; : : : ; ng, k < k0, and Rk0 is a subrole of Rk. Then Cand C 0 only distinguish by the subconcepts 9Rk:Ck u 9Rk0:Ck0 (included inC) and 9Rk0 :(Ck0 u Ck) (included in C 0). Therefore, it su�ces to show that9 Rk0:(Ck0 u Ck) v 9Rk:Ck u 9Rk0:Ck0 which obviously holds. 2Theorem 2 Let C be an ALENR concept andMC be the set of C's mergingrule completions. Then 8C 0 2MC : C 0 v C:Proof. Let C 0 2MC . The case C 0 = C is trivial. Therefore, let C 0 6= C. Then9C1; : : : ; Cp, p 2 IN, such that C = C1 m�! � � � m�! Cp = C 0. By applyingProposition 1 p � 1 times we have C 0 = Cp v Cp�1; : : : ; C2 v C1 = C and,hence, C 0 v C. 2As Theorem 2 shows, a merging rule completion C 0 of a concept C isalways more special w.r.t. subsumption than C. This means that any modelof C 0 is also a model of C. Hence, if we know that C 0 has n R-successors fora role R occurring in C 0, this also holds for C.Example 5 When applied to X4, we can either merge the conjuncts 9R:A1and 9 S2:A2 yielding W1 := 9 S1:(:A1 u A3) u9 S2:(A2 u A1) u9 T:A4 u9 U:A5 u8 U:(:A1 u :A3 u :A4)or we can merge 9 R:A1 and 9 T:A4 yieldingW2 := 9 S1:(:A1 u A3) u9 S2:A2 u9 T:(A4 u A1) u9 U:A5 u8 U:(:A1 u :A3 u :A4):17



Since no further merging rule applications are applicable to W2, W2 is merg-ing rule complete, whereas, for W1, the rule can be applied to the conjuncts9 S1:(:A1 u A3) and 9 T:A4 yielding the merging rule complete conceptW3 := 9 S2:(A2 u A1) u9 T:(A4 u :A1 u A3) u9 U:A5 u8 U:(:A1 u :A3 u :A4):Thus, MX4 = fW2;W3g. This example shows that merging rule applicationsare not deterministic in general.Iterated merging rule applications can be represented by a tree in whichthe nodes are formed out of concepts and an edge is drawn from a noderepresenting concept C to the node representing concept C 0 if C m�! C 0.The leaves of this tree represent the concepts of MC . Figure 5 shows thecorresponding tree for the iterated merging rule applications to X4.Proposition 3 Let C be an ALENR concept and MC be the set of C's�-completions. Then MC is �nite.Proof. For a �xed concept depth, there are only �nitely many possibilitiesof merging rule applications, since the number of existential quanti�cationsin a concept is �nite. Furthermore, each merging rule application reducesthe number of existential role quanti�cations by one. Since C has a �nitelength, by iterated merging rule applications we will always yield a conceptto which the merging rule is no longer applicable. Thus, each node in thecorresponding tree for iterated merging rule applications has �nitely manysuccessors and every path has a �nite length. Now the proposition followsby K�onig's Lemma. 2Algorithm 2 recursively computes the set of merging rule completionsMCfor anALENR concept C according to De�nition 11. First, C is transformedinto SNF. If no (conjunctions of) existential or universal role quanti�cationsoccur in C, C is already merging rule complete. Therefore, a set with Cas the only element is returned. In case C is an existential (universal) rolequanti�cation 9R:C 0, we return a set of existential (universal) role quanti�-cations of the form 9 R:D where D is a recursively computed merging rulecompletion of C 0. For the treatment of a concept conjunction, we �rst collectall existential and universal role quanti�cations in the set D and all otherconcept components in �D. We add > to both D and �D in order to guarantee18



X4 = 9 R:A1u9 S1:(:A1 u A3)u9 S2:A2u9 T:A4u9 U:A5u8 U:(:A1 u :A3 u :A4)W2 = 9 S1:(:A1 u A3)u9 S2:A2u9 T:(A4 u A1)u9 U:A5u8 U:(:A1 u :A3 u :A4) W1 = 9 S1:(:A1 u A3)u9 S2:(A2 u A1)u9 T:A4u9 U:A5u8 U:(:A1 u :A3 u :A4)
W3 = 9 S2:(A2 u A1)u9 T:(A4 u :A1 u A3)u9 U:A5u8 U:(:A1 u :A3 u :A4)

����� AAAAU
?

