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Abstract. The aim of this w ork is to pro vide a family of qualitativ e the-

ories for spatial c hange in general, and for motion of spatial scenes in par-

ticular. Motion of an n -ob ject spatial scene is seen as a c hange (o v er time)

of the (qualitativ e) spatial relations b et w een the di�eren t ob jects in v olv ed in

the scene |if, for instance, the spatial relations are those of the w ell-kno wn

Region-Connection Calculus RC C 8, then the ob jects of the scene are seen

as regions of a top ological space, and motion of the scene as a c hange in

the RC C 8 relations on the di�eren t pairs of the ob jects. T o ac hiev e this, w e

consider a spatio-temp oralisation MT ALC ( D

x

), of the w ell-kno wn ALC ( D )

family of Description Logics (DLs) with a concrete domain: the MT ALC ( D

x

)

concepts are in terpreted o v er in�nite k -ary trees, with the no des standing for

time p oin ts; the roles split in to m + n immediate-successor (accessibilit y) re-

lations, whic h are an tisymmetric and serial, and of whic h m are general, not

necessarily functional, the other n functional; the concrete domain D

x

is gen-

erated b y an RC C 8 -lik e spatial Relation Algebra (RA) x . The (long-term) goal

is to design a platform for the implemen tation of 
exible and e�cien t domain-

sp eci�c languages for tasks in v olving spatial c hange. In order to capture the

expressiv eness of most mo dal temp oral logics encoun tered in the literature,

w e in tro duce w eakly cyclic T erminological Bo xes (TBo xes) of MT ALC ( D

x

),

whose axioms capture the decreasing prop ert y of mo dal temp oral op erators.

W e sho w the imp ortan t result that satis�abilit y of an MT ALC ( D

x

) concept

with resp ect to a w eakly cyclic TBo x is decidable in nondeterministic exp o-

nen tial time, b y reducing it to the emptiness problem of a w eak alternating

automaton augmen ted with spatial constrain ts, whic h w e sho w to remain de-

cidable, although the accepting condition of a run in v olv es, additionally to

the standard case, consistency of a CSP (Constrain t Satisfaction Problem)

p oten tially in�nite. The result pro vides a tableaux-lik e satis�abilit y pro cedure

whic h w e will discuss. Finally , giv en the imp ortance and cognitiv e plausibil-

it y of con tin uous c hange in the real ph ysical w orld, w e pro vide a discussion

sho wing that our decidabilit y result extends to the case where the no des of

the k -ary tree-structures are in terpreted as (durativ e) in terv als, and eac h of

the m + n roles as the me ets relation of Allen's RA of in terv al relations.

Key w ords: Spatio-temp oral reasoning, Qualitativ e reasoning, Mo dal tem-

p oral logics, Alternating automata, Description logics, Concrete domain, Con-

strain t satisfaction.
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1 In tro duction

Mo dal temp oral logics are w ell-kno wn in computer science in general, and in Arti�cial

In telligence (AI) in particular. Imp ortan t issues that need to b e addressed, when

de�ning a mo dal temp oral logic, include the on tological issue of whether to c ho ose

p oin ts or in terv als as the primitiv e ob jects, and the issue of whether time is a total

(linear) or a partial order. F or more details, the reader is referred to b o oks suc h as

v an Ben them's [76], or to surv ey articles suc h as Vila's [79].

Qualitativ e Spatial Reasoning (henceforth QSR), and more generally Qualitativ e Rea-

soning (QR), di�ers from quan titativ e reasoning b y its particularit y of remaining at a

description lev el as high as p ossible. In other w ords, QSR stic ks at the idea of \making

only as man y distinctions as necessary" [14], idea b orro w ed to na • �v e ph ysics [35]. The

core motiv ation b ehind this is that, whenev er the n um b er of distinctions that need to

b e made is �nite, the reasoning issue can get rid of the calculation details of quan tita-

tiv e mo dels, and b e transformed in to a simple matter of sym b ol manipulation; in the

particular case of constrain t-based QSR, this generally means a �nite RA [75] (see

also [17, 46, 54]), with tables recording the results of applying the di�eren t op erations

to the di�eren t atoms, and the reasoning issue reduced to a matter of table lo ok-ups:

a go o d illustration to this is the w ell-kno wn top ological calculus RC C 8 [67, 18]. One

plausible w a y of resp onding to criticisms against QSR languages (whic h include F or-

bus, Nielsen and F altings' [22] p o v ert y conjecture, and Hab el's [32] argumen t that

suc h languages su�er from not ha ving \the abilit y to re�ne discrete structures if nec-

essary"), and against QR languages in general, is to de�ne suc h languages according

to cognitiv e adequacy criteria [69]. F or more details on QSR, and on QR in general,

the reader is referred to surv ey articles suc h as [14, 16].

Considered separately , mo dal temp oral logics and constrain t-based QSR ha v e eac h an

imp ortan t place in AI. Ho w ev er, an imp ortan t goal for researc h in AI, whic h has not

receiv ed enough atten tion so far, is to de�ne w ell-founded languages com bining mo dal

temp oral logics and QSR languages. Suc h languages are k ey represen tational to ols for

tasks in v olving qualitativ e spatial c hange. Examples of suc h tasks include satellite-

lik e surv eillance of large-scale geographic spaces, and (qualitativ e) path planning for

rob ot na vigation [20, 25, 41, 48, 72, 83].

The goal of the presen t w ork is to enhance the expressiv eness of mo dal temp oral logics

with qualitativ e spatial constrain ts. What w e get is a family of qualitativ e theories

for spatial c hange in general, and for motion of spatial scenes in particular. The

family consists of domain-sp eci�c spatio-temp oral (henceforth s-t ) languages, and is

obtained b y spatio-temp oralisi ng a w ell-kno wn family of description logics (DLs) with

a concrete domain, kno wn as ALC ( D ) [3]. ALC ( D ) originated from a pure DL kno wn

as ALC [73], with m � 0 roles all of whic h are general, not necessarily functional

relations, and whic h Sc hild [71] has sho wn to b e expressiv ely equiv alen t to Halp ern

and Moses' K

( m )

mo dal logic [33]. ALC ( D ) is obtained b y adding to ALC functional

roles (b etter kno wn as abstract features), a concrete domain D , and concrete features

(whic h refer to ob jects of the concrete domain). The spatio-temp oralisati o n of ALC ( D )

is obtained, as the name suggests, b y p erforming t w o sp ecialisations at the same time:

1. temp oralisation of the roles, so that they consist of m + n immediate-successor

(accessibilit y) relations R

1

; : : : R

m

; f

1

; : : : ; f

n

, of whic h the R

i

's are general, not

necessarily functional relations, and the f

i

's functional relations; and
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2. spatialisation of the concrete domain D : the concrete domain is no w D

x

, and is

generated b y a spatial RA x , suc h as the Region-Connection Calculus R CC8 [67].

The �nal spatio-temp oralisa tio n of ALC ( D ) will b e referred to as MT ALC ( D

x

)

( MT ALC for M o dal T emp oral ALC ). T o summarise, MT ALC ( D

x

) v eri�es the fol-

lo wing:

1. the (abstract) domain (i.e., the set of w orlds in mo dal logics terminology) of

MT ALC ( D

x

) in terpretations is a univ erse of time p oin ts;

2. the roles consist of m + n immediate-successor relations R

1

; : : : R

m

; f

1

; : : : ; f

n

, of

whic h the R

i

's are general, not necessarily functional relations, and the f

i

's are

functional relations;

3. the roles are an tisymmetric and serial, and w e denote, as usual, the transitiv e

closure and the re
exiv e-transitiv e closure of a relation R b y R

+

and R

�

, resp ec-

tiv ely;

4. the concrete domain D

x

is generated b y an RC C 8-lik e constrain t-based qualitativ e

spatial language x ; and

5. the concrete features are functions from the abstract domain on to ob jects of the

concrete domain: in the case of x b eing RC C 8, for instance, the ob jects of the

concrete domain are regions of a top ological space.

When view ed as a domain-sp eci�c high-lev el vision system, a theory of the family has

the follo wing prop erties:

1. \the ey es" of the system are the concrete features: with eac h ob ject O

i

of the

(c hanging) spatial domain at hand, w e asso ciate one and only one concrete feature

g

i

, whic h is giv en the task of \k eeping an ey e" on O

i

's p osition as time 
o ws;

2. the (concrete) feature c hains other than the concrete features, whic h consist of

�nite c hains (comp ositions) of abstract features terminated b y a concrete feature,

and allo w to access from a giv en no de of an in terpretation, the v alue of a concrete

feature at another, future no de, constitute \the predictiv e" engine of the system;

3. the ob jects of the concrete domain are concrete ob jects of the spatial domain at

hand; and

4. the predicates of the concrete domain constitute \the high-lev el memory" of the

system, able of represen ting kno wledge on ob jects of the spatial domain at hand,

as seen b y the concrete features or predicted b y the feature c hains, as spatial

constrain ts on tuples of the corresp onding concrete features or feature c hains.

The idea of domains in LP (Logic Programming) [7, 15, 44, 45, 77] has led to CLP

(Constrain t Logic Programming) with a sp eci�c domain, suc h as CLP (Q I ) and CLP (I N ),

kno wn to b e e�cien t implemen tations of CLP with, resp ectiv ely , the rationals and

the in tegers as a sp eci�c domain. The motiv ation b ehind the extension of ALC to

ALC ( D ) w as similar, in that with ALC ( D ) w e can refer directly to ob jects of the

domain w e are in terested in, thanks to the concrete features, and to the (concrete)

feature c hains in general, and record kno wledge on these ob jects, as \seen" b y the

concrete features or \predicted" b y the feature c hains, thanks to the predicates. This

allo ws the ob jects of the domain at hand, and the kno wledge on them, to b e isolated

from the kno wledge on the abstract ob jects, su�cien tly enough to allo w for an easy

and e�cien t implemen tation. In this resp ect, MT ALC ( D

RC C 8

), for instance, will b e

3



an implemen tation of MT ALC , the temp oral comp onen t, with a concrete domain

D

RC C 8

generated b y RC C 8.

MT ALC ( D

x

) is the result of com bining a temp oralisation of a pure DL language,

ALC [73], with a spatialisation of a constrain t-based language re
ected b y a con-

crete domain D . The discussion of the previous paragraph, on the separation of the

kno wledge on the ob jects of the domain at hand, from the kno wledge on the abstract

ob jects, leads to an imp ortan t computational adv an tage in the use of this w a y of

getting spatio-temp oral languages, instead of com bining t w o or more mo dal logics,

whic h is kno wn to p oten tially lead to undecidable spatio-temp oral languages |ev en

when the com bined parts are tractable [8, 9]! With DLs, it is kno wn that, as long

as the pure DL and the constrain t-based language re
ected b y the concrete domain

are decidable, the resulting DL with a concrete domain is so that satis�abilit y of a

concept w.r.t. an acyclic TBo x is decidable [3].

Constrain t-based languages candidate for generating a concrete domain for a mem-

b er of our family of spatio-temp oral theories, are spatial RAs for whic h the atomic

relations form a decidable subset |i.e., suc h that consistency of a CSP expressed as

a conjunction of n -ary relations on n -tuples of ob jects, where n is the arit y of the

RA relations, is decidable. Examples of suc h RAs kno wn in the literature include,

the Region-Connection Calculus RC C 8 in [67] (see also [18]), the Cardinal Directions

Algebra C D A in [23], and the rectangle algebra in [6] (see also [30, 57]) for the binary

case; and the RA C Y C

t

of 2D orien tations in [42, 43] for the ternary case.

The pap er, without loss of generalit y , will fo cus on t w o concrete domains generated b y

t w o of the three binary spatial RAs men tioned ab o v e, RC C 8 [67] and C D A [23]; and

on a third concrete domain generated b y the ternary spatial RA C Y C

t

in [42, 43]. It is

kno wn that, in the general case, satis�abilit y of an ALC ( D ) concept with resp ect to a

cyclic T erminologica l Bo x (TBo x) is undecidable (see, e.g., [52]). In this w ork, w e de-

�ne a w eak form of TBo x cyclicit y ,

1

whic h captures the decreasing prop ert y of mo dal

temp oral op erators. The pure DL MT ALC , consisting of the temp oral comp onen t

of MT ALC ( D

x

), together with w eakly cyclic TBo xes, captures the expressiv eness of

most mo dal temp oral logics encoun tered in the literature. Similarly to eventuality for-

m ulas in mo dal temp oral logics, some of the de�ned concepts of MT ALC ( D

x

) will b e

referred to as eventuality concepts, for the axioms de�ning them describ e situations

that need to b e e�ectiv ely satis�ed sometime in the future. As an example of suc h

de�ned concepts, the concept C de�ned b y the axiom C

:

= p t 9 f :C , where p is an

atomic prop osition, and f an immediate-successor accessibilit y relation, asso ciating

with eac h state of an in terpretation its immediate successor, describ es the ev en tualit y

form ula } p , of, sa y , Prop ositional Linear T emp oral Logic (PL TP). F or a state s of an

in terpretation to satisfy the ev en tualit y form ula } p , there should exist a descenden t

no de of s , along the in�nite path f

!

, satisfying p . The axiom C

:

= p t 9 f :C , ho w ev er,

ma y lea v e p unsatis�ed, and still giv e the false impression that it is satis�ed: this is a

w ell-kno wn situation in mo dal temp oral logics, whic h ma y happ en b y eternally rep ort-

ing the satis�abilit y to the next state, and whic h can b e get rid of b y ha ving recourse

to the theory of automata on in�nite ob jects (see, e.g., [40, 78]). This discussion is

imp ortan t for the understanding of the w a y are obtained the accepting states of the

1

In tuitiv ely , a TBo x is w eakly cyclic if all its cycles are of degree 1, re
ected b y a de�ned

concept app earing in the righ t hand side of the axiom de�ning it (within the scop e of an

exiten tial or univ ersal quan ti�er).
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(w eak) alternating automaton on in�nite ob jects, asso ciated with the satis�abilit y of

an MT ALC ( D

x

) concept w.r.t. an MT ALC ( D

x

) w eakly cyclic TBo x.

In a nondeterministic automaton on in�nite w ords, the transition function, sa y � , is so

that � ( a; q ), where a is a letter of the alphab et and q an elemen t of the set Q of states,

is a subset of Q ; and a state q accepts a w ord u = av , if and only if (i�) there exists a

state q

0

2 � ( a; q ) accepting the su�x v . In alternating automata, � ( a; q ), when put in

a certain normal form, is a set of subsets of Q ; and a state q accepts a w ord u = av , i�

there exists a set of states Q

0

2 � ( a; q ), suc h that eac h state q

0

in Q

0

accepts the su�x

v . This in tuitiv e de�nition of acceptance w orks only when no condition is imp osed

on the so called run of the automaton on the the input (in�nite) w ord. When suc h a

condition is imp osed, the acceptance requires more: in the case of B • uc hi automata,

for instance, where the accepting condition is giv en b y a subset F of the set of states,

the states rep eated in�nitely often in an y branc h of the run should include a state of

F .

The theory of alternating automata [59] on in�nite w ords, and on in�nite trees in

general, is a generalisation of the theory of nondeterministic automata [65]. In this

w ork, w e will mostly need w eak alternating automata [58].

F urthermore, w e will need to extend standard alternating automata, in order to handle

in terpretations \follo wing" the ev olution of a spatial scene of in terest o v er time, b y

recording at eac h no de, thanks to concrete features, the p ositions of the ob jects of the

scene. The new kind of alternating automata handle spatial constrain ts on concrete

features, and on (concrete) feature c hains in general, whic h allo w them to restrict the

v alues of the di�eren t concrete features at the di�eren t no des of an in terpretation. As

a consequence, the accepting condition will in v olv e, not only the states in�nitely often

rep eated in a run, but a CSP as w ell, whic h is p oten tially in�nite. W e sho w that the

\injection" of spatial constrain ts in to standard w eak alternating automata do es not

compromise decidabilit y of the emptiness problem, whic h w e sho w can b e ac hiev ed in

nondeterministic exp onen tial time.

W e pro v e the imp ortan t result that, satis�abilit y of an MT ALC ( D

x

) concept with

resp ect to an MT ALC ( D

x

) w eakly cyclic TBo x is decidable, b y reducing it to the

emptiness problem of a w eak alternating automaton augmen ted with spatial con-

strain ts. A �rst discussion will sho w that the result pro vides an e�ectiv e tableaux-lik e

satis�abilit y pro cedure, with the particularit y of dynamically handling spatial con-

strain ts, using constrain t propagation tec hniques, whic h allo ws it to p oten tially reduce

the searc h space. A second discussion will clarify ho w the decidabilit y result extends

to the case where the no des of the k -ary tree-structures are in terpreted as (durativ e)

in terv als, and eac h of the m + n roles as the me ets relation of Allen's RA of in terv al

relations [1].

W eakly de�nable languages of in�nite w ords (or ! -w ords), and of in�nite k -ary trees in

general, w ere �rst de�ned b y Rabin [66]: a language L is w eakly de�nable i� L and its

complemen t L are B • uc hi ( L is B • uc hi i� there exists a B • uc hi automaton accepting L ).

Muller, Saoudi and Sc h upp [58] ha v e sho wn (1) that a language is w eakly de�nable i�

there exists a w eak alternating automaton accepting it; and (2) that a w eak alternating

automaton can b e sim ulated with a B • uc hi nondeterministic automaton (see also [60]).

The emptiness problem of a B • uc hi nondeterministic automaton, in turn, is kno wn to

b e trivially decidable [65].
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Computing with alternating automata is easy . In particular, the complemen t of a

language accepted b y an alternating automaton M , is the language of the alternating

automaton M

0

, obtained from M b y dualising the transition function (in terc hanging

the ^ and _ op erators), and complemen ting the accepting condition (see the comple-

men tation theorem in [59]).

The particularit y of w eak alternating automata is that, one can �nd a partition Q =

Q

1

[ � � � [ Q

m

of the set Q of states, and a partial order � on this partition, so that if

q

0

2 � ( a; q ), then there exist i; j 2 f 1 ; � � � ; m g , suc h that q 2 Q

i

^ q

0

2 Q

j

^ Q

i

� Q

j

.

1.1 The w a y from LP to distributed spatial CLP ( dsCLP )

The theoretical framew ork of Logic Programming ( LP ) is the prop ositional calculus.

A logic program can b e seen as deciding satis�abilit y of a conjunction of Horn clauses.

In realit y , ho w ev er, one cannot alw a ys restrict the kno wledge on the real w orld, to

Bo olean com binations of atomic, Bo olean prop ositions. One has to face the problem of

represen ting, and dealing with, kno wledge on a sp eci�c domain of in terest, generally

consisting of ob jects referred to b y v ariables. Suc h kno wledge is represen ted using

constrain ts of the form P ( x

1

; : : : ; x

n

), where P is an n -ary predicate, and the x

i

are

v ariables. Suc h constrain ts are referred to as domains in CLP .

CLP incorp orates the idea of domains in to LP , so that, for instance, the user can

restrict the range of a v ariable, or of a pair of v ariables, either with the use of a

unary constrain t (on a v ariable), or with the use of a binary constrain t (on a pair

of v ariables). Searc h algorithms based on consistency tec hniques [7, 15, 44, 45, 77], can

then use a priori pruning during the searc h, generally b y applying a �ltering algorithm,

suc h as arc-consistency [53, 56], at eac h no de of the searc h tree, whic h p oten tially

reduces the domains of the v ariables and of the pairs of v ariables (th us reducing the

subtree of the searc h space ro oted at the curren t no de

2

). Mo dal temp oral logics, in

turn, can b e seen as a mean for distributing LP , whic h leads to distibuted LP (dLP).

Adding v ariable (and pair-of-v ariable ) domains to dLP , in a similar w a y as in LP ,

leads to distributed CLP ( dCLP ). The general use, and understanding of, a domain

in CLP and in dCLP , is as a unary constrain t, of the form R ( x ), stating that v ariable

x is constrained to b elong to the unary predicate R ; or as a binary constrain t, of the

form S ( x; y ), stating that the pair ( x; y ) of v ariables is constrained to b elong to the

binary predicate S : R is nothing else than a subset of the whole univ erse of v alues

used for v ariables' instan tiation, and S a subset of the cross pro duct of the univ erse

b y itself (the univ erse is generally the set I R of reals, or an y of its subsets, suc h as the

set Q I of rationals, the set I N of in tegers, or the set f 0 ; 1 g sym b olising the Bo oleans).

In QSR, restricting the domain of a v ariable to a strict subset of the (con tin uous)

spatial domain at hand (the t w o-dimensional space, for instance), has generally no

practical imp ortance. In other w ords, unary constrain ts do not ha v e as m uc h im-

p ortance as in traditional CLP . Indeed, a conjunction of QSR constrain ts (in other

w ords, a QSR CSP) is alw a ys no de- and arc-consisten t. Examples of QSR constrain t

languages for whic h this is the case, include languages of binary relations w e ha v e

already men tioned: the Region-Connection Calculus in [67, 18], the Cardinal Direc-

tions Algebra in [23] and the rectangle algebra in [6, 30, 57]. F or these languages, the

2

By curren t no de, w e mean the no de of the tree-lik e searc h space where the searc h is.
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lo w est lo cal-consistency �ltering, whic h can p oten tially reduce the searc h space, is

path consistency . This is not the end of the story: there are QSR constrain t languages

for whic h CSPs expressed in them are already strongly 3-consisten t (i.e., no de-, arc-

and path-consisten t), and for whic h e�ectiv eness of lo cal-consistency �ltering starts

from 4-consistency (for instance, the ternary RA of 2D orien tations in [42, 43]).

It should b e clear no w that, in order to b e able to reason qualitativ ely ab out space

within CLP or within dCLP , one has to adapt it, so that the domains re
ect the

realit y of the spatial domain at hand: the domains should b e binary constrain ts, if

the constrain t language used for represen ting spatial kno wledge is binary (suc h as the

three men tioned ab o v e), and ternary constrain ts, if the language is ternary (suc h as

the one men tioned ab o v e). T o mak e things clearer, supp ose that the represen tational

language is RC C 8. The spatial domain at hand, used for instan tiating the spatial

v ariables, is then the set of regions of a top ological space. A pair of spatial v ariables

of a CLP program, if no restriction is giv en, is related b y the RC C 8 univ ersal relation,

whic h is the set of the eigh t atoms of the language. A domain in this case is an y subset

of the set of all eigh t atoms (in other w ords, an y RC C 8 relation), whic h will restrict

the instan tiations of pairs of v ariables, to those pairs of regions of the top ological

space at hand that are related b y an atom of the domain.

W e refer to CLP and dCLP with spatial v ariables as describ ed ab o v e, as sCLP (spatial

CLP ) and dsCLP (distributed sCLP ).

1.2 Asso ciating a w eak alternating automaton with the satis�abilit y of a

concept w.r.t. a w eakly cyclic TBo x: an o v erview

Giv en an MT ALC ( D

x

) concept C and an MT ALC ( D

x

) w eakly cyclic TBo x T ,

the problem w e will b e in terested in is, the satis�abilit y of C with resp ect to T .

The axioms in T are of the form B

:

= E , where B is a de�ned concept name, and

E an MT ALC ( D

x

) concept. Using C , w e in tro duce a new de�ned concept name,

B

init

, giv en b y the axiom B

init

:

= C . W e denote b y T

0

the TBo x consisting of T

augmen ted with the new axiom: T

0

= T [ f B

init

:

= C g . The alternating automaton

w e asso ciate with the satis�abilit y of C w.r.t. the TBo x T , so that satis�abilit y holds

i� the language accepted b y the automaton is not empt y , is no w almost en tirely giv en

b y the TBo x T

0

: the de�ned concept names represen t the states of the automaton,

B

init

b eing the initial state; the transition function is giv en b y the axioms themselv es.

Ho w ev er, some mo di�cation of the axioms is needed.

Giv en an MT ALC ( D

x

) axiom B

:

= E in T

0

, the metho d to b e prop osed decomp oses

E in to some kind of Disjunctiv e Normal F orm, dnf 2( E ), whic h is free of o ccurrences

of the form 8 R :E . In tuitiv ely , the concept E is satis�able b y the state consisting of

the de�ned concept name B , i� there exists an elemen t S of dnf 2( E ) that is satis�able

b y B . An elemen t S of dnf 2( E ) is a conjunction written as a set, of the form S

pr op

[

S

csp

[ S

9

, where:

1. S

pr op

is a set of primitiv e concepts and negated primitiv e concepts |it is w orth

noting here that, while the de�ned concepts (those concept names app earing as

the left hand side of an axiom) de�ne the states of our automaton, the primitiv e

concepts (the other concept names) corresp ond to atomic prop ositions in, e.g.,

classical prop ositional calculus;

7



2. S

csp

is a set of concepts of the form 9 ( u

1

) � � � ( u

n

) :P , where u

1

; : : : ; u

n

are feature

c hains and P a relation (predicate) of an n -ary spatial RA; and

3. S

9

is a set of concepts of the form 9 R :E

1

, where R is a role and E

1

is a concept.

The pro cedure ends with a TBo x T

0

of whic h all axioms are so written. Once T

0

has

b een so written, w e denote:

1. b y af ( T

0

), the set of abstract features app earing in T

0

; and

2. b y r r c ( T

0

), the set of concepts app earing in T

0

, of the form 9 R :E , with R b eing

a general, not necessarily functional role, and E a concept.

The alternating automaton to b e asso ciated with T

0

, will op erate on (Kripk e) struc-

tures whic h are in�nite m + p -ary trees, with m = j af ( T

0

) j and p = j r r c ( T

0

) j . Suc h

a structure, sa y t , is asso ciated with a truth-v alue assignmen t function � , assigning

to eac h no de, the set of those primitiv e concepts app earing in T

0

that are true at

the no de. With t are also asso ciated the concrete features app earing in T

0

: suc h a

concrete feature, g , is mapp ed at eac h no de of t , to a (concrete) ob ject of the spatial

domain in consideration (e.g., a region of a top ological space if the concrete domain

is generated b y RC C 8 ).

The feature c hains are of the form f

1

: : : f

k

g ,

3

with k � 0, where the f

i

's are ab-

stract features (also kno wn, as alluded to b efore, as functional roles: functions from

the abstract domain on to the abstract domain), whereas g is a concrete feature (a

function from the abstract domain on to the set of ob jects of the concrete domain).

The sets S are used to lab el the no des of the searc h space. Informally , a run of the

tableaux-lik e searc h space is a disjunction-free subspace, obtained b y selecting at eac h

no de, lab elled, sa y , with S , one elemen t of dnf 2( S ).

Let � b e a run, s

0

a no de of � , and S the lab el of s

0

, and supp ose that S

csp

con tains

9 ( u

1

)( u

2

) :P (w e assume, without loss of generalit y , a concrete domain generated b y a

binary spatial RA, suc h as RC C 8 [67, 18]), with u

1

= f

1

: : : f

k

g

1

and u

2

= f

0

1

: : : f

0

m

g

2

.

The concept 9 ( u

1

)( u

2

) :P giv es birth to new no des of the run, s

1

= f

1

( s

0

) ; s

2

=

f

2

( s

1

) ; : : : ; s

k

= f

k

( s

k � 1

) ; s

k +1

= f

0

1

( s

0

) ; s

k +2

= f

0

2

( s

k +1

) ; : : : ; s

k + m

= f

0

m

( s

k + m � 1

);

to new v ariables of what could b e called the (global) CSP , CSP ( � ), of � ; and to a new

constrain t of CSP ( � ). The new v ariables are h s

k

; g

1

i and h s

k + m

; g

2

i , whic h denote the

v alues of the concrete features g

1

and g

2

at no des s

k

and s

k + m

, resp ectiv ely . The new

constrain t is P ( h s

k

; g

1

i ; h s

k + m

; g

2

i ). The set of all suc h v ariables together with the set

of all suc h constrain ts, generated b y no de s

0

, giv e the CSP CSP

�

( s

0

) of � at s

0

; and

the union of all CSP s CSP

s

( � ), o v er the no des s of � , giv es CSP ( � ). As the discussion

sho ws, dsCLP do es not reduce to a mere distribution of sCLP , consisting of sCLP at

eac h no de, with additionally temp oral precedence on the di�eren t no des: the feature

c hains mak e it p ossible to refer to the v alues of the di�eren t concrete features at the

di�eren t no des of a run, and restrict these v alues using spatial predicates.

The pruning pro cess during the tableaux metho d will no w w ork as follo ws. The searc h

will mak e use of a data structure Queue , whic h will b e handled in v ery m uc h the

same fashion as suc h a data structure is handled in lo cal consistency algorithms,

3

Throughout the rest of the pap er, a feature c hain f

1

: : : f

k

g is in terpreted as within the

Description Logics Comm unit y |i.e., as the comp osition f

1

� : : : � f

k

� g : w e remind the

user that ( f

1

� : : : � f

k

� g )( x ) = g ( f

k

( f

k � 1

( : : : ( f

2

( f

1

( x )))))).
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suc h as arc- or path-consistency [53, 56], in standard CSP s. The data structure is

initially empt y . Then whenev er a new no de s is added to the searc h space, the global

CSP of the run b eing constructed is up dated, b y augmen ting it with (the v ariables

and) the constrain ts generated, as describ ed ab o v e, b y s . Once the CSP has b een

up dated, so that it includes the lo cal CSP at the curren t no de, the lo cal consisten y

pruning is applied b y propagating the constrain ts in Queue . Once a run has b een

fully constructed, and only then, its global CSP is solv ed. In the case of a concrete

domain generated b y a binary , RC C 8-lik e RA, the �ltering is ac hiev ed with a path-

consisten y algorithm [1], and the solving of the global CSP , after a run has b een fully

constructed, with a solution searc h algorithm suc h as Ladkin and Reinefeld's [47]. In

the case of a concrete domain generated b y a ternary spatial RA, the �ltering and

the solving pro cesses are ac hiev ed with the 4-consistency and the searc h algorithms

in [42, 43].

1.3 The relation to Ba y esian net w orks

In the case of feature c hains of length one (i.e., reducing to concrete features), w e

will discuss ho w to com bine the predicate concepts, of the form 9 ( g

1

)( g

2

) :P , with

conditional probabilities, whic h will mak e the relation, at the curren t state, on a

pair of concrete features, dep endan t only on the relation on the same pair at the

previous state: the conditional probabilities will pro vide, for the relation on a pair of

concrete features, the probabilit y to b e s , giv en that it w as r at the previous state,

r and s b eing atoms of the spatial RA x . This will giv e us a family of ALC ( D )-lik e

languages, B N ALC ( D

x

), for probabilistic, Ba y esian-net w ork-l i k e reasoning (see, e.g.,

[63]), ab out qualitativ e spatio-temp oral kno wledge. This is particularly imp ortan t for

prediction [70] in, for instance, scene in terpretation in high-lev el computer vision.

One p ossibilit y of setting the conditional probabilities is to learn them. Another is

to assume con tin uous c hange and uniform probabilit y distribution: the conditional

probabilities can then b e deriv ed straigh tforw ardly from what is kno wn in QSR as

the theory of c onc eptual neighb ourho o ds (see, e.g., [24]).

1.4 Related w ork

Motion and spatial c hange as s-t histories According to [34], s-t histories are

space-time regions traced b y ob jects o v er time. F or the n -dimensional (n-d for short)

space, a s-t history is an n + 1-d v olume. Suc h a history (of an ob ject, or of a scene in

general, of the n-d space) can b e recorded b y asso ciating with the 
o w of time a camera

\�lming" the scene. The approac h w e prop ose resp ects this view of spatial c hange,

and of motion in particular. Eac h mem b er of our family of theories is an ALC ( D )-lik e

DL, with temp oralised roles, and a spatial concrete domain. The temp oralised roles

allo w the DL to capture the 
o w of time. The spatial concrete domain, in some sense,

pla ys the role of a camera:

1. the concrete features can b e seen, as already argued, as the ey es of the camera

(one ey e p er ob ject of the spatial scene at hand); and

2. the kno wledge on the spatial scene, as p erceiv ed b y the camera's ey es, is (qualita-

tiv ely) recorded b y the predicates, as spatial constrain ts on tuples of the ob jects

in v olv ed in the scene.

9



Con trary to other approac hes [36, 37, 61], ours mak es clear the b orderline b et w een

the temp oral comp onen t and the spatial comp onen t. Indeed, the general ALC ( D )

framew ork [3] w as originally inspired b y domain-sp eci�c Constrain t Logic Program-

ming ( CLP ) [7, 15, 44, 45, 77], whic h, as already explained, ga v e birth to man y e�cien t

and 
exible domain-sp eci�c implemen tations of CLP (for instance, CLP (I R ), CLP (Q I ),

CLP (I N ), CLP ( Intervals )). Eac h theory of our family can giv e birth to an e�cien t and


exible implemen tation of dsCLP with a sp eci�c spatial domain (eac h RC C 8-lik e RA

can generate suc h a domain).

Approac hes based on m ulti-dimensional mo dal logics Approac hes based on

m ulti-dimensiona l mo dal logics for the represen tation of s-t kno wledge, exist in the

literature [5, 8, 9, 27, 82]. Their main disadv an tage is that, their spatial comp onen t,

for instance, can represen t only some sp eci�c spatial kno wledge (e.g., top ological

kno wledge). In our case, whenev er a new RC C 8 -lik e spatial RA is found, it can b e

used to generate a spatial concrete domain, and augmen t our family with a new

theory for spatial c hange. The new theory , in turn, can b e implemen ted as an e�cien t

and 
exible domain-sp eci�c, CLP -lik e language for tasks of the s-t domain. If an

implemen tation of a theory of the family already exists, then the implemen tation

of the new theory only needs to adapt the old implemen tation to the new concrete

domain |whic h do es not require m uc h w ork. Another disadv an tage of m ulti-mo dal

logics is that, ev en com bining tractable mo dal logics ma y lead to an undecidable

m ulti-mo dal logic (see, for instance, [8, 9]).

1.5 Examples of p oten tial applications

Geographical Information Systems (GIS) GIS is kno wn to b e one of the priv-

iledged application domains of constrain t-based QSR (see, for instance, [14]). Among

QSR languages that ha v e GIS as a direct application domain, the calculus of cardinal

directions in [23] from the orien tational side, and the RC C 8 calculus [67, 18] from the

top ological side. Eac h of these t w o languages, as already discussed, can generate one

mem b er of our family MT ALC ( D

x

) of qualitativ e theories for spatial c hange, whic h

can b e used for geographic c hange.

High-lev el computer vision By high-lev el computer vision (see, e.g., [62]), w e mean

that it is not necessary to ha v e kno wledge on the precise lo cation of the di�eren t parts

of, sa y , the mo ving spatial scene. Rather, w e are in terested in describing, qualitativ ely ,

the relativ e p osition of the di�eren t parts. The language used for the description is

a qualitativ e language of spatial relations, in the st yle of the binary RAs RC C 8 [67,

18] and C D A [23], and the ternary RA C Y C

t

in [42, 43]: qualitativ e kno wledge on

relativ e p osition of ob jects of the spatial domain at hand is represen ted as constrain ts

consisting of relations of the RA on n -tuples of the ob jects, where n is the arit y of

the relations of the RA.

Qualitativ e path planning for rob ot na vigation There are constrain t-based

spatial languages in the literature considered as w ell-suited for path planning for rob ot
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na vigation. These include F reksa's ternary calculus [25, 83] of relativ e orien tation of

2-d p oin ts, as w ell as Isli and Cohn's ternary RA C Y C

t

of 2-d orien tations [42, 43].

This is ho w ev er misleading, for the languages are spatial, and not spatio-temp oral.

The b est they can o�er is the represen tation of a snapshot of a spatial c hange, in

particular the snapshot of a motion of, sa y , a spatial scene. The reason to that is that

the languages do not capture the 
o w of time at all. Ho w ev er, eac h can b e used to

generate a spatial concrete domain for a mem b er of our family of theories of spatial

c hange.

1.6 Bac kground on binary relations

Giv en a set A , w e denote b y j A j the cardinalit y of A . A binary relation, R , on a set

S is an y subset of the cross pro duct S � S = f ( x; y ) : x; y 2 S g . Suc h a relation is

re
exiv e i� R ( x; x ), for all x 2 S ; it is symmetric i�, for all x; y 2 S , R ( y ; x ), whenev er

R ( x; y ); it is transitiv e i�, for all x; y ; z 2 S , R ( x; z ), whenev er R ( x; y ) and R ( y ; z );

it is irre
exiv e i� , for all x 2 S , : R ( x; x ); it is an tisymmetric i�, for all x; y 2 S ,

if R ( x; y ) and R ( y ; x ) then y = x ; and it is serial i� , for all x 2 S , there exists

y 2 S suc h that R ( x; y ). The transitiv e (resp. re
exiv e-transitiv e) closure of R is the

smallest relation R

+

(resp. R

�

), whic h includes R and is transitiv e (resp. re
exiv e

and transitiv e). Finally , R is functional if, for all x 2 S , jf y 2 S : R ( x; y ) gj � 1; it is

nonfunctional otherwise.

1.7 Bac kground on computational complexit y

The computational complexit y of a giv en problem is a measure of the cost of solving

it, in terms of the amoun t of time or space it needs, as a function of the problem's size.

A deterministic computation is c haracterised b y the unicit y , at an y time, of the step to

consider next. A nondeterministic computation is one that needs to \guess", among a

�nite n um b er of steps, whic h to consider next. There are �v e main complexit y classes,

P , PSP A CE, EXP , NP , and NEXP , whic h c haracterise, resp ectiv ely , the problems that

are solv able in deterministic p olynomial time, in deterministic p olynomial space, in

deterministic exp onen tial time, in nondeterministic p olynomial time, and in nonde-

terministic exp onen tial time. It is kno wn that P � NP � PSP A CE � EXP � NEXP

and P 6= EXP .

In tuitiv ely , a problem A is hard w.r.t. a complexit y class C 2 f P ,NP ,PSP A CE,EXP ,NEXP g ,

or C -hard for short, if ev ery problem B in C can b e p olynomially reduced to A , so

that an algorithm for B can b e \easily" obtained from an algorithm for A . A problem

is complete w.r.t. a complexit y class C , or C -complete for short, if it is in C and is

C -hard. The reader is referred to [29, 38] for details.

1.8 Assumptions on the structure of time

W e mak e the follo wing assumptions on the structure of time:

1. time is discrete;

2. it has an initial momen t with no predecessors; and
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3. it is branc hing and in�nite in to the future, and all momen ts ha v e the same n um b er

of immediate-successor momen ts.

T emp oral form ulas will b e in terpreted o v er temp oral structures consisting of in�nite

k -ary � -trees, with k � 1 and � = 2

P

, P b eing a coun tably in�nite set of atomic

prop ositions. Suc h a structure is of the form t = < K

�

; � ; R

�

> :

1. K = f d

1

; : : : ; d

k

g is a set of k directions | K

�

is th us the set of �nite w ords o v er

K , represen ting the set of no des of t ;

2. � : �

�

! 2

P

is a truth assignmen t function, mapping eac h no de x of t in to the

set of atomic prop ositions true at x ; and

3. R is a serial, irre
exiv e and an tisymmetric k -ary accessibilit y relation, mapping

eac h no de to its k immediate successors | R

�

is th us the re
exiv e-transitiv e closure

of R .

A simpler w a y of represen ting t is to remo v e the re
exiv e-transitiv e closure sym b ol, � ,

from R

�

; i.e., as t = < K

�

; � ; R > . But there is ev en simpler: as a mapping t : K

�

!

2

P

.

The structure of time so describ ed should b e augmen ted with functions (concrete

features), eac h of whic h is asso ciated with an ob ject of the spatial concrete domain of

in terest, and records, at eac h no de (time p oin t) of the structure, the p osition of that

asso ciated ob ject.

2 A quic k o v erview of the spatial relations to b e used as the

predicates of the concrete domain

W e pro vide a quic k o v erview of the spatial relations to b e used, in the family MT ALC ( D

x

)

of qualitativ e theories for spatial c hange, as the predicates of the concrete domain.

But w e �rst remind some general p oin ts w e discussed in the previous sections:

1. MT ALC ( D

x

) is a spatio-temp oralisati on of ALC ( D ) [3]:

(a) the abstract ob jects of MT ALC ( D

x

) (tree-lik e) in terpretations are time p oin ts;

(b) MT ALC ( D

x

) roles consist of m + n immediate-successor accessibilit y rela-

tions, whic h are an tisymmetric and serial, and of whic h m are general, not

necessarily functional, the remaining n functional;

(c) the concrete domain D

x

is generated b y a spatial RA x c hosen as a to ol for

represen ting kno wledge on n -tuples of ob jects of the spatial domain at hand,

where n is the arit y of the x relations |stated otherwise, the x relations will

b e used as the predicates of D

x

.

2. F or clarit y of presen tation, w e fo cus in this w ork on x b eing either of three RAs

w e ha v e already men tioned: either of the t w o binary RAs RC C 8 [67, 18] and C D A

[23], or the ternary RA C Y C

t

of 2-d orien tations in [42, 43].

3. The w ork generalises, in an ob vious w a y , to all spatial RAs x for whic h the atoms

are Join tly Exhaustiv e and P airwise Disjoin t (henceforth JEPD), and suc h that

the atomic relations form a decidable sub class: these include the binary rectangle

algebra in [6, 30, 57], whose atomic relations form a tractable subset [6].
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Fig. 1. (Left) An illustration of the R CC-8 atoms. (Righ t) F rank's cone-shap ed (a) and

pro jection-based (b) mo dels of cardinal directions.