Figure 1: Iterated merging rule applications to example conceptX4.Algorithm 2 merging-rule-completions(concept)C := SNF (concept)if (C = A _ C = :A _ C = > _ C = ?) _ C = (� n R) _ C = (� n R)thenfCgelse if C = 9 R:C 0 thenD := merging-rule-completions(C 0)f9 R:D0jD0 2 Dgelse if C = 8 R:C 0 thenD := merging-rule-completions(C 0)f8 R:D0jD0 2 Dgelse if C = C1 u � � � u Cn thenD := fE 2 fC1; : : : ; CngjE = 9R:C 0 _ E = 8R:C 0g [ f>g�D := fC1; : : : ; Cng nD [ f>gE := compute-merge-set(D)F := uG2 �DGSH2E merging-rule-completions(F uH)end if 19



the existence of at least one element in D and �D. The function compute-merge-set(D) returns the set of merging rule completions given a set D ofexistential and universal role quanti�cations which is interpreted as a conceptconjunction of D's elements. The variable F takes a concept representing theconjunction of all concept components which do not in
uence the mergingrule completion process (i.e., the elements of �D). Then the conjunction ofeach merging rule completion and the concept stored in F is built. Sincethese conjunctions may contain existential or universal role quanti�cations,we have to apply the algorithm recursively on each conjunction and returnthe union of the partial results.Theorem 3 Let C be an ALENR concept. Then algorithm merging-rule-completions(C) returns the set of merging rule completions MC . 2Example 6 Let us compute merging-rule-completions(X4) for our exampleconcept X4. Since X4 is in SNF, we have C = X4 and the algorithm reachesthe part handling concept conjunctions. We get D = fX41; : : : ; X45; 8U:(:A1u:A3 u :A4);>g and �D = f>g. Furthermore, after calling compute-merge-set(D), E = fW2;W3g contains C's merging rule completions. Since �D =f>g, we obtain F = > and, �nally, f> uW2;> uW3g is returned becausefurther recursive calls of the function merging-rule-completions only returntheir arguments as a set.Given an ALENR concept C, for each of C's merging rule completions,we can now determine the numbers ~ei.De�nition 12 Let C be an ALENR concept given by Equation (1) andMC = fD1; : : : ; Dqg be the set of C's merging rule completions with Dt :=At uu1�j�nt9Rjt:Cjt u u1�k�mt8Rkt:Ckt and At an arbitrary conjunction ofatomic concepts, negated atomic concepts, �- and �-restrictions. Then, fori 2 f1; : : : ; ng, we de�ne�eit := ]f9R:C 2 f9 R1t:D1t; : : : ; 9Rntt:DnttgjR is a subrole of Rig�ei := minf �eitjt 2 f1; : : : ; qggFirst, for a concept C, each value of �eit is determined by counting thoseexistential role quanti�cations of Dt involving a role Rjt (j 2 f1; : : : ; ntg)which is subsumed by Ri (occurring in C). The reason is that every Rjt-successor necessarily is also an Ri-successor if Rjt v Ri, and both role suc-cessors are unique (because Dt is a merging rule completion). De�nition 12can straightforwardly be implemented into an algorithm taking the set MCas argument and returning the numbers �ei. With these considerations wecan state: 20



Theorem 4 Let C be an ALENR concept and Ĉ be C's �-completion givenby Equation (3). Then, for all i 2 f1; : : : ; ng :~ei = �ei:Proof. Let MC = fD1; : : : ; Dqg be the set of C's merging rule completions.Assume 9i 2 f1; : : : ; ng : ~ei 6= �ei. In case ~ei < �ei there exists t 2 f1; : : : ; qgsuch that �eit < ~ei according to De�nition 12. But then there exists a conceptC 0 such that C m�! � � � m�! Dt m�! C 0. Hence, Dt is not merging rulecomplete which is a contradiction since Dt 2 MC . Now assume ~ei > �ei.According to De�nition 12 there exists t 2 f1; : : : ; qg such that �eit < ~ei. Butthen there exists a concept C 0 such that C m�! � � � m�! C 0 m�! � � � m�! Dt.However, since �eit < ~ei, the merging rule cannot be applied to C 0 becausecondition (iv) is violated in De�nition 11. This leads to a contradiction. 2Theorem 4 shows that, for a concept C, the numbers ~ei can be determinedby the previously sketched procedure.Example 7 In our example, for MC = fW2;W3g, we obtainW2 : �e11 = 4; �e21 = 3; �e31 = 1; �e41 = 2; �e51 = 1; andW3 : �e12 = 3; �e22 = 2; �e32 = 1; �e42 = 2; �e52 = 1:According to De�nition 12, for i 2 f1; : : : ; 5g, we choose �ei = min(fei1; ei2g)yielding �e1 = 3; �e2 = 2; �e3 = 1; �e4 = 2; �e5 = 1.Having computed �ei, Theorem 4 can be used in order to obtain ~ei. ThenC's �-completion Ĉ can be easily constructed by a recursive algorithm.Example 8 For our example concept X4, we get~L = (� 3R) u (� 2 S1) u (� 1 S2) u (� 2 T ) u (� 1 U)and, thus,̂X4 = u1�i�6X4i u ~L= 9 R:A1 u 9 S1:(:A1 u A3) u 9 S2:A2 u9 T:A4 u 9 U:A5 u 8 U:(:A1 u :A3 u :A4) u(� 3R) u (� 2 S1) u (� 1 S2) u (� 2 T ) u (� 1 U)as desired. 21