2.1 The RA RC C 8

T op ology is one of the most dev elop ed asp ects within the QSR Comm unit y . This

is illustrated b y the w ell-kno wn R CC theory [67], from whic h deriv es the already

men tioned R CC-8 calculus [67, 18]. The R CC theory , on the other hand, stems from

Clark e's \calculus of individuals" [13], based on a binary \connected with" relation

|sharing of a p oin t of the argumen ts. Clark e's w ork, in turn, w as dev elop ed from

classical mereology [49, 50] and Whitehead's \extensionally connected with" relation

[81]. The R CC-8 calculus [67, 18] consists of a set of eigh t JEPD atoms, DC (Dis-

Connected), EC (Externally Connected), TPP (T angen tial Prop er P art), PO (P artial

Ov erlap), EQ (EQual), NTPP (Non T angen tial Prop er P art), and the con v erses, TPPi

and NTPPi , of TPP and NTPP , resp ectiv ely . The reader is referred to Figure 1(Left)

for an illustration of the atoms.

2.2 The RA C D A

F rank's mo dels of cardinal directions in 2D [23] are illustrated in Figure 1(Righ t).

They use a partition of the plane in to regions determined b y lines passing through

a reference ob ject, sa y S . Dep ending on the region a p oin t P b elongs to, w e ha v e

No ( P ; S ), NE ( P ; S ), Ea ( P ; S ), SE ( P ; S ), So ( P ; S ), SW ( P ; S ), We ( P ; S ), NW ( P ; S ), or

Eq ( P ; S ), corresp onding, resp ectiv ely , to the p osition of P relativ e to S b eing north ,

north-e ast , e ast , south-e ast , south , south-west , west , north-west , or e qual . Eac h of the

t w o mo dels can th us b e seen as a binary RA, with nine atoms. Both use a global,

west-e ast/south-north , reference frame. W e fo cus our atten tion on the pro jection-based

mo del (part (b) in Figure 1(Righ t)), whic h has b een assessed as b eing cognitiv ely more

adequate [23].

2.3 The RA C Y C

t

The set 2D O of 2-d orien tations is de�ned in the usual w a y , and is isomorphic to

the set of directed lines inciden t with a �xed p oin t, sa y O . Let h b e the natural
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isomorphism, asso ciating with eac h orien tation x the directed line (inciden t with O )

of orien tation x . The angle h x; y i b et w een t w o orien tations x and y is the an ticlo c kwise

angle h h ( x ) ; h ( y ) i . Isli and Cohn [42, 43] ha v e de�ned a binary RA of 2D orien tations,

C Y C

b

, that con tains four atoms: e (equal), l (left), o (opp osite) and r (righ t). F or all

x; y 2 2D O :

e ( y ; x ) , h x; y i = 0

l ( y ; x ) , h x; y i 2 (0 ; � )

o ( y ; x ) , h x; y i = �

r ( y ; x ) , h x; y i 2 ( � ; 2 � )

Based on C Y C

b

, Isli and Cohn [42, 43] ha v e built a ternary RA, C Y C

t

, for cyclic

ordering of 2D orien tations: C Y C

t

has 24 atoms, th us 2

24

relations. The atoms of

C Y C

t

are written as b

1

b

2

b

3

, where b

1

; b

2

; b

3

are atoms of C Y C

b

, and suc h an atom is

in terpreted as follo ws: ( 8 x; y ; z 2 2D O )( b

1

b

2

b

3

( x; y ; z ) , b

1

( y ; x ) ^ b

2

( z ; y ) ^ b

3

( z ; x )).

The reader is referred to [42, 43] for more details.

3 The MT ALC ( D

x

) description logics, with

x 2 fRC C 8 ; C D A ; C Y C

t

g

Description Logics (DLs) constitute a kno wledge represen tation family with a w ell-

de�ned seman tics, con trary to their ancestors, suc h as seman tic net w orks [64] or frame

systems [55]. Their main adv an tage is that they are highly expressiv e while still re-

maining decidable, or o�ering in teresting decidable restrictions. One of the most im-

p ortan t DLs in the literature is Sc hmidt-Sc hauss and Smolk a's ALC [73]. ALC includes

concepts and roles, whic h are, resp ectiv ely , unary relations and binary relations on

a set of (abstract) ob jects. One dra wbac k of ALC is that it do es not o�er a w a y of

referring to ob jects of a sp eci�c domain of in terest, suc h as a spatial domain, where

the ob jects could b e regions of a top ological space, orien tations of the 2-dimensional

space, or p oin ts. T o get rid of this insu�ciency , ALC has b een extended to what is

kno wn as ALC ( D ), whic h augmen ts ALC whic h a concrete domain D , consisting of

a univ erse of ob jects, and of predicates for represen ting kno wledge on these ob jects

[3]. The roles in ALC are binary relations in the general meaning of the term, in the

sense that they are not necessarily functional; in ALC ( D ), ho w ev er, they split in to

general, not necessarily functional roles (referred to simply as roles), and functional

roles (also referred to as abstract features).

T emp oralisations of DLs are kno wn in the literature (see, e.g., [2, 11]); as w ell as spa-

tialisations of DLs (see, e.g., [31]). The presen t w ork considers a spatio-temp oralisati on

of the w ell-kno wn family ALC ( D ) of DLs with a concrete domain [3]. Sp eci�cally , w e

consider a temp oralisation of the roles of the family , together with a spatialisation of

its concrete domain.

3.1 Concrete domain

The role of a concrete domain in so-called DLs with a concrete domain [3], is to

giv e the user of the DL the opp ortunit y to \touc h" at, and directly refer to, the
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application domain at hand. Sp eci�cally , the opp ortunit y to represen t, thanks to

predicates, kno wledge on ob jects of the application domain, as constrain ts on tuples

of these ob jects. The set of ob jects of the application domain on whic h a concrete

domain D represen ts kno wledge, is referred to as �

D

; and the set of predicates used

b y the concrete domain as a to ol for represen ting kno wledge on tuples of ob jects from

�

D

, constitutes the set �

D

of predicates of D . As suc h, a concrete domain can b e seen

as op ening a DL a windo w to the application domain. The di�erence b et w een a DL

without, and a DL with, a concrete domain, is similar to the di�erence b et w een pure

LP , on the one hand, and, on the other hand, CLP [7, 15, 44, 45, 77] with a sp eci�c

domain suc h as the rationals or the in tegers. CLP , as already discussed, additionally

incorp orates the idea of sp ecifying a domain for a v ariable, or for a pair of v ariables

|i.e., restricting a v ariable's range to the elemen ts of a unary relation, or a pair of

v ariables' range to the elemen ts of a binary relation. F ormally , a concrete domain is

de�ned as follo ws:

De�nition 1 (concrete domain [3]). A c oncr ete domain D c onsists of a p air

( �

D

; �

D

) , wher e �

D

is a set of (c oncr ete) obje cts, and �

D

is a set of pr e dic ates

over the obje cts in �

D

. Each pr e dic ate P 2 �

D

is asso ciate d with an arity n and we

have P � ( �

D

)

n

.

De�nition 2 (admissibilit y [3]). A c oncr ete domain D is admissible if:

1. the set of its pr e dic ates is close d under ne gation and c ontains a pr e dic ate for �

D

;

and

2. the satis�ability pr oblem for �nite c onjunctions of pr e dic ates is de cidable.

3.2 The concrete domains D

x

, with x 2 fRC C 8 ; C D A ; C Y C

t

g

The set x- at of x atoms is the x univ ersal relation, whic h w e also refer to as the

MT ALC ( D

x

) top predicate >

x

: >

x

= x- at . The set N

x

P

of MT ALC ( D

x

) predicate

names, whic h constitutes the set of MT ALC ( D

x

) atomic predicates, is the set of x

atomic relations: N

x

P

= ff r g : r 2 x- at g . (P ossibly complex) MT ALC ( D

x

) predicates

are obtained b y considering the closure of N

x

P

under the set-theoretic op erations of

complemen t with resp ect to >

x

, union and in tersection. F ormally , if the complemen t

>

x

n P of P with resp ect to >

x

is represen ted as P , then w e ha v e the follo wing:

De�nition 3 ( MT ALC ( D

x

) predicates). The set of MT ALC ( D

x

) pr e dic ates is

the smal lest set such that:

1. every pr e dic ate name P 2 N

x

P

is an MT ALC ( D

x

) pr e dic ate; and,

2. if P

1

and P

2

ar e MT ALC ( D

x

) pr e dic ates, then so ar e: P

1

, P

1

\ P

2

, and P

1

[ P

2

.

Because the x atoms are JEPD, the set of MT ALC ( D

x

) predicates reduces to the set

2

x- at

of all x relations: eac h MT ALC ( D

x

) predicate can b e written as f P

1

; : : : ; P

n

g ,

where the P

i

's are x atoms. The empt y relation, ; , represen ts the b ottom predicate,

whic h w e also refer to as ?

x

.

15



R emark 1. W e could use only the x atoms as MT ALC ( D

x

) predicates, since a con-

strain t of the form f P

1

; : : : ; P

n

g ( x

1

; � � � ; x

m

), where m is the arit y of the x relations,

can b e equiv alen tly written as the disjunction P

1

( x

1

; � � � ; x

m

) _ : : : _ P

n

( x

1

; � � � ; x

m

);

i.e., as a disjunction of constrain ts in v olving only the predicate names. Ho w ev er, the

�rst form is preferred to the second, for at least t w o reasons:

1. 
exibilit y: in the constrain t comm unit y , and in particular in the constrain t-based

spatial reasoning comm unit y , the �rst form is preferred to the second -a CSP is

nothing else than a conjunction of suc h constrain ts.

2. e�ciency of a priori pruning with a constrain t engine em b edded in

the tableaux searc h space: the spatial-CSP part of the lab el of a no de of the

searc h space, as already discussed, is nothing else than a conjunction of constrain ts

expressed in the RA x whic h has giv en birth to the MT ALC ( D

x

) concrete domain

|in other w ords, a CSP expressed in x . If w e use the second form, the constrain ts

are instan tiated, in a passiv e generate-and-test manner, with one of the disjuncts

b efore they are submitted to the a priori pruning with the constrain t engine -they

are submitted as they are, if w e use the �rst form, whic h giv es the pruning pro cess

more p oten tial in prev en ting failures.

Let x 2 fRC C 8 ; C D A ; C Y C

t

g . Thanks to the ab o v e discussion, the concrete domain

generated b y x , D

x

, can b e written as D

x

= ( �

D

x

; �

D

x

), with:

D

RC C 8

= ( RT S ; 2

RC C 8 -at

)

D

C D A

= (2D P ; 2

C D A -at

)

D

C Y C

t

= (2D O ; 2

C Y C

t

-at

)

where:

1. RT S is the set of regions of a top ological space T S ; 2D P is the set of 2D p oin ts;

2D O is the set of 2D orien tations; and

2. x- at , as w e ha v e seen, is the set of x atoms |2

x- at

is th us the set of all x relations.

3.3 Admissibilit y of the concrete domains D

x

, with

x 2 fRC C 8 ; C D A ; C Y C

t

g

Let x b e an RA from the set fRC C 8 ; C D A ; C Y C

t

g .

Closure of the set of predicates, �

D

x

= 2

x- at

, of the concrete domain D

x

is already

implicit in what has b een said so far. Giv en a predicate P of D

x

, corresp onding to

the x relation f r

1

; : : : ; r

n

g , its negation, P , is the complemen t of f r

1

; : : : ; r

n

g w.r.t.

the set x- at , whic h represen ts the x univ ersal relation:

P = x- at n f r

1

; : : : ; r

n

g (1)

The reader should ha v e no di�cult y to see that P is an elemen t of �

D

x

.

A unary relation R can alw a ys b e written as a particular n -ary relation, with n � 2.

F or instance, as the relation f ( x; : : : ; x ) 2 f x g

n

j x 2 R g . The domain �

D

x

, whic h is a

unary relation, can b e written as a particular predicate of �

D

x

, as follo ws:
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1. as the predicate EQ if x = RC C 8;

2. as the predicate Eq if x = C D A ; and

3. as the predicate e e e if x = C Y C

t

.

In order to establish admissibilit y of the concrete domains D

x

, it remains to con vince

the reader of the decidabilit y of the satis�abilit y problem for �nite conjunctions of

predicates of �

D

x

. This deriv es from (decidabilit y and) tractabilit y of the subset

ff r gj r 2 x- at g of x atomic relations, for eac h x 2 fRC C 8 ; C D A ; C Y C

t

g :

1. The RC C 8 atomic relations ha v e b een sho wn to form a tractable subset of RC C 8

b y Renz and Neb el [68]. A problem expressed in the subset can b e c hec k ed for

consistency using Allen's constrain t propagation algorithm [1].

2. The C D A atomic relations ha v e b een sho wn to form a tractable subset of C D A b y

Ligozat [51]. A problem expressed in the subset can b e c hec k ed for consistency b y

applying Allen's constrain t propagation algorithm [1] to eac h of the pro jections

on the axes of an orthogonal system of co ordinates, c hosen in suc h a w a y that the

x- and y-axes are, resp ectiv ely , a w est-east horizon tal directed line (d-line ) and

a south-north v ertical d-line |eac h of the pro jections is a problem expressed in

Vilain and Kautz's temp oral p oin t algebra [80].

3. Isli and Cohn [42, 43] ha v e pro vided a propagation algorithm ac hieving 4-consistency

for CSPs expressed in their RA C Y C

t

, and sho wn that the propagation is com-

plete for the subset of atomic relations. Indeed, the propagation do es ev en b etter

than just b eing complete: giv en a CSP of C Y C

t

atomic relations, the algorithm

either detects its inconsistency , if it is inconsisten t, or transforms it in to a CSP

whic h is globally consisten t |the prop ert y of global consistency , also called strong

n -consistency in [26], where n is the size of the input CSP , is computationally im-

p ortan t, for it implies that a solution can searc hed for in a bac ktac k-free manner

[26].

The situation is summarised b y the follo wing theorem:

Theorem 1. L et x 2 fRC C 8 ; C D A ; C Y C

t

g . The c oncr ete domain D

x

is admissible.

R emark 2. The concrete domains D

x

, x 2 fRC C 8 ; C D A ; C Y C

t

g , w e consider in this

w ork b eha v e b etter than just b eing admissible. Solving the consistency problem of

a conjunction of constrain ts expressed in the set of x atomic relations is not only

decidable but tractable as w ell. Sp eci�cally , as already explained, suc h a conjunction

can b e solv ed with a path consistency algorithm suc h as Allen's [1], in case x is

binary , and with a 4-consistency algorithm suc h as Isli and Cohn's [42, 43], in case x is

ternary . F reksa's p oin t-based calculus of relativ e orien tation [25, 83], for instance, can

generate an admissible concrete domain, for consistency of a conjunction of constrain ts

expressed in the calculus is decidable [74]; ho w ev er, the calculus do es not v erify the

tractabilit y prop ert y ab o v e (again, the reader is referred to [74]). The reason for

considering only \nicely" admissible concrete domains is that w e w an t to use CSP

tec hniques for the solving of a conjunction of x constrain ts; namely:

1. a solution searc h algorithm suc h as Ladkin and Reinefeld's [47], whic h uses Allen's

path-consistency algorithm [1] as the �ltering pro cedure during the searc h; and

2. a solution searc h algorithm suc h as Isli and Cohn's [42, 43], whic h uses the 4-

consistency algorithm in [42, 43] as the �ltering pro cedure during the searc h.
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3.4 Syn tax of MT ALC ( D

x

) concepts, with x 2 fRC C 8 ; C D A ; C Y C

t

g

Let x b e an RA from the set fRC C 8 ; C D A ; C Y C

t

g . MT ALC ( D

x

), as already explained,

is obtained from ALC ( D ) b y temp oralisng the roles, and spatialising the concrete

domain. The roles in ALC , as w ell as the roles other than the abstract features in

ALC ( D ), are in terpreted in a similar w a y as the mo dal op erators of the m ulti-mo dal

logic K

( m )

[33] ( K

( m )

is a m ulti-mo dal v ersion of the minimal normal mo dal system K ),

whic h explains Sc hild's [71] corresp ondence b et w een ALC and K

( m )

. As in ALC ( D ), w e

will supp ose a coun tably in�nite set N

R

of role names (or just roles), and a coun tably

in�nite subset N

aF

of N

R

whose elemen ts consist of abstract feature names (or just

abstract features). Additionally , ho w ev er, w e supp ose that the roles (including the

abstract features) are an tisymmetric and serial |the abstract features are also linear.

De�nition 4 ( MT ALC ( D

x

) concepts). L et x b e an RA fr om the set fRC C 8 ; C D A ; C Y C

t

g .

L et N

C

, N

R

and N

cF

b e mutual ly disjoint and c ountably in�nite sets of c onc ept names,

r ole names, and c oncr ete fe atur es, r esp e ctively; and N

aF

a c ountably in�nite subset

of N

R

whose elements ar e abstr act fe atur es. A (c oncr ete) fe atur e chain is any �nite

c omp osition f

1

: : : f

n

g of n � 0 abstr act fe atur es f

1

; : : : ; f

n

and one c oncr ete fe atur e

g . The set of MT ALC ( D

x

) c onc epts is the smal lest set such that:

1. > and ? ar e MT ALC ( D

x

) c onc epts

2. an MT ALC ( D

x

) c onc ept name is an MT ALC ( D

x

) (atomic) c onc ept

3. if C and D ar e MT ALC ( D

x

) c onc epts; R is a r ole (in gener al, and an ab-

str act fe atur e in p articular); g is a c oncr ete fe atur e; u

1

, u

2

and u

3

ar e fe atur e

chains; and P is an MT ALC ( D

x

) pr e dic ate, then the fol lowing expr essions ar e

also MT ALC ( D

x

) c onc epts:

(a) : C , C u D , C t D , 9 R :C , 8 R :C ; and

(b) 9 ( u

1

)( u

2

) :P if x binary, 9 ( u

1

)( u

2

)( u

3

) :P if x ternary.

W e denote b y MT ALC the sublanguage of MT ALC ( D

x

) giv en b y rules 1, 2 and 3a

in De�nition 4, whic h is the temp oral comp onen t of MT ALC ( D

x

). It is w orth noting

that MT ALC do es not consist of a mere temp oralisation of ALC [73]. Indeed, ALC

con tains only general, not necessarily functional roles, whereas MT ALC con tains

abstract features as w ell. As it will b ecome clear shortly , a mere temp oralisation of

ALC (i.e., MT ALC without abstract features) cannot capture the expressiv eness of

t w o w ell-kno wn mo dal temp oral logics: Prop ositional Linear T emp oral Logic P LT L ,

and the C T L v ersion of the full branc hing mo dal temp oral logic C T L

�

[19]. Giv en t w o

in tegers p � 0 and q � 0, the sublanguage of MT ALC ( D

x

) (resp. MT ALC ) whose

concepts in v olv e at most p general, not necessarily functional roles, and q abstract

features will b e referred to as MT ALC

p;q

( D

x

) (resp. MT ALC

p;q

). W e discuss shortly

the cases ( p; q ) = (0 ; 0), ( p; q ) = (0 ; 1), and (0 ; q ) with q � 0. W e �rst de�ne w eakly

cyclic TBo xes.

3.5 W eakly cyclic TBo xes

An ( MT ALC ( D

x

) terminological ) axiom is an expression of the form A

:

= C , A b eing

a (de�ned) concept name and C a concept. A TBo x is a �nite set of axioms, with the

condition that no concept name app ears more than once as the left hand side of an

axiom.
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Let T b e a TBo x. T con tains t w o kinds of concept names: concept names app earing

as the left hand side of an axiom of T are de�ned concepts; the others are primitiv e

concepts. A de�ned concept A \ dir e ctly uses " a de�ned concept B i� B app ears in the

righ t hand side of the axiom de�ning A . If \ uses " is the transitiv e closure of \ dir e ctly

uses " then T con tains a cycle i� there is a de�ned concept A that \ uses " itself. T is

cyclic if it con tains a cycle; it is acyclic otherwise. T is w eakly cyclic if it satis�es the

follo wing t w o conditions:

1. Whenev er A uses B and B uses A , w e ha v e B = A |the only p ossibilit y for a

de�ned concept to get in v olv ed in a cycle is to app ear in the righ t hand side of

the axiom de�ning it.

2. All p ossible o ccurrences of a de�ned concept B in the righ t hand side of the axiom

de�ning B itself, are within the scop e of an existen tial or a univ ersal quan ti�er;

i.e., in sub concepts of C of the form 9 R :D or 8 R :D , C b eing the righ t hand side

of the axiom, B

:

= C , de�ning B .

W e supp ose that the de�ned concepts of a TBo x split in to eventuality de�ned concepts

and noneventuality de�ned concepts.

In the rest of the pap er, unless explicitly stated otherwise, w e denote concepts reducing

to concept names b y the letters A and B , p ossibly complex concepts b y the letters

C , D , E , general (p ossibly functional) roles b y the letter R , abstract features b y

the letter f , concrete features b y the letters g and h , feature c hains b y the letter u ,

(p ossibly complex) predicates b y the letter P .

3.6 MT ALC

0 ; 0

( D

x

): domain-sp eci�c Qualitativ e Spatial CLP

MT ALC

0 ; 0

( D

x

) in v olv es no roles and no abstract features. What di�eren tiates it

from the prop ositional calculus, is the p ossibilit y to refer to spatial v ariables, thanks

to the concrete features, and to \qualitativ ely" restrict, in the case x binary , for

instance, the domains of pairs of suc h v ariables, thanks to the predicates of the con-

crete domain. In other w ords, MT ALC

0 ; 0

( D

x

) can also express constrain ts of the

form 9 ( g

1

)( g

2

) :P , where g

1

and g

2

are concrete features and P is a predicate of the

concrete domain (a qualitativ e spatial relation of the RA x ). MT ALC

0 ; 0

( D

x

) can

th us b ee seen as domain-sp eci�c Qualitativ e Spatial CLP (the case x = RC C 8 , for

instance, corresp onds to the sp eci�c domain with the set of regions of a top ological

space, as the v ariables' domain, and with RC C 8 relations as constrain ts for restricting

the v ariation of pairs of these v ariables). Item 3 in De�nition 4 b ecomes as follo ws:

(3) if C and D are concepts; g

1

, g

2

and g

3

are concrete features; and P is a predicate,

then the follo wing expressions are also concepts:

(a) : C , C u D , C t D ; and

(b) 9 ( g

1

)( g

2

) :P if x binary , 9 ( g

1

)( g

2

)( g

3

) :P if x ternary .

3.7 MT ALC

0 ; 1

( D

x

)

MT ALC

0 ; 1

( D

x

) is the sublanguage of MT ALC ( D

x

), with no nonfunctional roles,

and one abstract feature whic h w e refer to as f . MT ALC

0 ; 1

( D

x

) with w eakly cyclic
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TBo xes subsumes the Prop ositional Linear T emp oral Logic, P LT L (see, for instance,

[19]). The feature c hains of MT ALC

0 ; 1

( D

x

) are of the form f : : : f g (a �nite c hain

of the f sym b ol, follo w ed b y a concrete feature). Item 3 in De�nition 4 b ecomes as

follo ws:

(3) if C and D are concepts; u

1

, u

2

and u

3

are feature c hains; and P is a predicate,

then the follo wing expressions are also concepts:

(a) : C , C u D , C t D , 9 f :C , 8 f :C ; and

(b) 9 ( u

1

)( u

2

) :P if x binary , 9 ( u

1

)( u

2

)( u

3

) :P if x ternary .

W ell-formed form ulas (WFFs) of P LT L , o v er an alphab et P of atomic prop ositions,

are de�ned as follo ws, where 
 , ut , } and U are the standard temp oral op erators

next , ne c essarily , eventual ly and Until :

1. true and false are WFFs

2. an atomic prop osition is a WFF

3. if � and  are WFFs then so are : � , � ^  , � _  , 
 � , ut � , } � and �U  

A state s of a linear temp oral structure t = < S; � ; R

�

> satis�es a P LT L form ula � ,

denoted b y t; s j = � , is de�ned inductiv ely as follo ws:

1. t; s j = p i� p 2 � ( s ), for all atomic prop ositions p 2 P

2. t; s j = : � i� it is not the case that t; s j = �

3. t; s j = � ^  i� t; s j = � and t; s j =  

4. t; s j = � _  i� t; s j = � or t; s j =  

5. t; s j = 
 � i� t; s

0

j = � , where s

0

is the immediate successor of s in t |i.e., s

0

is

suc h that f ( s; s

0

)

6. t; s j = ut � i� t; s

0

j = � , for all s

0

suc h that f

�

( s; s

0

)

7. t; s j = } � i� t; s

0

j = � , for some s

0

suc h that f

�

( s; s

0

)

8. t; s j = �U  i� for some s

0

suc h that f

�

( s; s

0

):

(a) t; s

0

j =  ; and

(b) t; s

00

j = � , for all s

00

suc h that f

�

( s; s

00

) and f

+

( s

00

; s

0

)

F orm ulas of the form } � or �U  are ev en tualit y form ulas. A state s of a structure

satis�es } � (resp. �U  ) i�, there exists a successor state s

0

of s suc h that s

0

satis�es

� (resp. s

0

satis�es  and all states b et w een s and s

0

, not necessarily including s

0

,

satisfy � ). The Bo olean op erators ^ and _ are asso ciated with the op erators u and t ,

resp ectiv ely . Eac h atomic prop osition p from P is asso ciated with a primitiv e concept

A

p

. With eac h P LT L WFF, � , w e asso ciate the MT ALC

0 ; 1

( D

x

) de�ned concept B

�

,

de�ned inductiv ely as follo ws:

1. B

p

:

= A

p

, for all form ulas reducing to an atomic prop osition p

2. B

tr ue

:

= >

3. B

f alse

:

= ?

4. B

: �

:

= : B

�

5. B

� ^  

:

= B

�

u B

 

6. B

� _  

:

= B

�

t B

 

7. B


 �

:

= 9 f :B

�

8. B

ut �

:

= B

�

u 9 f :B

ut �
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9. B

} �

:

= B

�

t 9 f :B

} �

10. B

�U  

:

= B

 

t ( B

�

u 9 f :B

�U  

)

Eac h of the de�ned concepts B

ut �

, B

} �

and B

�U  

\directly uses" itself. More generally ,

the pro cedure is suc h that, whenev er a de�ned concept B

�

"directly uses" a de�ned

concept B

 

,  is either � ( B

 

is then enclosed within the scop e of an existen tial or

univ ersal quan ti�er), or a strict subform ula of � . This ensures that the TBo x is w eakly

cyclic.

The axioms de�ning B

} �

and B

�U  

do not corresp ond to equiv alences. The in tuitiv e

reason b ehind it is that, they ma y raise the illusion that, for instance, a temp oral

structure satis�es a concept of the form B

} �

, ev en if w e rep ort inde�nitely its sat-

is�abilit y from the curren t state of the structure to the next, without satisfying � .

Suc h de�ned concepts will b e referred to as eventuality concepts; these will b e used

in the determination of the accepting states of the w eak alternating automaton to b e

asso ciated with the satis�abilit y of a concept w.r.t. a w eakly cyclic TBo x.

3.8 MT ALC

0 ;q

( D

x

), with q � 0

MT ALC

0 ;q

( D

x

), with q � 0, has no nonfunctional role and q abstract features. Item

3 in De�nition 4 b ecomes as follo ws:

(3) if C and D are concepts; f is an abstract feature; u

1

, u

2

and u

3

are feature c hains;

and P is a predicate, then the follo wing expressions are also concepts:

(a) : C , C u D , C t D , 9 f :C , 8 f :C ; and

(b) 9 ( u

1

)( u

2

) :P if x binary , 9 ( u

1

)( u

2

)( u

3

) :P if x ternary .

W e no w consider the restricted v ersion, C T L , of the full branc hing mo dal temp oral

logic, C T L

�

[19]. State form ulas (true or false of states) and p ath form ulas (true or

false of paths) of C T L , o v er an alphab et P of atomic prop ositions, are de�ned b y

rules S1-S2-S3-S4-P0 b elo w, where the sym b ols A and E denote, resp ectiv ely , the

path quan ti�ers \for all futures" (along all paths) and \for some future" (along some

path):

S1 true and false are state form ulas

S2 an atomic prop osition is a state form ula

S3 if � and  are state form ulas then so are : � , � ^  and � _  

S4 if � is a path form ula then A � and E � are state form ulas

P0 if � and  are state form ulas then 
 � , ut � , } � and �U  are path form ulas

The language of C T L , i.e., the set of w ell-formed form ulas (WFFs) of C T L , is the set

of all C T L state form ulas. Giv en a branc hing temp oral structure t = < S; � ; R

�

> , a

full path of t is an in�nite sequence s

0

; s

1

; s

2

; : : : suc h that, for all i � 0, R ( s

i

; s

i +1

).

As in [19], w e use the con v en tion that x = ( s

0

; s

1

; s

2

; : : : ) denotes a full path, and that

x

i

denotes the su�x path ( s

i

; s

i +1

; : : : ). W e denote b y t; s j = � (resp. t; x j = � ) the

fact that state form ula (resp. path form ula) � is true in structure t at state s

0

(resp.

of path x ). t; s j = � and t; x j = � are de�ned inductiv ely as follo ws:

S1a t; s j = true
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S1b t; s 6j = false

S2a t; s j = p i� p 2 � ( s ), for all atomic prop ositions p 2 P

S3a t; s j = : � i� t; s 6j = �

S3b t; s j = � ^  i� t; s j = � and t; s j =  

S3c t; s j = � _  i� t; s j = � or t; s j =  

S4a1 t; s j = A 
 � i� for all s

0

suc h that R ( s; s

0

), t; s

0

j = �

S4a2 t; s j = Au t � i� t; s j = � and, for all s

0

suc h that R ( s; s

0

), t; s

0

j = Au t �

S4a3 t; s j = A} � i� t; s j = � or, for all s

0

suc h that R ( s; s

0

), t; s

0

j = A} �

S4a4 t; s j = A ( �U  ) i� t; s j =  ; or t; s j = � and, for all s

0

suc h that R ( s; s

0

), t; s j =

A ( �U  )

S4b1 t; s j = E 
 � i� for some s

0

suc h that R ( s; s

0

), t; s

0

j = �

S4b2 t; s j = E u t � i� t; s j = � and, for some s

0

suc h that R ( s; s

0

), t; s

0

j = E u t �

S4b3 t; s j = E } � i� t; s j = � or, for some s

0

suc h that R ( s; s

0

), t; s

0

j = E } �

S4b4 t; s j = E ( �U  ) i� t; s j =  ; or t; s j = � and, for some s

0

suc h that R ( s; s

0

),

t; s

0

j = E ( �U  )

It is w orth noting that C T L WFFs pre�xed b y a quan ti�er are of the form A � or

E � , where � is a path form ula of the form 
 � , ut � , } � or �U  , � and  b eing state

form ulas.

Similarly to the case of P LT L , this leads us to the follo wing. The Bo olean op erators ^

and _ are asso ciated with the op erators u and t , resp ectiv ely . Eac h atomic prop osition

p from P is asso ciated with a primitiv e concept A

p

. With eac h C T L WFF, � , w e

asso ciate the MT ALC

0 ;q

de�ned concept B

�

, de�ned recursiv ely b y the steps b elo w.

Initially , there is no abstract feature, and no general role. The abstract features are

created b y the pro cedure as needed. W e mak e use of a general role R whic h w e initialise

to the empt y role. Whenev er a fresh abstract feature, sa y f , is created, it is added to

R . So doing, the general role R , b y the time the pro cedure will ha v e completed, will b e

the union of all the abstract features in the TBo x created for the input form ula. If the

created abstract features are f

1

; : : : ; f

n

, then R = f

1

[ : : : [ f

n

. If C is a concept, then

9 R :C is synon ymous with 9 f

1

:C t : : : t 9 f

n

:C , and 8 R :C with 8 f

1

:C u : : : u 8 f

n

:C :

1. B

p

:

= A

p

, for all form ulas consisting of an atomic prop osition p

2. B

tr ue

:

= >

3. B

f alse

:

= ?

4. B

: �

:

= : B

�

5. B

� ^  

:

= B

�

u B

 

6. B

� _  

:

= B

�

t B

 

7. B

A
 �

:

= 8 R :B

�

8. B

Au t �

:

= B

�

u 8 R :B

Au t �

9. B

A} �

:

= B

�

t 8 R :B

A} �

10. B

A ( �U  )

:

= B

 

t ( B

�

u 8 R :B

A ( �U  )

)

11. B

E 
 �

:

= 9 f :B

�

, where f is a fresh abstract feature whic h w e add to R ( R  R [ f )

12. B

E u t �

:

= B

�

u 9 f :B

E u t �

, where f is a fresh abstract feature ( R  R [ f )

13. B

E } �

:

= B

�

t 9 f :B

E } �

, where f is a fresh abstract feature ( R  R [ f )

14. B

E ( �U  )

:

= B

 

t ( B

�

u 9 f :B

E ( �U  )

), where f is a fresh abstract feature ( R  R [ f )

The decreasing prop ert y explained for the case MT ALC

0 ; 1

( D

x

) ensures that, giv en

an input form ula, the pro cedure outputs a TBo x whic h is w eakly cyclic.

W e de�ne the set of subform ulas of a form ula � , Subf ( � ), inductiv ely in the follo wing

ob vious w a y:
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L3
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Pi
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Q3
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O1
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O2

O1

O3

O2
O1

O2

B

Q3

Q2

Q1

E

S
ubscene 2

S
ubscene 1

Fig. 2. (Left) Illustration of MT ALC

0 ; 1

( D

C D A

): the up w ard arro w p oin ting at N indicates

North. (Righ t) Illustration of MT ALC

0 ; 2

( D

RC C 8

).

1. Subf ( p ) = f p g , for all form ulas consisting of an atomic prop osition p

2. Subf ( tr ue ) = f tr ue g

3. Subf ( f al se ) = f f al se g

4. Subf ( : � ) = f: � g [ Subf ( � )

5. Subf ( � ^  ) = f � ^  g [ Subf ( � ) [ Subf (  )

6. Subf ( � _  ) = f � _  g [ Subf ( � ) [ Subf (  )

7. Subf ( A 
 � ) = fA 
 � g [ Subf ( � )

8. Subf ( Au t � ) = fAu t � g [ Subf ( � )

9. Subf ( A} � ) = fA} � g [ Subf ( � )

10. Subf ( A ( �U  )) = fA ( �U  g [ Subf (  ) [ Subf ( � )

11. Subf ( E 
 � ) = fE 
 � g [ Subf ( � )

12. Subf ( E u t � ) = fE u t � g [ Subf ( � )

13. Subf ( E } � ) = fE } � g [ Subf ( � )

Giv en a form ula � , the de�ned concept B

�

asso ciated with � b y the pro cedure de-

scrib ed ab o v e, is so that all de�ned concepts B

�

1

; : : : ; B

�

n

whic h B

�

\directly uses",

and di�eren t from B

�

itself, v erify the decreasing prop ert y size ( �

1

) + : : : + size ( �

n

) <

size ( � ), where size (  ), for a form ula  , is the size of  in terms of n um b er of sym-

b ols. This ensures that the n um b er of de�ned concepts in the TBo x asso ciated with

a form ula � is linear, and b ounded b y size ( � ).

It is imp ortan t to note that, giv en the fact that form ulas of the form A} � , A ( �U  ),

E } � or E ( �U  ) are ev en tualities, the de�ned concepts of the form B

A} �

, B

A ( �U  )

,

B

E } �

or B

E ( �U  )

, created b y the pro cedure ab o v e, should b e mark ed as ev en tualit y

de�ned concepts.

Before giving the formal seman tics of MT ALC ( D

x

), w e pro vide some examples.

4 Examples

W e no w pro vide illustrating examples. Eac h of Examples 1 and 4 uses an acyclic

TBo x, whic h includes feature c hains other than concrete features; whereas eac h of
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Examples 2 and 3 represen ts a non-terminating ph ysical system, and uses a w eakly

cyclic TBo x. The TBo x of Example 3 uses an ev en tualit y concept.

Example 1 (il lustr ation of MT ALC

0 ; 1

( D

C D A

) ). Consider a satellite-lik e high-lev el

surv eillance system, aimed at the surv eillance of 
ying aeroplanes within a three-

landmark en vironmen t. The basic task of the system is to situate qualitativ ely an

aeroplane relativ e to the di�eren t landmarks, as w ell as to relate qualitativ ely the

di�eren t p ositions of an aeroplane while in 
igh t. If the system is used for the surv eil-

lance of the Europ ean sky , the landmarks could b e capitals of Europ ean coun tries,

suc h as Berlin, London and P aris. F or the purp ose, the system uses a high-lev el spatial

description language, suc h as a QSR language, whic h w e supp ose in this example to

b e the Cardinal Directions Algebra C D A [23]. The example is illustrated in Figure

2(Left). The horizon tal and v ertical lines through the three landmarks partition the

plane in to 0-, 1- and 2-dimensional regions, as sho wn in Figure 2(Left). The 
igh t of

an aeroplane within the en vironmen t, as trac k ed b y the surv eillance system, starts

from some p oin t P

i

in Region A (initial region), and ends at some p oin t P

f

in Region

G (�nal, or goal region). Immediately after the initial region, the 
igh t \mo v es" to

Region B , then to Region C , : : : , then to Region F , and �nally to the goal region

G . The trac king of the system consists of qualitativ e kno wledge on ho w it \sees" the

aeroplane at eac h momen t of the 
igh t b eing trac k ed |within the same region, the

kno wledge is constan t. The trac king consists th us of recording successiv e snapshots

of the 
igh t, one p er region. A snapshot is a conjunction of constrain ts giving the

C D A relation relating the aeroplane to eac h of the three landmarks, situating th us

the aeroplane at the corresp onding momen t. The en tire 
igh t consists of a succession

of sub
igh ts, f

A

; f

B

; : : : ; f

G

, suc h that f

B

immediately follo ws f

A

, f

C

immediately

follo ws f

B

, : : : , and f

G

immediately follo ws f

F

. Sub
igh t f

X

, X 2 f A; : : : ; G g , tak es

place in Region X , and giv es rise to a de�ned concept B

X

describing the panorama

of the aeroplane O while in Region X , and sa ying whic h sub
igh t tak es place next,

i.e., whic h Region is 
ied o v er next. W e mak e use of the concrete features g

l 1

, g

l 2

,

g

l 3

and g

o

, whic h ha v e the task of \referring", resp ectiv ely , to the actual p ositions

of landmarks l

1

, l

2

, l

3

, and of the aeroplane O . As roles, only one abstract feature is

needed, whic h w e refer to as f , whic h is the linear-time immediate successor function.

The acyclic TBo x comp osed of the follo wing axioms describ es the 
igh t:

B

A

:

= 9 ( g

o

)( g

l 1

) : NE u 9 ( g

o

)( g

l 2

) : SE u 9 ( g

o

)( g

l 3

) : SE u 9 f :B

B

B

B

:

= 9 ( g

o

)( g

l 1

) : No u 9 ( g

o

)( g

l 2

) : So u 9 ( g

o

)( g

l 3

) : SE u 9 f :B

C

B

C

:

= 9 ( g

o

)( g

l 1

) : NW u 9 ( g

o

)( g

l 2

) : SW u 9 ( g

o

)( g

l 3

) : SE u 9 f :B

D

B

D

:

= 9 ( g

o

)( g

l 1

) : NW u 9 ( g

o

)( g

l 2

) : SW u 9 ( g

o

)( g

l 3

) : Eq u 9 f :B

E

B

E

:

= 9 ( g

o

)( g

l 1

) : NW u 9 ( g

o

)( g

l 2

) : SW u 9 ( g

o

)( g

l 3

) : NW u 9 f :B

F

B

F

:

= 9 ( g

o

)( g

l 1

) : NW u 9 ( g

o

)( g

l 2

) : We u 9 ( g

o

)( g

l 3

) : NW u 9 f :B

G

B

G

:

= 9 ( g

o

)( g

l 1

) : NW u 9 ( g

o

)( g

l 2

) : NW u 9 ( g

o

)( g

l 3

) : NW

The concept B

A

, for instance, describ es the snapshot of the plane while in Region A . It

sa ys that the aeroplane is northeast landmark L

1

( 9 ( g

o

)( g

l 1

) : NE ); southeast landmark

L

2

( 9 ( g

o

)( g

l 2

) : SE ); and southeast landmark L

3

( 9 ( g

o

)( g

l 3

) : SE ). The concept also sa ys

that the sub
igh t to tak e place next is f

B

( 9 f :B

B

).

One migh t w an t as w ell the system to trac k ho w the aeroplane's di�eren t p ositions

during the 
igh t relate to eac h other. F or example, that the aeroplane, while in region

C, remains north w est of its p osition while in region B; or, that the p osition, while

in the goal region G, remains north w est of the p osition while in region E. These t w o

constrain ts can b e injected in to the TBo x b y mo difying the axioms B

B

and B

E

as
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follo ws:

B

B

:

= 9 ( g

o

)( g

l 1

) : No u 9 ( g

o

)( g

l 2

) : So u 9 ( g

o

)( g

l 3

) : SE u 9 ( g

o

)( f g

o

) : SE u 9 f :B

C

B

E

:

= 9 ( g

o

)( g

l 1

) : NW u 9 ( g

o

)( g

l 2

) : SW u 9 ( g

o

)( g

l 3

) : NW u 9 ( g

o

)( f f g

o

) : SE u 9 f :B

F

Example 2 (il lustr ation of MT ALC

0 ; 2

( D

RC C 8

) ). Consider the mo ving spatial scene

depicted in Figure 2(Righ t), consisting of t w o subscenes: a subscene 1, comp osed of

three ob jects o1, o2 and o3; and a subscene 2, also comp osed of three ob jects, q1, q2

and q3:

1. F or subscene 1, three snapshots of three submotions are presen ted, and lab elled

A, B and C; the arro ws sho w the transitions from the curren t submotion to the

next. The motion is cyclic. It starts with the con�gurtion A, with o1 touc hing

o2 and tangen tial prop er part of o3, and o2 tangen tial prop er part of o3. The

scene's con�guration then \mo v es" to con�guration B, in v olving the c hange of

the RC C 8 relation on the pair (o2,03) from TPP to its conceptual neigh b our

NTPP . The next submotion is giv en b y con�guration C, in v olving the ob ject o1

to mo v e completely inside o3, b ecoming th us NTPP to it. F rom C, the motion

\mo v es" bac k to the submotion B, and rep eats the submotions B and C in a

non-terminating lo op.