6 The LCS algorithmOnce the�-completions Ĉ and D̂ are computed for concepts C andD, De�ni-tion 8 can straightforwardly be implemented into a corresponding algorithmtaking Ĉ and D̂ as arguments. By Proposition 2 we have an easy formulafor the correct treatment of concept conjunctions.When called with �-completions Ĉ and D̂ ofALENR orALEQ conceptsC and D, Algorithm 3 recursively computes lcs(Ĉ; D̂) given �-completionsĈ and D̂ of ALENR or ALEQ concepts C and D. It is a straightforwardimplementation of the LCS rules given by Table 1.Theorem 5 Algorithm compute-lcs is sound, complete, and terminates. Inother words, if C;D are ALENR or ALEQ concepts and Ĉ; D̂ their corre-sponding �-completions, then compute-lcs(Ĉ; D̂) = lcs(C;D). 2Example 9 Let Y3 := (� 4R>) andY4 := (� 5R):Then Ŷ3 = Y3 and Ŷ4 = Y4. Applying Algorithm 3 to X̂3 and Ŷ3 yields(� 3R>) and to X̂4 and Ŷ4 yields (� 3R) as desired.We can state a lower bound complexity for computing the LCS of twoconcepts.Theorem 6 Let C and D be either both ALENR or ALEQ concepts. Thenlcs(C;D) may be of size exponential in the size of C and D.Proof. In [2], this statement is shown for C and D being ALE concepts.Since ALE is a sublanguage of both ALEQ and ALENR, the result can beconsidered a lower bound complexity for computing the LCS of ALEQ andALENR concepts. 27 Conclusion and Future WorkWe have presented an LCS operator for the expressive DLs ALENR andALEQ and showed �rst decidability results. To the best of our knowledge,it is the �rst approach towards an LCS algorithm for a description logiccontaining both number restrictions and existential quanti�cations. Bothlanguages are expressive enough to be quite useful in our similarity-based22



Algorithm 3 compute-lcs (C;D)if D v C thenCelse if C v D thenDelse if (C = A _ C = :A) and (D = B _D = :B) for atoms A and Bthenif C = D thenCelse>end ifelse if C = C1 u � � � u Cn thenu1�i�ncompute-lcs(Ci; D)else if C = 9 R:C 0 and D = 9 S:D0 thenif msr(R; S) = > then>else9msr(R; S):compute-lcs(C 0; D0)end ifelse if C = 8 R:C 0 and D = 8 S:D0 thenif msr(R; S) = > then>else8msr(R; S):compute-lcs(C 0; D0)end ifelse if C = (� n R) and D = (� m S) thenif msr(R; S) = > then>else(� minfn;mgmsr(R; S))end ifelse if C = (� n R) and D = (� m S) thenif msr(R; S) = > then>else(� maxfn;mgmsr(R; S))end ifelse if C = (� n R C 0) and D = (� mRD0) then(� minfn;mgR compute-lcs(C 0; D0))else if C = (� n R C 0) and D = (� mRD0) then(� maxfn;mgR (C 0 uD0))else if D = D1 u � � � uDn thencompute-lcs(D;C)else>end if 23



information retrieval application. The special challenge one faces is thatconjunctions of quali�ed number restrictions (in ALEQ) and of existentialrole quanti�cations (in ALENR) imply �-restrictions which have an e�ecton the LCS determination. In our approach, we �rst describe an algorithmto compute the �-completions of the input concepts. The �-completionsinclude all implicitly contained information relevant for computing the LCSin a simple way. We extended the LCS computation algorithm for the DLsALN and ALE to the new language constructs included in ALENR andALEQ and showed soundness and completeness of our LCS operator. Itwould be an interesting future research topic to extend the notion of conceptcommonalities to DLs including a disjunction operator. The LCS operatoris not useful for this because the LCS of two concepts would just be theirdisjunction which does not express meaningful commonalities. Also, we havenot yet performed a detailed complexity analysis for LCS determination inALENR and ALEQ.References[1] F. Baader and R. K�usters. Computing the Least Common Subsumerand the Most Speci�c Concept in the Presence of Cyclic ALN -conceptDescriptions. In O. Herzog and A. G�unter, editors, Proc. of the 22ndKI-98, volume 1504, pages 129{140, 1998.[2] F. Baader, R. K�usters, and R. Molitor. Computing Least CommonSubsumer in Description Logics with Existential Restrictions. LTCS-Report 98-09, LuFG, RWTH Aachen, Germany, 1998.[3] W. W. Cohen, A. Borgida, and H. Hirsh. Computing Least CommonSubsumers in Description Logics. In Proceedings of the InternationalConference on Fifth Generation Computer Systems, pages 1036{1043,Japan, 1992. Ass. for Computing Machinery.[4] F. M. Donini, M. Lenzerini, D. Nardi, and W. Nutt. The Complexity ofConcept Languages. Information and Computation, 134(1):1{58, April1997.[5] F. M. Donini, M. Lenzerini, D. Nardi, and A. Schaerf. Principles ofKnowledge Representation, chapter Reasoning in Description Logics,pages 191{236. CSLI Publications, 1996.[6] B. Hollunder and F. Baader. Qualifying Number Restrictions in ConceptLanguages. In Proceedings of the Second International Conference on24
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