2. F or subscene 2, t w o snapshots of t w o submotions are presen ted and lab elled D and

E; the arro ws sho w the transitions from the curren t submotion to the next. The

motion is cyclic. It starts with the con�gurtion D, with q1 partially o v erlapping q2

and tangen tial prop er part of q3, and q2 tangen tial prop er part of q3. The scene's

con�guration then \mo v es" to con�guration E, in v olving the c hange of the RC C 8

relation on the pair (q1,q2) from PO to its conceptual neigh b our EC , as w ell as

the c hange of the RC C 8 relation on the pair (q1,q3) from TPP to its conceptual

neigh b our NTPP . F rom E, the motion \mo v es" bac k to D, and rep eats the steps

in a non-terminating lo op.

3. The scene's motion starts with submotion A. The immediate successors of sub-

motion A are submotions B and D, in an incomparable order (the branc hing from

A to B and D is th us an and-branc hing, and not an or-branc hing). W e mak e use

of the concrete features g

1

, g

2

and g

3

to refer to the actual regions corresp onding

to ob jects o1, o2 and o3 in Subscene 1, and of the concrete features h

1

, h

2

and h

3

to refer to the actual regions corresp onding to ob jects q1, q2 and q3 in Subscene

2.

W e mak e use of t w o abstract features, f

1

for the in�nite path recording Subscene 1 and

starting at A, and f

2

for the in�nite path recording Subscene 2 and also starting at A.

The w eakly cyclic TBo x comp osed of the follo wing axioms represen ts the describ ed

mo ving spatial scene:

B

i

:

= B

A

u 9 f

1

:B

B C

u 9 f

2

:B

D E

B

B C

:

= B

B

u 9 f

1

: ( B

C

u 9 f

1

:B

B C

)

B

D E

:

= B

D

u 9 f

2

: ( B

E

u 9 f

2

:B

D E

)

B

A

:

= 9 ( g

1

)( g

2

) : EC u 9 ( g

1

)( g

3

) : TPP u 9 ( g

2

)( g

3

) : TPP

B

B

:

= 9 ( g

1

)( g

2

) : EC u 9 ( g

1

)( g

3

) : TPP u 9 ( g

2

)( g

3

) : NTPP

B

C

:

= 9 ( g

1

)( g

2

) : EC u 9 ( g

1

)( g

3

) : NTPP u 9 ( g

2

)( g

3

) : NTPP

B

D

:

= 9 ( h

1

)( h

2

) : PO u 9 ( h

1

)( h

3

) : TPP u 9 ( h

2

)( h

3

) : TPP

B

E

:

= 9 ( h

1

)( h

2

) : EC u 9 ( h

1

)( h

3

) : NTPP u 9 ( h

2

)( h

3

) : TPP
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Fig. 3. (Left) Illustration of MT ALC

0 ; 1

( D

RC C 8

); (Righ t) The partial order on the de�ned

concepts of the TBo x in Example 3.

The de�ned concepts B

A

; B

B

; B

C

(resp. B

D

; B

E

) describ e the snapshot of Subscene

1 (resp. Subscene 2) during Submotions A; B ; C (resp. D ; E ). The concept B

A

, for

instance, sa ys that o1 and o2 are related b y the EC relation ( 9 ( g

1

)( g

2

) : EC ); that

o1 and o3 are related b y the TPP relation ( 9 ( g

1

)( g

3

) : TPP ); and that o2 and o3

are also related b y the TPP relation ( 9 ( g

2

)( g

3

) : TPP ). The concept B

B C

describ es

the cyclic part of Subscene 1, consisting in rep eating inde�nitely Submotions B and

C . Similarly , the concept B

D E

describ es the cyclic part of Subscene 2, consisting in

rep eating inde�nitely Submotions D and E . The de�ned concept B

i

describ es the

initial state of the ph ysical system, whic h starts with Submotion A and then \mo v es"

to the cyclic submotion B

B C

along the path f

1

, and to the other cyclic submotion,

B

D E

, along the path f

2

.

Example 3 (il lustr ation of MT ALC

0 ; 1

( D

RC C 8

) ). Consider a ph ysical system similar

to the one of the previous example, except that (see Figure 3(Left)):

1. in Subscene 1, from Con�guration C, the motion \mo v es" bac k, not to con�gura-

tion B, but to the v ery �rst con�guration, A; and

2. the branc hing from the initial con�guration A to the t w o immediate successors,

B and D, is not an and-branc hing, rather an or-branc hing: from A, the system

nondeterministically c ho oses con�guration B or con�guration D as the next con-

�guration.

W e supp ose that the con�guration of Subscene 2 is reac hable, in the sense that the

system will at some p oin t en ter con�guration D, and then go forev er in the rep eating

of Subscene 2. The system can th us b e seen as \rep eat Subscene 1 un til Subscene 2

is reac hed". W e mak e use of one abstract feature, whic h w e denote b y f . The de�ned

concepts B

A

, B

B

, B

C

, B

D

and B

E

remain the same as in the previous example. The

w eakly cyclic TBo x comp osed of the follo wing axioms represen ts the describ ed mo ving

spatial scene:

B

i

:

= B

A

u 9 f : ( B

B

u 9 f : ( B

C

u 9 f :B

i

) t B

D E

)
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B

D E

:

= B

D

u 9 f : ( B

E

u 9 f :B

D E

)

B

A

:

= 9 ( g

1

)( g

2

) : EC u 9 ( g

1

)( g

3

) : TPP u 9 ( g

2

)( g

3

) : TPP

B

B

:

= 9 ( g

1

)( g

2

) : EC u 9 ( g

1

)( g

3

) : TPP u 9 ( g

2

)( g

3

) : NTPP

B

C

:

= 9 ( g

1

)( g

2

) : EC u 9 ( g

1

)( g

3

) : NTPP u 9 ( g

2

)( g

3

) : NTPP

B

D

:

= 9 ( h

1

)( h

2

) : PO u 9 ( h

1

)( h

3

) : TPP u 9 ( h

2

)( h

3

) : TPP

B

E

:

= 9 ( h

1

)( h

2

) : EC u 9 ( h

1

)( h

3

) : NTPP u 9 ( h

2

)( h

3

) : TPP

A (re
exiv e and transitiv e) partial order, � , on the de�ned concepts in the ab o v e

TBo x can b e de�ned, whic h v eri�es B

i

� B

A

, B

i

� B

B

, B

i

� B

C

, B

i

� B

D E

,

B

D E

� B

D

and B

D E

� B

E

(see Figure 3(Righ t)). The TBo x v eri�es the prop ert y

that, giv en an y t w o de�ned concepts, C and D , if C \uses" D then C � D . The TBo x

is th us w eakly cyclic.

The concept B

i

describ es the initial state of the ph ysical system, whic h either p erforms

the submotion of Subscene 1 b efore rep eating itself, or skips to Subscene 2 whic h it

rep eats inde�nitely . Again, b ecause w e w an t Subscene 2 to b e reac hable, the concept

B

i

describ es an ev en tualit y , and should b e mark ed as an ev en tualit y concept -this

allo ws rejecting those p oten tial mo dels whic h rep eat inde�nitely Subscene 1 without

reac hing Subscene 2.

Example 4 (il lustr ation of MT ALC

0 ; 1

( D

C Y C

t

) ). W e consider an en vironmen t with

four landmarks, L1, L2, L3 and L4, as depicted in Figure 4(Left). The lines through

the di�eren t pairs of landmarks partition the plane in to a tessellation of t w o-, one-

and zero-dimensional con v ex regions. Nine of these regions are n um b ered R1, ..., R9

in Figure 4(Left). A rob ot R has to na vigate all the w a y through from some p oin t Pi

in Region R1 to some p oin t Pf in Rgion R9, tra v ersing in b et w een Regions R2, ..., R8,

in that order. With eac h region R i , i = 1 : : : 9, w e asso ciate a concept B

i

describing

the panorama of the rob ot while in Region R i , and giving the region the rob ot will

b e in next. W e mak e use of four concrete features g

1

; : : : ; g

4

, whic h \p erceiv e" at eac h

time instan t the orien tations o

1

, o

2

, o

3

and o

4

of the directed lines joining the rob ot

to Landmarks L1, L2, L3 and L4, resp ectiv ely |Figure 4(Righ t); and of one abstract

feature f represen ting the linear time immediate-successor function. The panorama

of the rob ot at a sp eci�c time p oin t consists in the conjunction of C Y C

t

constrain ts

asso ciating with eac h triple of the four orien tations the C Y C

t

relation it satis�es.

Within the same region, the panorama is constan t. The na vigation of the rob ot can

th us b e seen as a c hronological ev olution of the c hanging panorama. The TBo x with

the follo wing axioms pro vides a plan describing a path the rob ot has to follo w to reac h

the goal.

B

1

:

= 9 ( g

1

)( g

2

)( g

3

) : rrr u 9 ( g

1

)( g

2

)( g

4

) : rrr u 9 ( g

1

)( g

3

)( g

4

) : rrr u 9 ( g

2

)( g

3

)( g

4

) : rrr u 9 f :B

2

B

2

:

= 9 ( g

1

)( g

2

)( g

3

) : rrr u 9 ( g

1

)( g

2

)( g

4

) : rr o u 9 ( g

1

)( g

3

)( g

4

) : rr o u 9 ( g

2

)( g

3

)( g

4

) : rrr u 9 f :B

3

B

3

:

= 9 ( g

1

)( g

2

)( g

3

) : rrr u 9 ( g

1

)( g

2

)( g

4

) : rrl u 9 ( g

1

)( g

3

)( g

4

) : rrl u 9 ( g

2

)( g

3

)( g

4

) : rrr u 9 f :B

4

B

4

:

= 9 ( g

1

)( g

2

)( g

3

) : rr o u 9 ( g

1

)( g

2

)( g

4

) : r ol u 9 ( g

1

)( g

3

)( g

4

) : orl u 9 ( g

2

)( g

3

)( g

4

) : rr o u 9 f :B

5

B

5

:

= 9 ( g

1

)( g

2

)( g

3

) : rrl u 9 ( g

1

)( g

2

)( g

4

) : rl l u 9 ( g

1

)( g

3

)( g

4

) : lrl u 9 ( g

2

)( g

3

)( g

4

) : rrl u 9 f :B

6

B

6

:

= 9 ( g

1

)( g

2

)( g

3

) : r ol u 9 ( g

1

)( g

2

)( g

4

) : rl l u 9 ( g

1

)( g

3

)( g

4

) : lrl u 9 ( g

2

)( g

3

)( g

4

) : orl u 9 f :B

7

B

7

:

= 9 ( g

1

)( g

2

)( g

3

) : rl l u 9 ( g

1

)( g

2

)( g

4

) : rl l u 9 ( g

1

)( g

3

)( g

4

) : lrl u 9 ( g

2

)( g

3

)( g

4

) : lrl u 9 f :B

8

B

8

:

= 9 ( g

1

)( g

2

)( g

3

) : rl l u 9 ( g

1

)( g

2

)( g

4

) : rl l u 9 ( g

1

)( g

3

)( g

4

) : lel u 9 ( g

2

)( g

3

)( g

4

) : lel u 9 f :B

9

B

9

:

= 9 ( g

1

)( g

2

)( g

3

) : rl l u 9 ( g

1

)( g

2

)( g

4

) : rl l u 9 ( g

1

)( g

3

)( g

4

) : l l l u 9 ( g

2

)( g

3

)( g

4

) : l l l

The de�ned concept B

4

, for instance, pro vides the information that the orien tations

o

1

; : : : ; o

4

should satisfy the constrain ts that the C Y C

t

relation on the triple ( o

1

; o

2

; o

3

)
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Fig. 4. Illustration of MT ALC

0 ; 1

( D

C Y C

t

).

is rr o , the one on the triple ( o

1

; o

2

; o

4

) is r ol , the one on the triple ( o

1

; o

3

; o

4

) is orl ,

and the one on the triple ( o

2

; o

3

; o

4

) is rr o |whic h is a description of the panorama

of the rob ot while in Region R

4

. Concept B

4

also tells whic h submotion should tak e

place next ( 9 f :B

5

).

As with Example 1, w e can use feature c hains of length greater than one (i.e., not

reducing to concrete features) to relate, for instance, the v alue of the line joining the

rob ot to Landmark L

3

while the rob ot is in Region R

1

, to the v alue of the same line

while the rob ot will b e in Region R

9

. W e migh t w an t to constrain the motion of the

rob ot, so that it do es not expand b ey ond the part of Region R

9

whic h, from Region

R

1

, app ears to the rob ot's visual system to b e to the left hand side of Landmark L

3

.

The reason for forcing suc h a constrain t could b e that, from Region R

1

, the part of

Region R

9

within the righ t hand side of Landmark R

3

is hidden to the rob ot's vision

system, whic h mak es its reac hing a p oten tial danger. This can b e done b y forcing

the v alue of orien tation 0

3

while the rob ot is in Region R

1

, to b e to the left of the

v alue of the same orien tation while the rob ot is in Region R

9

. This constrain t can b e

injected in to the TBo x b y mo difying the concept B

1

as follo ws, where f

8

g

3

stands for

the feature c hain f f f f f f f f g

3

:

B

1

:

= 9 ( g

1

)( g

2

)( g

3

) : rrr u 9 ( g

1

)( g

2

)( g

4

) : rrr u 9 ( g

1

)( g

3

)( g

4

) : rrr u 9 ( g

2

)( g

3

)( g

4

) : rrr u

9 ( g

3

)( g

3

)( f

8

g

3

) : err u 9 f :B

2

Example 5 (another il lustr ation of MT ALC ( D

RC C 8

) ). In [10], the authors describ e

a system answ ering queries on the R CC-8 [67] relation b et w een t w o input (p olygonal)

regions of a (quan titativ e) geographic database. The system also includes the compu-

tation of the qualitativ e abstraction of a quan titativ e geographic database, whic h is

done b y transforming the quan titativ e database in to a qualitativ e one, whic h records

the RC C 8 relation on eac h pair of the regions in the quan titativ e database. The im-

p ortance of the system is ob vious: most applications querying geographic databases

only need the query-answ ering system to pro vide them with the top ological relation

on pairs of regions in the database. If w e think of the database as represen ting the

W orld's geographic map, then the queries could b e of the form \Is Ham burg a German

28



cit y?", \What are the Mediterranean coun tries of Africa?", \Are F rance and German y

neigh b ouring coun tries?", or \Do es the Sahara Desert just partially o v erlap, or is it

part of, Algeria?". Because computing suc h a relation directly from a quan titativ e

database is time-consuming, it is w orth, esp ecially in situations of rep etition of suc h

queries, to compute once and for all the top ological relation b et w een ev ery pair of

regions in the database, and to store them in a qualitativ e database; the next time a

similar top ological query reac hes the system, the latter w ould then only need to access

(in constan t time) the qualitativ e database, and to retriev e the relation from there.

Because of phenomena suc h as erosion and (unfortunately) w ars, the b oundaries of

the regions in a geographic database ma y c hange with time. It should b e clear that

MT ALC ( D

RC C 8

) can b e used to represen t the history of the qualitativ e abstraction

of suc h a geographic database.

5 Seman tics of MT ALC ( D

x

), with x 2 fRC C 8 ; C D A ; C Y C

t

g

De�nition 5 ( k -ary � -tree). L et � and K = f d

1

; : : : ; d

k

g , k � 1 , b e two disjoint

alphab ets: � is a lab el ling alphab et and K an alphab et of dir e ctions. A (ful l) k -ary

tr e e is an in�nite tr e e whose no des � 2 K

�

have exactly k imme diate suc c essors e ach,

�d

1

; : : : ; �d

k

. A � -tr e e is a tr e e whose no des ar e lab el le d with elements of � . A (ful l)

k -ary � -tr e e is a k -ary tr e e t which is also a � -tr e e, which we c onsider as a mapping

t : K

�

! � asso ciating with e ach no de � 2 K

�

an element t ( � ) 2 � . The empty

wor d, � , denotes the r o ot of t . Given a no de � 2 K

�

and a dir e ction d 2 K , the

c onc atenation of � and d , �d , denotes the d -suc c essor of � . The level j � j of a no de

� is the length of � as a wor d. We c an thus think of the e dges of t as b eing lab el le d

with dir e ctions fr om K , and of the no des of t as b eing lab el le d with letters fr om � . A

p artial k -ary � -tr e e (over the set K of dir e ctions) is a � -tr e e with the pr op erty that a

no de may not have a d -suc c essor for e ach dir e ction d ; in other terms, a p artial k -ary

� -tr e e is a � -tr e e which is a pr e�x-close d

4

p artial function t : K

�

! � .

MT ALC ( D

x

) is equipp ed with a T arski-st yle, p ossible w orlds seman tics. MT ALC ( D

x

)

in terpretations are spatio-temp oral structures consisting of k -ary trees t , represen t-

ing k -immediate-successor branc hing time, together with an in terpretation function

asso ciating with eac h primitiv e concept A the no des of t at whic h A is true, and,

additionally , asso ciating with eac h concrete feature g and eac h no de u of t , the v alue

at u (seen as a time instan t) of the spatial concrete ob ject referred to b y g . F ormally:

De�nition 6 (in terpretation). L et x 2 fRC C 8 ; C D A ; C Y C

t

g and K = f d

1

; : : : ; d

k

g

a set of k dir e ctions. A n interpr etation I of MT ALC ( D

x

) c onsists of a p air I =

( t

I

; :

I

) , wher e t

I

is a k -ary tr e e and :

I

is an interpr etation function mapping e ach

primitive c onc ept A to a subset A

I

of K

�

, e ach r ole R to a subset R

I

of f ( u; ud ) 2

K

�

� K

�

: d 2 K g , so that R

I

is functional if R is an an abstr act fe atur e, and e ach

c oncr ete fe atur e g to a total function g

I

:

1. fr om K

�

onto the set RT S of r e gions of a top olo gic al sp ac e T S , if x = RC C 8 ;

2. fr om K

�

onto the set 2D P of p oints of the 2-dimensional sp ac e, if x = C D A ; and

3. fr om K

�

onto the set 2D O of orientations of the 2-dimensional sp ac e, if x = C Y C

t

.

4

t is pre�x-closed if, for all no des � , if t is de�ned for � then it de�ned for all no des �

0

consisting of pre�xes of � .
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Giv en an MT ALC ( D

x

) in terpretation I = ( t

I

; :

I

), a feature c hain u = f

1

: : : f

n

g , and

a no de v

1

, w e denote b y u

I

( v

1

) the v alue g

I

( v

2

), where v

2

is the f

I

1

: : : f

I

n

-successor

of v

1

; i.e., v

2

is so that there exists a sequence v

1

= w

0

; w

1

; : : : ; w

n

= v

2

v erifying

( w

i

; w

i +1

) 2 f

I

i +1

, for all i 2 f 1 ; : : : ; n � 1 g .

De�nition 7 (satis�abilit y w.r.t. a TBo x). L et x 2 fRC C 8 ; C D A ; C Y C

t

g b e a

sp atial RA, K = f d

1

; : : : ; d

k

g a set of k dir e ctions, C an MT ALC ( D

x

) c onc ept, T an

MT ALC ( D

x

) we akly cyclic TBox, and I = ( t

I

; :

I

) an MT ALC ( D

x

) interpr etation.

The satis�ability, by a no de s of t

I

, of C w.r.t. to T , denote d I ; s j = h C ; T i , is de�ne d

inductively as fol lows:

1. I ; s j = h> ; T i

2. I ; s 6j = h? ; T i

3. I ; s j = h A; T i i� s 2 A

I

, for al l primitive c onc epts A

4. I ; s j = h B ; T i i� I ; s j = h C ; T i , for al l de�ne d c onc epts B de�ne d by the axiom

B

:

= C of T

5. I ; s j = h: C ; T i i� I ; s 6j = h C ; T i

6. I ; s j = h C u D ; T i i� I ; s j = h C ; T i and I ; s j = h D ; T i

7. I ; s j = h C t D ; T i i� I ; s j = h C ; T i or I ; s j = h D ; T i

8. I ; s j = h9 R :C ; T i i� I ; s

0

j = h C ; T i , for some s

0

such that ( s; s

0

) 2 R

I

9. I ; s j = h8 R :C ; T i i� I ; s

0

j = h C ; T i , for al l s

0

such that ( s; s

0

) 2 R

I

10. I ; s j = h9 ( u

1

)( u

2

) :P ; T i i� P ( u

I

1

( s ) ; u

I

2

( s ))

11. I ; s j = h9 ( u

1

)( u

2

)( u

3

) :P ; T i i� P ( u

I

1

( s ) ; u

I

2

( s ) ; u

I

3

( s ))

A c onc ept C is satis�able w.r.t. a TBox T i� I ; s j = h C ; T i , for some MT ALC ( D

x

)

interpr etation I , and some state s 2 t

I

, in which c ase the p air ( I ; s ) is a mo del of

C w.r.t. T ; C is insatis�able (has no mo dels) w.r.t. T , otherwise. C is valid w.r.t. T

i� the ne gation, : C , of C is insatis�able w.r.t. T . The satis�ability pr oblem and the

subsumption pr oblem ar e de�ne d as fol lows:

The satis�abilit y problem:

� Input: a c onc ept C and a TBox T

� Problem: is C satis�able w.r.t. T ?

The subsumption problem:

� Input: two c onc epts C and D and a TBox T

� Problem: do es C subsume D w.r.t. T (notation: D v

T

C )? in other wor ds,

ar e al l mo dels of C w.r.t. T also mo dels of D w.r.t. T ?

The satis�abilit y problem and the subsumption problem are related to eac h other, as

follo ws: D v

T

C i� D u : C is insatis�able w.r.t. T .

6 The satis�abilit y of an MT ALC ( D

x

) concept w.r.t. a

w eakly cyclic TBo x

Let C b e an MT ALC ( D

x

) concept and T an MT ALC ( D

x

) w eakly cyclic TBo x. W e

de�ne T � C as the TBo x T augmen ted with the axiom B

i

:

= C , where B

i

is a fresh

de�ned concept (not o ccurring in T ):

T � C = hT [ f B

i

:

= C g ; B

i

i
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In the sequel, w e refer to T � C as the TBo x T augmen ted with C , and to B

i

as the

initial state of T � C . The idea no w is that, satis�abilit y of C w.r.t. T has (almost)

b een reduced to the emptiness problem of T � C , seen as a w eak alternating automaton

on k -ary � -trees, for some lab elling alphab et � to b e de�ned later, with the de�ned

concepts as the states of the automaton, B

i

as the initial state of the automaton, the

axioms as de�ning the transition function, with the accepting condition deriv ed from

those de�ned concepts whic h are not ev en tualit y concepts, and with k standing for

the n um b er of concepts of the form 9 R :D in a certain closure, to b e de�ned later, of

T � C .

6.1 The Disjunctiv e Normal F orm

The notion of Disjunctiv e Normal F orm (DNF) of a concept C w.r.t. to a TBo x T ,

dnf1 ( C ; T ), is crucial for the rest of the pap er. Suc h a form results, among other

things, from the use of De Morgan's La w to decomp ose a concept so that, in the �nal

form, the negation sym b ol outside the scop e of a (existen tial or univ ersal) quan ti�er

o ccurs only in fron t of primitiv e concepts.

De�nition 8 (�rst DNF). The �rst Disjunctive Normal F orm ( dnf1 ) of an MT ALC ( D

x

)

c onc ept C w.r.t. an MT ALC ( D

x

) TBox T , dnf1( C ; T ) , is de�ne d r e cursively as fol-

lows:

1. for al l primitive c onc epts A : dnf1( A; T ) = ff A gg , dnf1( : A; T ) = ff: A gg

2. dnf1( > ; T ) = f;g , dnf1( ? ; T ) = ;

3. for al l de�ne d c onc epts B : dnf1( B ; T ) = dnf1 ( E ; T ) , dnf1( : B ; T ) = dnf1( : E ; T ) ,

wher e E is the right hand side of the axiom B

:

= E de�ning B

4. dnf1( C u D ; T ) =

Q

(dnf1( C ; T ) ; dnf1 ( D ; T ))

5. dnf1( C t D ; T ) = dnf1( C ; T ) [ dnf1( D ; T )

6. dnf1( 9 R :C ; T ) = ff9 R :C gg

7. dnf1( 8 R :C ; T ) = ff8 R :C gg

8. dnf1( 9 ( u

1

)( u

2

) :P ; T ) = ff9 ( u

1

)( u

2

) :P gg

9. dnf1( 9 ( u

1

)( u

2

)( u

3

) :P ; T ) = ff9 ( u

1

)( u

2

)( u

3

) :P gg

10. dnf1( : ( C u D ) ; T ) = dnf1( : C ; T ) [ dnf1 ( : D ; T )

11. dnf1( : ( C t D ) ; T ) =

Q

(dnf1( : C ; T ) ; dnf1( : D ; T ))

12. dnf1( :9 R :C ; T ) = ff8 R : : C gg

13. dnf1( :8 R :C ; T ) = ff9 R : : C gg

wher e

Q

is de�ne d as fol lows:

1.

Q

( f S g ; f T g ) =

�

; if f A; : A g � S [ T for some primitive c onc ept A;

f S [ T g otherwise

2.

Q

( f S

1

; : : : ; S

n

g ; f T

1

; : : : ; T

m

g ) =

[

i 2f 1 ;:::;n g ;j 2f 1 ;::: ;m g

Y

( f S

i

g ; f T

j

g )

Note that the dnf1 function c hec ks satis�abilit y at the prop ositional lev el, in the

sense that, giv en a concept C , dnf1 ( C ; T ) is either empt y , or is suc h that for all

S 2 dnf1 ( C ; T ), S do es not con tain b oth A and : A , A b eing a primitiv e concept.

F urthermore, giv en a set S 2 dnf1 ( C ; T ), all elemen ts of S are concepts of either of

the follo wing forms:
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1. A or : A , where A is a primitiv e concept;

2. 9 R :D ;

3. 8 R :D ; or

4. 9 ( u

1

)( u

2

) :P if x binary , 9 ( u

1

)( u

2

)( u

3

) :P if x ternary .

De�nition 9. L et C b e an MT ALC ( D

x

) c onc ept, T and MT ALC ( D

x

) TBox and

S 2 dnf1( C ; T ) . The set of c oncr ete fe atur es of S , cF eatures ( S ) , is de�ne d as the set

of c oncr ete fe atur es, g , for which ther e exists a fe atur e chain u su�xe d by g , such

that S c ontains a pr e dic ate c onc ept 9 ( u

1

)( u

2

) :P , with u 2 f u

1

; u

2

g , if x binary; or S

c ontains a pr e dic ate c onc ept 9 ( u

1

)( u

2

)( u

3

) :P , with u 2 f u

1

; u

2

; u

3

g , if x ternary.

De�nition 10 (the p c 98 partition). L et C b e an MT ALC ( D

x

) c onc ept, T an

MT ALC ( D

x

) TBox, S 2 dnf1( C ; T ) and N

�

aF

the language of al l �nite wor ds over

the alphab et N

aF

. The p c 98 p artition of S , p c 98 ( S ) , is de�ne d as p c 98 ( S ) = S

pr op

[

S

csp

[ S

9

[ S

8

, wher e:

S

pr op

= f A : A 2 S and A primitive c onc ept g

[f: A : : A 2 S and A primitive c onc ept g

S

csp

=

�

f9 ( u

1

)( u

2

) :P : 9 ( u

1

)( u

2

) :P 2 S g ; if x binary

f9 ( u

1

)( u

2

)( u

3

) :P : 9 ( u

1

)( u

2

)( u

3

) :P 2 S g ; if x ternary

S

9

= f9 R :C : 9 R :C 2 S g

S

8

= f8 R :C : 8 R :C 2 S g

If dnf1 ( C ; T ) = f S

1

; : : : ; S

n

g then C is satis�able w.r.t. T i� for some i = 1 : : : n , S

i

is satis�able w.r.t. T . On the other hand, the follo wing conditions are necessary for

the satis�abilit y of an elemen t S of dnf1 ( C ; T ):

1. S

pr op

do es not con tain A and : A , where A is a primitiv e concept;

2. The CSP induced b y S (see the de�nition b elo w) is consisten t;

3. for all concepts 9 R :D in S

9

, where R is a general, not necessarily functional role,

the conjunction D u u

8 R:D

0

2 S

8

D

0

is a consisten t concept (recursiv e call of concept

consistency). This p oin t is exp ected to clarify the reader the idea of distributing

all 8 R -pre�xed concepts o v er eac h 9 R -pre�xed concept; and

4. for all abstract features f 2 N

aF

, suc h that there exists a concept 9 f :D in S

9

,

the conjunction u

9 f :D 2 S

9

D u u

8 f :D 2 S

8

D is a consisten t concept (again, recursiv e

call of concept consistency).

With the help of the just-ab o v e explanation, giv en a set S 2 dnf1 ( C ; T ), w e can

replace S with the equiv alen t set S

f

computed as follo ws:

1. The seman tics suggests that, for all general, not necessarily functional roles R ,

whenev er S con tains a concept of the form 9 R :D , the tableaux metho d w ould

create an R -successor S

0

con taining the concept D and all concepts E suc h that

8 R :E b elongs to S :

| initialise T to S : T  S

| for all elemen ts of S of the form 9 R :D :

T  ( T n f9 R :D g ) [ f9 R : ( D u u

8 R:E 2 S

8

E ) g
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2. A similar w ork has to b e done for abstract features f suc h that S con tains elemen ts

of the form 9 f :D , b earing in mind that abstract features are functional. F or all

suc h f , w e replace the subset f9 f :D : 9 f :D 2 S g [ f8 f :D : 8 f :D 2 S g b y the

singleton set f9 f : ( u

9 f :D 2 S

D u u

8 f :D 2 S

D ) g . The motiv ation, again, comes straigh t

from the seman tics: b ecause abstract features are functional, only one f -successor

to S has to b e created, whic h has to satisfy all concepts D suc h that 9 f :D 2 S ,

as w ell as all concepts D suc h that 8 f :D 2 S :

| for all abstract features f 2 N

aF

, suc h that S con tains elemen ts of the form 9 f :D :

T  T n f9 f :D : 9 f :D 2 S g

T  T [ f9 f : ( u

9 f :D 2 S

D u u

8 f :D 2 S

D ) g

3. remo v e from T all elemen ts of the form 8 R :D : T  T n S

8

4. S

f

 T

The second dnf of a concept C w.r.t. a TBo x T , dnf2 ( C ; T ), is no w in tro duced. This

consists of the dnf1 of C w.r.t. T , dnf1 ( C ; T ), as giv en b y De�nition 8, in whic h eac h

elemen t S is replaced with S

f

, computed as sho wn just ab o v e. F ormally:

De�nition 11 (second DNF). L et x 2 fRC C 8 ; C D A ; C Y C

t

g , C b e an MT ALC ( D

x

)

c onc ept, and T an MT ALC ( D

x

) TBox. The se c ond Disjunctive Normal F orm ( dnf2 )

of C w.r.t. T , dnf2( C ; T ) , is de�ne d as dnf2( C ; T ) = f S

f

: S 2 dnf1( C ; T ) g .

Giv en an MT ALC ( D

x

) concept C and an MT ALC ( D

x

) TBo x T , w e can no w use

the second DNF, dnf2 , to de�ne the closure ( T � C )

�

of T � C , the TBo x T augmen ted

with C . Initially , ( T � C )

�

= T � C , and no de�ned concept in ( T � C )

�

is mark ed.

Then w e rep eat the follo wing pro cess un til all de�ned concepts in ( T � C )

�

are mark ed.

W e consider an axiom B

1

:

= E of ( T � C )

�

suc h that B

1

is not mark ed. W e mark

B

1

. W e compute dnf2 ( E ; ( T � C )

�

). F or all S 2 dnf2 ( E ; ( T � C )

�

), S is of the form

S

pr op

[ S

csp

[ S

9

. F or all suc h S , w e do the follo wing. W e consider in turn the elemen ts

9 R :D in S

9

. If D is a de�ned concept of ( T � C )

�

then w e do nothing. Otherwise,

if ( T � C )

�

has an axiom of the form B

2

:

= D , then w e replace D with B

2

in 9 R :D .

Otherwise, w e add to ( T � C )

�

the axiom B

2

:

= D , and w e replace, in S , 9 R :D with

9 R :B

2

. F ormally , ( T � C )

�

is de�ned as follo ws.

De�nition 12 (closure of T � C ). L et C b e an MT ALC ( D

x

) c onc ept and T an

MT ALC ( D

x

) TBox. The closur e ( T � C )

�

of T � C is de�ne d by the pr o c e dur e of

Figur e 5. The initial de�ne d c onc ept of ( T � C )

�

is the same as the initial de�ne d

c onc ept of T � C .

W e also need the closure of a concept C w.r.t. a TBo x T , cl ( C ; T ), whic h is de�ned

recursiv ely as the union of dnf2 ( C ; T ), and the closures, w.r.t. T , of all concepts C

0

suc h that for some S 2 dnf2 ( C ; T ) and some general (p ossibly functional) role R ,

9 R :C

0

2 S . F ormally:

De�nition 13 (closure of a concept w.r.t. a TBo x). The closur e of an MT ALC ( D

x

)

c onc ept C w.r.t. an MT ALC ( D

x

) TBox T , cl ( C ; T ) , is de�ne d r e cursively as fol lows:

cl ( C ; T ) = dnf2( C ; T ) [

[

9 R:C

0

2 S 2 dnf2 ( C; T )

cl( C

0

; T )
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Input: an MT ALC ( D

x

) concept C and an MT ALC ( D

x

) TBo x T

Output: the closure ( T � C )

�

of T � C

Initialise ( T � C )

�

to T � C : ( T � C )

�

 T � C ;

Initially , no de�ned concept of ( T � C )

�

is mark ed;

while (( T � C )

�

con tains de�ned concepts that are not mark ed) f

consider a non mark ed de�ned concept B

1

from ( T � C )

�

;

let B

1

:

= E b e the axiom from ( T � C )

�

de�ning B

1

;

mark B

1

;

compute dnf 2( E ; ( T � C )

�

);

for all 9 R :D 2 S 2 dnf 2( E ; ( T � C )

�

)

if D is not a de�ned concept of ( T � C )

�

then

if (( T � C )

�

con tains an axiom of the form B

2

:

= D ) then

replace 9 R :D with 9 R :B

2

in S ;

else f

add the axiom B

2

:

= D to ( T � C )

�

, where B

2

is a fresh de�ned concept:

( T � C )

�

 ( T � C )

�

[ f B

2

:

= D g ;

replace 9 R :D with 9 R :B

2

in S ;

g

g

Fig. 5. Closure ( T � C )

�

of a TBo x T augmen ted with a concept C , T � C .

De�nition 14. L et C b e an MT ALC ( D

x

) c onc ept and T an MT ALC ( D

x

) TBox.

We denote by:

1. cF eatures ( C ; T ) =

[

S 2 cl ( C; T )

cF eatures ( S ) , the set of c oncr ete fe atur es of C w.r.t.

T ;

2. ncf ( C ; T ) = j cF eatures ( C ; T ) j , the numb er of c oncr ete fe atur es of C w.r.t. T ;

3. aF eatures ( C ; T ) = f f 2 N

aF

: 9 D s. t. 9 f :D 2 S 2 cl ( C ; T ) g , the set of abstr act

fe atur es of C w.r.t. T ;

4. naf( C ; T ) = j aF eatures ( C ; T ) j , the numb er of abstr act fe atur es of C w.r.t. T ;

5. pConcepts( C ; T ) = f A : 9 S 2 cl ( C ; T ) s. t. f A; : A g \ S

pr op

6= ;g , the set of

primitive c onc epts of C w.r.t. T ;

6. dConcepts( C ; T ) is the set of de�ne d c onc epts in ( T � C )

�

;

7. eConcepts( C ; T ) , the set of existential (sub)c onc epts of C w.r.t. T , is the union

of al l 9 R :D such that ther e exists an axiom B

:

= E in ( T � C )

�

and S in E , so

that 9 R :D 2 S ;

8. feConcepts( C ; T ) = f9 f :D 2 eConcepts ( C ; T ) : f abstr act fe atur e g , the set of

functional existential c onc epts of C w.r.t. T ;

9. reConcepts ( C ; T ) = eConcepts( C ; T ) n feConcepts( C ; T ) , the set of r elational ex-

istential c onc epts of C w.r.t. T ;

10. fbf ( C ; T ) = naf( C ; T ) , the functional br anching factor of C w.r.t. T ;

11. rbf( C ; T ) = j reConcepts ( C ; T ) j , the r elational br anching factor of C w.r.t. T ;

12. bf ( C ; T ) = fbf ( C ; T ) + rbf( C ; T ) , the br anching factor of C w.r.t. T .

W e supp ose that the relational existen tial concepts in r eConc epts ( C ; T ) are ordered,

and refer to the i -th elemen t of r eConc epts ( C ; T ), i = 1 : : : rbf ( C ; T ), as r e c

i

( C ; T ).

Similarly , w e supp ose that the abstract features in aF e atur es ( C ; T ) are ordered, and
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refer to the i -th elemen t of aF e atur es ( C ; T ), i = 1 : : : fbf ( C ; T ), as af

i

( C ; T ). T ogether,

they constitute the directions of the w eak alternating automaton to b e asso ciated

with he satis�abilit y of C w.r.t. T .

De�nition 15. L et C b e an MT ALC ( D

x

) c onc ept and T an MT ALC ( D

x

) TBox.

The br anching tuple of C is given by the or der e d bf ( C ; T ) -tuple bt ( C ; T ) =

(rec

1

( C ; T ) ; : : : ; rec

rbf ( C; T )

( C ; T ) ; af

1

( C ; T ) ; : : : ; af

fbf ( C; T )

( C ; T )) of the rbf( C ; T ) r e-

lational existential c onc epts in reConcepts ( C ; T ) and the fbf ( C ; T ) abstr act fe atur es

in aF eatures ( C ; T ) .

Giv en an MT ALC ( D

x

) concept C and an MT ALC ( D

x

) TBo x T , w e will b e in ter-

ested in k -ary � -trees (see De�nition 5), t , v erifying the follo wing:

1. k = bf ( C ; T ); and

2. M = 2

pConc epts ( C; T )

� � ( cF e atur es ( C ; T ) ; �

D

x

), where � ( cF e atur es ( C ; T ) ; �

D

x

)

is the set of total functions � : cF e atur es ( C ; T ) ! �

D

x

asso ciating with eac h con-

crete feature g in cF e atur es ( C ; T ) a concrete v alue � ( g ) from the spatial concrete

domain �

D

x

.

Suc h a tree will b e seen as represen ting a class of in terpretations of the satis�a-

bilit y of C w.r.t. T : the lab el ( X ; � ) of a no de � 2 f 1 ; : : : ; bf ( C ; T ) g

�

, with X �

pConc epts ( C ; T ) and � 2 � ( cF e atur es ( C ; T ) ; �

D

x

), is to b e in terpreted as follo ws:

1. X records the information on the primitiv e concepts that are true at � , in all

in terpretations of the class; and

2. � : cF e atur es ( C ; T ) ! �

D

x

records the v alues, at the abstract ob ject represen ted

b y no de � , of the concrete features g

1

; : : : ; g

ncf ( C; T )

in cF e atur es ( C ; T ).

The crucial question is when w e can sa y that an in terpretation of the class is a mo del

of C w.r.t. T . T o answ er the question, w e consider (w eak) alternating automata on k -

ary � -trees, with k = bf ( C ; T ) and � = 2

pConc epts ( C; T )

� � ( cF e atur es ( C ; T ) ; �

D

x

).

W e then sho w ho w to asso ciate suc h an automaton with the satis�abilit y of an

MT ALC ( D

x

) concept C w.r.t. a w eakly cyclic TBo x T , in suc h a w a y that the

mo dels of C w.r.t. T coincide with the k -ary � -trees accepted b y the automaton. The

bac kground on alternating automata has b een adapted from [58].

7 W eak alternating automata and MT ALC ( D

x

) with w eakly

cyclic Tb o xes

W e no w pro vide the required bac kground on w eak alternating automata, adapted

from [58] (see also [39, 40, 59, 60]). W e then sho w ho w to asso ciate suc h an automaton

with the satis�abilit y problem of an MT ALC ( D

x

) concept w.r.t. an MT ALC ( D

x

)

w eakly cyclic TBo x, so that the language accepted b y the automaton coincides with

the set of mo dels of the concept w.r.t. to the TBo x.
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7.1 W eak alternating automata

De�nition 16 (free distributiv e lattice). L et S b e a set of gener ators. L ( S ) de-

notes the fr e e distributive lattic e gener ate d by S . L ( S ) c an b e thought of as the set of

lo gic al formulas built fr om variables taken fr om S using the disjunction and c onjunc-

tion op er ators _ and ^ (but not the ne gation op er ator : ). In other wor ds, L ( S ) is the

smal lest set such that:

1. for al l s 2 S , s 2 L ( S ) ; and

2. if e

1

and e

2

b elong to L ( S ) , then so do e

1

^ e

2

and e

1

_ e

2

.

Eac h elemen t e 2 L ( S ) has, up to isomorphism, a unique represen tation in DNF

(Disjunctiv e Normal F orm), e =

W

i

C

i

(eac h C

i

is a conjunction of generators from S ,

and no C

i

subsumes C

k

, with k 6= i ). W e supp ose, without loss of generalit y , that eac h

elemen t of L ( S ) is written in suc h a form. If e =

W

i

V

j

s

ij

is an elemen t of L ( S ), the

dual of e is the elemen t ~e =

V

i

W

j

s

ij

obtained b y in terc hanging _ and ^ (

V

i

W

j

s

ij

is not necessarily in DNF ).

De�nition 17 (set represen tation). L et S b e a set of gener ators, L ( S ) the fr e e

distributive lattic e gener ate d by S , and e an element of L ( S ) . Write e in DNF as

W

n

i =1

V

n

i

j =1

s

ij

. The set r epr esentation of e , set-rep( e ) , is the subset of 2

S

de�ne d as

f S

1

; : : : ; S

n

g , with S

i

= f s

i 1

; : : : ; s

in

i

g .

In the follo wing, w e denote b y K a set of k directions d

1

; : : : ; d

k

; b y N

P

a set of

primitiv e concepts; b y x a spatial RA from the set fRC C 8 ; C D A ; C Y C

t

g ; b y N

cF

a �nite set of concrete features referring to ob jects in �

D

x

; b y � ( x; N

P

; N

cF

) the

alphab et 2

N

P

� � ( N

cF

; �

D

x

), � ( N

cF

; �

D

x

) b eing the set of total functions � : N

cF

!

�

D

x

, asso ciating with eac h concrete feature g a concrete v alue � ( g ) from the spatial

concrete domain �

D

x

; b y L it ( N

P

) the set of literals deriv ed from N

P

(view ed as a

set of atomic prop ositions): L it ( N

P

) = N

P

[ f: A : A 2 N

P

g ; b y c (2

L it ( N

P

)

) the

set of subsets of L it ( N

P

) whic h do not con tain a primitiv e concept and its negation:

c (2

L it ( N

P

)

) = f S � L it ( N

P

) : ( 8 A 2 N

P

)( f A; : A g 6� S ) g ; b y c onstr ( x; K ; N

cF

) the

set of constrain ts of the form P ( u

1

; u

2

), if x binary , and P ( u

1

; u

2

; u

3

), if x ternary ,

with P b eing an x relation, u

1

, u

2

and u

3

K

�

N

cF

- chains (i.e., eac h of u

1

, u

2

and u

3

is of the form g or d

i

1

: : : d

i

n

g , n � 1 and n �nite, the d

i

j

's b eing directions in K , and

g a concrete feature).

De�nition 18 (alternating automaton on k -ary � ( x; N

P

; N

cF

) -trees). L et k �

1 b e an inte ger and K = f d

1

; : : : ; d

k

g a set of dir e ctions. A n alternating automa-

ton on k -ary � ( x; N

P

; N

cF

) -tr e es is a tuple A = ( L ( L it( N

P

) [ constr ( x; K ; N

cF

) [

K � Q ) ; � ( x; N

P

; N

cF

) ; � ; q

0

; F ) , wher e Q is a �nite set of states; � ( x; N

P

; N

cF

)

is the input alphab et (lab el ling the no des of the input tr e es); � : Q ! L ( L it( N

P

) [

constr ( x; K ; N

cF

) [ K � Q ) is the tr ansition function; q

0

2 Q is the initial state; and

F de�nes the ac c eptanc e c ondition:

1. F � Q in c ase of a B • uchi alternating automaton; and

2. F � 2

Q

in c ase of a Mul ler alternating automaton.

A w eak alternating automaton is a sp ecial case of a Muller alternating automaton.
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De�nition 19 (W eak alternating automaton [58]). L et A b e a Mul ler alternat-

ing automaton on k -ary � ( x; N

P

; N

cF

) -tr e es, as de�ne d in De�nition 18. A is said

to b e a we ak alternating automaton if ther e exists a p artition Q =

S

n

i =1

Q

i

of the set

Q of states, and a p artial or der � on the c ol le ction of the Q

i

's, so that:

1. the tr ansition function � has the pr op erty that, given two states q 2 Q

i

and q

0

2

Q

j

, if q

0

o c curs in � ( q ) then Q

i

� Q

j

; and

2. the set F giving the ac c eptanc e c ondition is a subset of f Q

1

; : : : ; Q

n

g .

Let A b e an alternating automaton on k -ary � ( x; N

P

; N

cF

)-trees, as de�ned in Def-

inition 18, and t a k -ary � ( x; N

P

; N

cF

)-tree. Giv en t w o alphab ets �

1

and �

2

, w e

denote b y �

1

�

2

the concatenation of �

1

and �

2

, consisting of all w ords ab , with

a 2 �

1

and b 2 �

2

. In a run r ( A ; t ) of A on t (see b elo w), whic h can b e seen as an

unfolding of a branc h of the computation tree T ( A ; t ) of A on t , as de�ned in [59, 58,

60], the no des of lev el n will represen t one p ossibilit y for c hoices of A up to lev el n in

t . F or eac h n � 0, w e de�ne the set of n -histories to b e the set H

n

= f q

0

g ( K Q )

n

of all

2 n + 1-length w ords consisting of q

0

as the �rst letter, follo w ed b y a 2 n -length w ord

d

i

1

q

i

1

: : : d

i

n

q

i

n

, with d

i

j

2 K and q

i

j

2 Q , for all j = 1 : : : n . If h 2 H

n

and g 2 K Q

then hg , the concatenation of h and g , b elongs to H

n +1

. More generally , if h 2 H

n

and e 2 L ( K Q ), the concatenation he of h and e will denote the elemen t of L ( H

n +1

)

obtained b y pre�xing h to eac h generator in K Q whic h o ccurs in e . Additionally ,

giv en an n -history h = q

0

d

i

1

q

i

1

: : : d

i

n

q

i

n

, with n � 0, w e denote

1. b y L ast ( h ) the initial state q

0

if h consists of the 0-history q

0

( n = 0), and the

state q

i

n

if n � 1;

2. b y K -pr oj ( h ) (the K -pro jection of h ) the empt y w ord � if n = 0, and the n -length

w ord d

i

1

: : : d

i

n

otherwise; and

3. b y Q -pr oj ( h ) (the Q -pro jection of h ) the state q

0

if n = 0, and the n + 1-length

w ord q

0

q

i

1

: : : q

i

n

2 Q

n +1

otherwise.

The union of all H

n

, with n �nite, will b e referred to as the set of �nite histories

of A , and denoted b y H

< 1

. W e denote b y � (2

H

< 1

; N

P

; x; K ; N

cF

) the alphab et

2

H

< 1

� c (2

L it ( N

P

)

) � 2

c onstr ( x;K;N

cF

)

, b y � (2

Q

; N

P

; x; K ; N

cF

) the alphab et 2

Q

�

c (2

L it ( N

P

)

) � 2

c onstr ( x;K;N

cF

)

, and, in general, b y � ( S; N

P

; x; K ; N

cF

) the alphab et

S � c (2

L it ( N

P

)

) � 2

c onstr ( x;K;N

cF

)

.

A run of the alternating automaton A on t is no w in tro duced.

De�nition 20 (Run). L et A b e an alternating automaton on k -ary � ( x; N

P

; N

cF

) -

tr e es, as de�ne d in De�nition 18, and t a k -ary � ( x; N

P

; N

cF

) -tr e e. A run, r ( A ; t ) ,

of A on t is a p artial k -ary � (2

H

< 1

; N

P

; x; K ; N

cF

) -tr e e de�ne d inductively as fol-

lows. F or al l dir e ctions d 2 K , and for al l no des u 2 K

�

of r ( A ; t ) , u has at most

one outgoing e dge lab el le d with d , and le ading to the d -suc c essor ud of u . The la-

b el ( Y

�

; L

�

; X

�

) of the r o ot b elongs to 2

H

0

� c (2

L it ( N

P

)

) � 2

constr ( x;K;N

cF

)

|in other

wor ds, Y

�

= f q

0

g . If u is a no de of r ( A ; t ) of level n � 0 , with lab el ( Y

u

; L

u

; X

u

) ,

then c alculate e =

V

h 2 Y

u

dist ( h; � (Last( h ))) , wher e dist is a function asso ciating with

e ach p air ( h

1

; e

1

) of H

< 1

� L ( L it( N

P

) [ constr ( x; K ; N

cF

) [ K � Q ) an element of

L ( L it( N

P

) [ constr ( x; K ; N

cF

) [ H

< 1

) de�ne d inductively in the fol lowing way:
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dist ( h

1

; e

1

) =

8

>

>

<

>

>

:

e

1

if e

1

2 L it( N

P

) [ constr ( x; K ; N

cF

) ;

h

1

dq if e

1

= ( d; q ) , for some ( d; q ) 2 K � Q;

dist ( h

1

; e

2

) _ dist ( h

1

; e

3

) if e

1

= e

2

_ e

3

;

dist ( h

1

; e

2

) ^ dist ( h

1

; e

3

) if e

1

= e

2

^ e

3

Write e in dnf as e =

W

r

i =1

( L

i

^ X

i

^ Y

i

) , wher e the L

i

's ar e c onjunctions of liter als

fr om L it( N

P

) , the X

i

's ar e c onjunctions of c onstr aints fr om constr ( x; K ; N

cF

) , and

the Y

i

's ar e c onjunctions of n + 1 -histories. Then ther e exists i = 1 : : : r such that L

u

=

f ` 2 L it( N

P

) : ` o c curs in L

i

g ; X

u

= f x 2 constr ( x; K ; N

cF

) : x o c curs in X

i

g ; for

al l d 2 K , such that the set Y = f hdq 2 H

n +1

: h 2 H

n

^ q 2 Q ^ ( hdq o c curs in Y

i

) g

is nonempty, and only for those d , u has a d -suc c essor, ud , whose lab el ( Y

ud

; X

ud

; L

ud

)

is such that Y

ud

= Y ; and the lab el t ( u ) = ( P

u

; �

u

) 2 2

N

P

� � ( N

cF

; �

D

x

) of the no de

u of the input tr e e t veri�es the fol lowing, wher e, given a no de v in t , the notation �

v

c onsists of the function �

v

: N

cF

! �

D

x

which is the se c ond ar gument of t ( v ) :

� for al l A 2 N

P

: if A 2 L

u

then A 2 P

u

; and if : A 2 L

u

then A =2 P

u

(the

elements A of N

P

such that, neither A nor : A o c cur in L

u

, may or may not

o c cur in P

u

);

� if x binary, for al l P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

) app e aring in X

u

, P ( �

ud

i

1

::: d

i

n

( g

1

) ;

�

ud

j

1

::: d

j

m

( g

2

)) holds. In other wor ds, the value of the c oncr ete fe atur e g

1

at the

d

i

1

: : : d

i

n

-suc c essor of u in t , on the one hand, and the value of the c oncr ete

fe atur e g

2

at the d

j

1

: : : d

j

m

-suc c essor of u in t , on the other hand, ar e r elate d by

the x r elation P .

� similarly, if x ternary, for al l P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

; d

l

1

: : : d

l

p

g

3

) app e aring

in X

u

, P ( �

ud

i

1

::: d

i

n

( g

1

) ; �

ud

j

1

::: d

j

m

( g

2

) ; �

ud

l

1

::: d

l

p

( g

3

)) holds.

A p artial k -ary � (2

H

< 1

; N

P

; x; K ; N

cF

) -tr e e � is a run of A if ther e exists a k -ary

� ( x; N

P

; N

cF

) -tr e e t such that � is a run of A on t .

De�nition 21 (CSP of a run). L et A b e an alternating automaton on k -ary � ( x; N

P

; N

cF

) -

tr e es, as de�ne d in De�nition 18, and � a run of A :

1. for al l no des v of � , of lab el � ( v ) = ( Y

v

; L

v

; X

v

) 2 2

H

< 1

� c (2

L it ( N

P

)

) �

2

constr ( x;K;N

cF

)

, the ar gument X

v

gives rise to the CSP of � at v , CSP

v

( � ) ,

whose set of variables, V

v

( � ) , and set of c onstr aints, C

v

( � ) , ar e de�ne d as fol-

lows:

(a) Initial ly, V

v

( � ) = ; and C

v

( � ) = ;

(b) for al l K

�

N

cF

- c hains d

i

1

: : : d

i

n

g app e aring in X

v

, cr e ate, and add to V

v

( � ) ,

a variable h v d

i

1

: : : d

i

n

; g i

(c) if x binary, for al l P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

) in X

v

, add the c onstr aint

P ( h v d

i

1

: : : d

i

n

; g

1

i ; h v d

j

1

: : : d

j

m

; g

2

i ) to C

v

( � )

(d) similarly, if x ternary, for al l P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

; d

l

1

: : : d

l

p

g

3

) in X

v

,

add the c onstr aint P ( h v d

i

1

: : : d

i

n

; g

1

i ; h v d

j

1

: : : d

j

m

; g

2

i ; h v d

l

1

: : : d

l

p

; g

3

i ) to C

v

( � )

2. the CSP of � , CSP ( � ) , is the CSP whose set of variables, V ( � ) , and set of c on-

str aints, C ( � ) , ar e de�ne d as V ( � ) =

[

v no de of �

V

v

( � ) and C ( � ) =

[

v no de of �

C

v

( � ) .

An n -branc h of a run � = r ( A ; t ) is a path of length (n um b er of edges) n b eginning

at the ro ot of � . A branc h is an in�nite path. If u is the terminal no de of an n -

branc h � , then the argumen t Y

u

of the lab el ( Y

u

; L

u

; X

u

) of u is a set of n -histories.
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F ollo wing [58], w e sa y that eac h n -history in Y

u

lies along � . An n -history h lies

along � if there exists an n -branc h � of � suc h that h lies along � . An (in�nite)

history is a sequence h = q

0

d

i

1

q

i

1

: : : d

i

n

q

i

n

: : : 2 f q

0

g ( K Q )

!

. Giv en suc h a history ,

h = q

0

d

i

1

q

i

1

: : : d

i

n

q

i

n

: : : 2 f q

0

g ( K Q )

!

:

1. h lies along a branc h � if, for ev ery n � 1, the pre�x of h consisting of the n -

history q

0

d

i

1

q

i

1

: : : d

i

n

q

i

n

lies along the n -branc h �

n

consisting of the �rst n edges

of � ;

2. h lies along � if there exists a branc h � of � suc h that h lies along � ;

3. Q -pr oj ( h ) (the Q -pro jection of h ) is the in�nite w ord q

0

q

i

1

: : : q

i

n

: : : 2 Q

!

suc h

that, for all n � 1, the n + 1-length pre�x q

0

q

i

1

: : : q

i

n

is the Q -pro jection of h

n

,

the n -history whic h is the 2 n + 1-pre�x of h .

4. w e denote b y Inf ( h ) the set of states app earing in�nitely often in Q -pr oj ( h )

The acceptance condition is no w de�ned as follo ws. In the B • uc hi case, a history h

is accepting if Inf ( h ) \ F 6= ; . In the case of a w eak alternating automaton, h is

accepting if Inf ( h ) � Q

i

, for some Q

i

2 F .

5

A branc h � of r ( A ; t ) is accepting if ev ery

history lying along � is accepting.

The condition for a run � to b e accepting splits in to t w o sub conditions. The �rst

sub condition is the standard one, and is related to (the histories lying along) the

branc hes of � , all of whic h should b e accepting. The second sub condition is new and

is the same for b oth kinds of automata: the CSP of � , CSP ( � ), should b e consisten t.

A accepts a k -ary � ( x; N

P

; N

cF

)-tree t if there exists an accepting run of A on t . The

language L ( A ) accepted b y A is the set of all k -ary � ( x; N

P

; N

cF

)-trees accepted b y

A .

Informally , a run � is uniform if, for all n � 0, an y t w o n -histories lying along � ,

and su�xed (i.e., terminated) b y the same state, mak e the same transition. T o de�ne

it formally , w e supp ose that the transition function � is giv en as a disjunction of

conjunctions, in dnf .

De�nition 22 (Uniform run). L et A b e an alternating automaton on k -ary � ( x; N

P

; N

cF

) -

tr e es, as de�ne d in De�nition 18, and � a run of A . � is said to b e a uniform run

i� it satis�es the fol lowing. F or al l n � 0 , sele ct for e ach state q in Q , one c onjunct

fr om � ( q ) , and r efer to it as � ( q ; � ; n ) . If u is a no de of � of level n � 0 , with lab el

( Y

u

; L

u

; X

u

) , then c alculate e =

V

h 2 Y

u

dist( h; � (Last ( h ) ; � ; n )) , wher e dist is de�ne d

as in De�nition 20. Write e as e = L ^ X ^ Y , wher e L is a c onjunction of lit-

er als fr om L it( N

P

) , X is a c onjunction of c onstr aints fr om constr ( x; K ; N

cF

) , and

Y is a c onjunction of n + 1 -histories. Then L

u

= f ` 2 L it( N

P

) : ` o c curs in L g ;

X

u

= f x 2 constr( x; K ; N

cF

) : x o c curs in X g ; for al l d 2 K , such that the set

Z = f hdq 2 H

n +1

: h 2 H

n

^ q 2 Q ^ ( hdq o c curs in Y ) g is nonempty, and only for

those d , u has a d -suc c essor, ud , whose lab el ( Y

ud

; X

ud

; L

ud

) is such that Y

ud

= Z .

The uniformisation theorem for alternating automata, as de�ned in [58, 60], states

that the existence of an accepting run of A is equiv alen t to the existence of an ac-

cepting uniform run of A . Ho w ev er, the accepting condition in [58, 60] in v olv es only

5

In the case of a w eak alternating automaton, if h is an (in�nite) history , then from some

p oin t on w ards, all the states o ccurring in h b elong to the same elemen t Q

i

of the partition

asso ciated with the set of states. In [58], the elemen t Q

i

is referred to as the �nalit y of h ,

and is denoted b y f ( h ). Q

i

is the �nalit y of h is equiv alen t to Inf ( h ) � Q

i

. This observ ation

will b e made use of in the pro of of Theorem 2.
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the states rep eated in�nitely often in the branc hes of the run, and this is mainly due

to the fact that the input alphab et is a simple set of sym b ols. In our case, as already

explained, the input alphab et is the set 2

N

P

� � ( N

cF

; �

D

x

), � ( N

cF

; �

D

x

) b eing the

set of total functions � : N

cF

! �

D

x

, asso ciating with eac h concrete feature g , at

eac h no de of a run, a concrete v alue � ( g ) from the spatial concrete domain �

D

x

. In

addition to the condition on the states in�nitely often rep eated on eac h branc h of a

run, one has also to consider the constrain ts on the v alues of the di�eren t concrete

features at the di�eren t no des of the run. The set of all suc h constrain ts, o v er the

no des of a run, giv es birth to what w e ha v e named \CSP of the run" (De�nition 21),

whic h is a p oten tially in�nite CSP . The uniformisation theorem w as used in [58] to

sho w that, a w eak alternating automaton M of size (n um b er of states) j M j can b e

sim ulated b y a (standard) nondeterministic B • uc hi automaton of size j M j 4

j M j

. W e will

de�ne a \forgetful run" of a (w eak) alternating automaton, or f-run for short, whic h,

in tuitiv ely , is a 0-memory run, in the sense that it do es not k eep trac k of the histories

of a branc h leading to a no de, but just of the states ending suc h histories |i.e., the

states q suc h that, if the no de is of lev el n , there exists an n -history h

n

lying along

the branc h leading to the no de, and suc h that L ast ( h

n

) = q . W e will then sho w that

the existence of an accepting run of w eak alternating automaton A on a tree t , is

equiv alen t to the existence of an f-run of A on t . In particular, this will impro v e b y

an exp onen tial factor the b ound on the size of the nondeterministic B • uc hi automaton

sim ulating a w eak alternating automaton, whic h will b e sho wn to b e 2

j M j

, instead of

the j M j 4

j M j

b ound in [58].

De�nition 23 (F orgetful run). L et A b e an alternating automaton on k -ary � ( x; N

P

; N

cF

) -

tr e es, as de�ne d in De�nition 18, and t a k -ary � ( x; N

P

; N

cF

) -tr e e. A for getful run,

f - r ( A ; t ) , of A on t is a p artial k -ary � (2

Q

; N

P

; x; K ; N

cF

) -tr e e de�ne d inductively

as fol lows. F or al l dir e ctions d 2 K , and for al l no des u 2 K

�

of f - r ( A ; t ) , u has at

most one outgoing e dge lab el le d with d , and le ading to the d -suc c essor ud of u . The

lab el ( Y

�

; L

�

; X

�

) of the r o ot b elongs to 2

f q

0

g

� c (2

L it ( N

P

)

) � 2

constr ( x;K;N

cF

)

|in other

wor ds, Y

�

= f q

0

g . If u is a no de of f - r ( A ; t ) of level n � 0 , with lab el ( Y

u

; L

u

; X

u

) , then

c alculate e =

V

q 2 Y

u

� ( q ) . Write e in dnf as e =

W

r

i =1

( L

i

^ X

i

^ Y

i

) , wher e the L

i

's

ar e c onjunctions of liter als fr om L it( N

P

) , the X

i

's ar e c onjunctions of c onstr aints

fr om constr ( x; K ; N

cF

) , and the Y

i

's ar e c onjunctions of dir e ction-state p airs fr om

K � Q . Then ther e exists i = 1 : : : r such that L

u

= f ` 2 L it( N

P

) : ` o c curs in L

i

g ;

X

u

= f x 2 constr ( x; K ; N

cF

) : x o c curs in X

i

g ; for al l d 2 K , such that the set

Y = f q 2 Q : ( d; q ) o c curs in Y

i

) g is nonempty, and only for those d , u has a

d -suc c essor, ud , whose lab el ( Y

ud

; X

ud

; L

ud

) is such that Y

ud

= Y ; and the lab el

t ( u ) = ( P

u

; �

u

) 2 2

N

P

� � ( N

cF

; �

D

x

) of the no de u of the input tr e e t veri�es

the fol lowing, wher e, given a no de v in t , the notation �

v

c onsists of the function

�

v

: N

cF

! �

D

x

which is the se c ond ar gument of t ( v ) :

� for al l A 2 N

P

: if A 2 L

u

then A 2 P

u

; and if : A 2 L

u

then A =2 P

u

(the

elements A of N

P

such that, neither A nor : A o c cur in L

u

, may or may not

o c cur in P

u

);

� if x binary, for al l P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

) app e aring in X

u

, P ( �

ud

i

1

::: d

i

n

( g

1

) ;

�

ud

j

1

::: d

j

m

( g

2

)) holds. In other wor ds, the value of the c oncr ete fe atur e g

1

at the

d

i

1

: : : d

i

n

-suc c essor of u in t , on the one hand, and the value of the c oncr ete

fe atur e g

2

at the d

j

1

: : : d

j

m

-suc c essor of u in t , on the other hand, ar e r elate d by

the x r elation P .
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� similarly, if x ternary, for al l P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

; d

l

1

: : : d

l

p

g

3

) app e aring

in X

u

, P ( �

ud

i

1

::: d

i

n

( g

1

) ; �

ud

j

1

::: d

j

m

( g

2

) ; �

ud

l

1

::: d

l

p

( g

3

)) holds.

A p artial k -ary � (2

Q

; N

P

; x; K ; N

cF

) -tr e e � is an f-run of A if ther e exists a k -ary

� ( x; N

P

; N

cF

) -tr e e t such that � is an f-run of A on t .

A run � can giv e rise to one and only one f-run , �

0

, whic h is obtained b y replacing, in

the argumen t Y

u

� H

< 1

of the lab el of a no de u of � , of, sa y , lev el n , eac h n -history h

n

b y L ast ( h

n

). W e sa y that the run � is the generator of the f-run �

0

, and denote this b y

� = gen ( �

0

). The lab el ( Y

�

u

; L

�

u

; X

�

u

) of a no de u in � , and the lab el ( Y

�

0

u

; L

�

0

u

; X

�

0

u

) of

the same no de but in �

0

, v erify Y

�

0

u

= f L ast ( h ) : h 2 Y

�

u

g , L

�

0

u

= L

�

u

, and X

�

0

u

= X

�

u

.

Let � b e an f-run . W e de�ne a forgetful n -history , n � 1, of � , or f- n -history of � for

short, as an n + 1-length w ord u = f q

0

g v o v er the alphab et 2

Q

| v 2 (2

Q

)

n

; and a

forgetful history , or f-history for short, as an ! -w ord from f q

0

g (2

Q

)

!

. The f-0-history

of � is simply f q

0

g . The f-0-history f q

0

g lies along the 0-branc h reducing to the ro ot

of � . An f- n -history �

0

: : : �

n

2 (2

Q

)

n +1

lies along an n -branc h �

n

of � if, for all no des

u of �

n

, of lev el i , the �rst argumen t Y

u

of the lab el � ( u ) of u v eri�es Y

u

= �

i

. An

f-history h lies along a branc h � of � if, for all n � 0, the f- n -history consisting of the

n + 1-length pre�x of h lies along the n -branc h consisting of the �rst n edges of � .

Inf ( h ) is the set of subsets of Q in�nitely often rep eated in h . F or all (in�nite) branc h

� of � , there is one and only one f-history lying along � , whic h w e refer to as fh ( � ).

A branc h � of � is accepting if the union of the elemen ts of Inf ( fh ( � )) is a subset of

the union of elemen ts of F ; i.e., if

[

S 2 Inf ( fh ( � ))

S �

[

F 2F

F . The f-run � is accepting i�

all its branc hes are accepting. W e also refer to Inf ( fh ( � )) as Inf ( � ).

Theorem 2. L et A b e a we ak alternating automaton on k -ary � ( x; N

P

; N

cF

) -tr e es,

and t a k -ary � ( x; N

P

; N

cF

) -tr e e. Ther e exists an ac c epting run of A on t i� ther e

exists an ac c epting f-run of A on t .

Pro of: W e sho w the follo wing. Giv en an f-run � of A on t , � is accepting i� the run

gen ( � ) is accepting. The CSP of � and the CSP of gen ( � ) are the same. So w e only

need lo ok at the accepting sub condition related to the states in�nitely often rep eated.

Supp ose, to start with, that gen ( � ) is accepting. Consider a branc h �

g

in gen ( � ), and

the correp onding branc h � of � . �

g

is accepting: the states in�nitely often rep eated in

a history h lying along �

g

are elemen ts of a set Q

h

2 F . The union of the subsets of Q

in�nitely often rep eated in the history fh ( � ) of � , is a subset of the union of all suc h

Q

h

o v er the histories lying along �

g

:

[

S 2 Inf ( fh ( � ))

S �

[

h lies along �

g

Q

h

. According to

our de�nition of an accepting branc h of an f-run , � is clearly accepting, since, for all

h lying along �

g

, Q

h

b elongs to F . It follo ws that � is accepting.

Con v ersely , supp ose that � is accepting. W e need to sho w that gen ( � ) is accepting.

Consider a branc h �

g

of gen ( � ), and the corresp onding branc h � in � . Let Q

f

b e the

union of the subsets of Q in�nitely often rep eated in Inf ( fh ( � )). � b eing accepting,

Q

f

is a subset of the union of all elemen ts of F :

Q

f

�

[

F 2F

F (2)
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The k ey p oin t no w is that, the set Q

f

can also b e seen as the union of the Inf ( h )'s

o v er the histories h lying along �

g

:

Q

f

=

[

h lies along �

g

Inf ( h ) (3)

F rom (2) and (3), w e get:

[

h lies along �

g

Inf ( h ) �

[

F 2F

F (4)

Supp ose no w that there exists a history h

�

lying along �

g

, whic h is not accepting. In

concrete terms, this w ould mean that:

8 F 2 F ; Inf ( h

�

) 6� F (5)

Giv en the partial order � asso ciated with the partition Q =

n

[

i =1

Q

i

of the set of states

Q of A , and the decreasing prop ert y of the transition function � , that, giv en q 2 Q

i

and q

0

2 Q

j

, if q

0

2 � ( q ) then Q

i

� Q

j

, it follo ws that the set Inf ( h ) of states in�nitely

often rep eated in a history h , should b e a subset of some elemen t Q

i

of the partition,

i = 1 : : : n . F or h

�

, in particular, w e should ha v e:

9 i = 1 : : : n; Inf ( h

�

) � Q

i

(6)

The conjunction of (6) and (5) implies that, Inf ( h

�

) is disjoin t from eac h of the

elemen ts in F :

8 F 2 F ; Inf ( h

�

) \ F = ; (7)

(7) clearly con tredicts (4). All histories lying along �

g

are th us accepting, and the run

gen ( � ) is accepting.

A B • uc hi nondeterministic automaton on k -ary � ( x; N

P

; N

cF

)-trees can b e though t

of as a sp ecial case of a B • uc hi alternating automaton: as one that sends at most one

cop y p er direction in a run. In other w ords, as a B • uc hi alternating automaton with

the prop ert y that, there is one and only one history lying on an y branc h of an y run

of the automaton.

De�nition 24 (B • uc hi nondeterministic automaton on k -ary � ( x; N

P

; N

cF

) -

trees). A B • uchi nondeterministic automaton on k -ary � ( x; N

P

; N

cF

) -tr e es is a tuple

B = ( Q; K ; L it ( N

P

) ; constr( x; K ; N

cF

) ; � ( x; N

P

; N

cF

) ; � ; q

0

; q

#

; F ) , wher e Q is a �-

nite set of states; K = f d

1

; : : : ; d

k

g ( k � 1 ) is a set of dir e ctions; L it( N

P

) , constr ( x; K ; N

cF

)

and � ( x; N

P

; N

cF

) ar e as in De�nition 18; q

0

2 Q is the initial state; q

#

2 Q is a

state indic ating that no c opy has to b e sent in the c orr esp onding dir e ction; F de�nes

the ac c eptanc e c ondition; and � : Q ! P (2

L it ( N

P

)

� 2

constr ( x;K;N

cF

)

� ( Q [ f q

#

g )

k

)

is the tr ansition function.

De�nition 25 (Run of a B • uc hi automaton). L et B b e a B • uchi nondeterministic

automaton on k -ary � ( x; N

P

; N

cF

) -tr e es, as de�ne d in De�nition 24, and t a k -ary
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� ( x; N

P

; N

cF

) -tr e e. A run, r ( B ; t ) , of B on t is a p artial k -ary � ( Q; N

P

; x; K ; N

cF

) -

tr e e

6

de�ne d inductively as fol lows. F or al l dir e ctions d 2 K , and for al l no des u 2 K

�

of r ( B ; t ) , u has at most one outgoing e dge lab el le d with d , and le ading to the d -

suc c essor ud of u . The lab el ( Y

�

; L

�

; X

�

) of the r o ot b elongs to f q

0

g � c (2

L it ( N

P

)

) �

2

constr ( x;K;N

cF

)

|in other wor ds, Y

�

= q

0

. If u is a no de of r ( B ; t ) of level n � 0 , with

lab el ( Y

u

; L

u

; X

u

) , then let e = � ( Y

u

) � 2

L it ( N

P

)

� 2

constr ( x;K;N

cF

)

� ( Q [ f q

#

g )

k

.

Then ther e exists ( L; X ; ( q

i

1

; : : : ; q

i

k

)) 2 � ( Y

u

) such that L

u

= L ; X

u

= X ; for al l

j = 1 : : : k , such that q

i

j

6= q

#

, and only for those j , u has a d

j

-suc c essor, ud

j

,

whose lab el ( Y

ud

j

; X

ud

j

; L

ud

j

) is such that Y

ud

j

= q

i

j

; and the lab el t ( u ) = ( P

u

; �

u

) 2

2

N

P

� � ( N

cF

; �

D

x

) of the no de u of the input tr e e t veri�es the fol lowing, wher e,

given a no de v in t , the notation �

v

c onsists of the function �

v

: N

cF

! �

D

x

which

is the se c ond ar gument of t ( v ) :

� for al l A 2 N

P

: if A 2 L

u

then A 2 P

u

; and if : A 2 L

u

then A =2 P

u

(the

elements A of N

P

such that, neither A nor : A o c cur in L

u

, may or may not

o c cur in P

u

);

� if x binary, for al l P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

) app e aring in X

u

, P ( �

ud

i

1

::: d

i

n

( g

1

) ;

�

ud

j

1

::: d

j

m

( g

2

)) holds. In other wor ds, the value of the c oncr ete fe atur e g

1

at the

d

i

1

: : : d

i

n

-suc c essor of u in t , on the one hand, and the value of the c oncr ete

fe atur e g

2

at the d

j

1

: : : d

j

m

-suc c essor of u in t , on the other hand, ar e r elate d by

the x r elation P .

� similarly, if x ternary, for al l P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

; d

l

1

: : : d

l

p

g

3

) app e aring

in X

u

, P ( �

ud

i

1

::: d

i

n

( g

1

) ; �

ud

j

1

::: d

j

m

( g

2

) ; �

ud

l

1

::: d

l

p

( g

3

)) holds.

A p artial k -ary � ( Q; N

P

; x; K ; N

cF

) -tr e e � is a run of B if ther e exists a k -ary

� ( x; N

P

; N

cF

) -tr e e t such that � is a run of B on t .

An n -branc h and a branc h of a run of a B • uc hi nondeterministic automaton are de�ned

as in the alternating case. Giv en an n -branc h � , one and only one n -history lies

along � , whic h is h = q

0

d

i

1

q

i

1

: : : d

i

n

q

i

n

2 f q

0

g ( K Q )

n

, suc h that, the no de giv en

b y K -pr oj ( h ) is the terminal no de of the n -branc h, and q

i

j

, j = 1 : : : n , is the �rst

argumen t of the lab el of the j -th no de of the n -branc h. An (in�nite) history h =

q

0

d

i

1

q

i

1

: : : d

i

n

q

i

n

: : : 2 f q

0

g ( K Q )

!

lies along a branc h � if, for ev ery n � 1, the

pre�x of h consisting of the n -history q

0

d

i

1

q

i

1

: : : d

i

n

q

i

n

lies along the n -branc h �

n

consisting of the �rst n edges of � . A history h is accepting if Inf ( h ) \ F 6= ; . A

branc h is accepting if the history lying along it is accepting. A run is accepting if all

its branc hes are accepting. The follo wing corollary is a direct consequence of Theorem

2.

Corollary 1. L et A b e a we ak alternating automaton on k -ary � ( x; N

P

; N

cF

) -tr e es,

and Q the set of states of A . Ther e exists a B • uchi nondeterministic automaton sim-

ulating A , with a numb er of states b ounde d by 2

j Q j

, j Q j b eing the size (numb er of

states) of A .

Pro of: Let A = ( L ( L it ( N

P

) [ c onstr ( x; K ; N

cF

) [ K � Q ) ; � ( x; N

P

; N

cF

) ; � ; q

0

; F ) b e

an alternating automaton on k -ary � ( x; N

P

; N

cF

)-trees, as de�ned in De�nition 18,

and supp ose that A is w eak (De�nition 19). F rom the pro of of Theorem 2, the follo wing

6

� ( Q; N

P

; x; K ; N

cF

) = Q � c (2

L it ( N

P

)

) � 2

c onstr ( x;K;N

cF

)

.
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B • uc hi nondeterministic automaton, B = (2

Q

; K ; L it ( N

P

) ; c onstr ( x; K ; N

cF

) ; � ( x; N

P

; N

cF

) ;

�

B

; f q

0

g ; f q

#

g ; F

B

), sim ulates A . In particular, the set of states of B is the set of sub-

sets of Q , and the initial state of B is the singleton subset f q

0

g of Q . The only

parameters that are not ob vious are the transition function �

B

and the set F

B

pro-

viding the acceptance condition. F or all Q

1

2 2

Q

, �

B

( Q

1

) is obtained as follo ws. An

elemen t ( L; X ; ( Q

i

1

; : : : ; Q

i

k

)) of 2

L it ( N

P

)

� 2

c onstr ( x;K;N

cF

)

� (2

Q

[ ff q

#

gg )

k

b e-

longs to �

B

( Q

1

) i� there exists an f-run � of A , and a no de u of � , so that, the

lab el ( Y

u

; X

u

; L

u

) satis�es Y

u

= Q

1

, X

u

= X and L

u

= L , and for all j = 1 : : : k ,

suc h that Q

i

j

6= f q

#

g , and only for those j , u has a d

j

-successor, ud

j

, whose lab el

( Y

ud

j

; X

ud

j

; L

ud

j

) is suc h that Y

ud

j

= Q

i

j

. The set F

B

is F

B

=

[

F 2F

F . The condition

for a history h to b e accepting is not Inf ( h ) \ F

B

6= ; , rather

[

Q

1

2 Inf ( h )

Q

1

� F

B

(the

explanation lies in the pro of of Theorem 2).

Let � b e an f-run . Giv en a branc h � of � , Inf ( � ) denotes, as w e ha v e seen, the set of

subsets of Q in�nitely often rep eated in � : in other w ords, the set of Q

1

2 2

Q

suc h

that, there exist in�nitely man y no des u of � so that, the lab el � ( u ) = ( Y

u

; X

u

; L

u

) of

u v eri�es Y

u

= Q

1

. By Inf ( � ), w e denote the union of all Inf ( � ) along the branc hes � of

� : Inf ( � ) =

[

� branc h of �

Inf ( � ). The follo wing corollary is also a direct consequence

of Theorem 2.

Corollary 2. L et A b e a we ak alternating automaton on k -ary � ( x; N

P

; N

cF

) -tr e es,

and t a k -ary � ( x; N

P

; N

cF

) -tr e e. A n f-run � of A on t is ac c epting i� the union of

the elements of Inf( � ) is a subset of the union of the elements in F ; in other wor ds,

i�

[

Q

1

2 Inf ( � )

Q

1

�

[

F 2F

F .

Pro of: Let � b e an f-run as describ ed in the theorem. Supp ose, to start with, that �

is accepting. As a consequence, for all branc hes � of � , w e ha v e

[

Q

1

2 Inf ( � )

Q

1

�

[

F 2F

F .

This straigh tforw ardly leads to

[

Q

1

2 Inf ( � )

Q

1

�

[

F 2F

F . T o sho w the other direction

of the corollary , supp ose that

[

Q

1

2 Inf ( � )

Q

1

�

[

F 2F

F . As an immediate consequence,

for all branc hes � of � , w e ha v e

[

Q

1

2 Inf ( � )

Q

1

�

[

F 2F

F , whic h clearly means that the

f-run � is accepting.

Deciding whether a standard B • uc hi nondeterministic automaton on k -ary � -trees

(see, for instance, [65, 66]) accepts a nonempt y language is trivial. The in tuitiv e idea

is to build a partial run, whose size is linear in the n um b er of states, and with the

prop ert y that no state app ears more than once in the lab el of an in ternal no de, though

it ma y app ear more than once at the lev el of lea v es. The kind of B • uc hi automata

w e are dealing with is more complicated, due mainly to the use of feature c hains

to relate v alues of di�eren t concrete features at di�eren t no des of the run, whic h

giv es rise to what w e ha v e named \CSP of a run", whic h is p oten tially in�nite. The
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rest of the section will sho w ho w to extend the metho d, so that it can handle the

emptiness problem of this new kind of B • uc hi automata. Thanks to Theorem 2 and

Corollary 1, w e transform the problem in to ho w to c hec k whether an f-run of a w eak

alternating automaton is accepting. The metho d is constructiv e and can easily b e used

to deriv e e�ectiv e tableaux metho ds for the problem of deciding satis�abilit y of an

MT ALC ( D

x

) concept w.r.t. an MT ALC ( D

x

) w eakly cyclic TBo x. Some additional

v o cabulary is needed.

De�nition 26 (pre�x and lexicographic order). L et � = f a

1

; : : : ; a

n

g b e an

or der e d alphab et, with a

1

< a

2

< � � � < a

n

, and u; v 2 �

�

. The r elations \ u is pr e�x

of v ", denote d by pfx ( u; v ) , and \ u is lexic o gr aphic al ly smal ler than v ", denote d by

u �

`

v , ar e de�ne d in the fol lowing obvious manner:

1. pfx( u; v ) i� v = uw , for some w 2 �

�

2. u �

`

v i� , either pfx( u; v ) ; or u = w

1

aw

2

and v = w

1

bw

3

, for some w

1

; w

2

; w

3

2 �

�

and a; b 2 � , with a < b .

W e will also need the deriv ed relations \ u is a strict pre�x of v ", \ u is lexicograph-

ically strictly smaller than v ", and \ u and v are incomparable", whic h w e denote,

resp ectiv ely , b y s-pfx ( u; v ), u<

`

v and incp ( u; v ):

1. s-pfx ( u; v ) i� pfx ( u; v ) and u 6= v

2. u<

`

v i� u �

`

v and u 6= v

3. incp ( u; v ) i� : pfx ( u; v ) and : pfx ( v ; u )

De�nition 27 (subtree). L et K = f d

1

; : : : ; d

k

g b e a set of k dir e ctions, t a p artial

k -ary � -tr e e, and u 2 K

�

a no de of t . The subtr e e of t at u , denote d t=u , is the p artial

k -ary � -tr e e t

0

, whose no des ar e of the form v , so that uv is a no de of t , and, for al l

such no des, t

0

( v ) = t ( uv ) |i.e., the lab el of v in t

0

, is the same as the one of uv in t .

De�nition 28 (substitution). L et K = f d

1

; : : : ; d

k

g b e a set of k dir e ctions, t and

t

0

two p artial k -ary � -tr e es, and u 2 K

�

a no de of t . The substitution of t

0

to the

subtr e e of t at u , or u -substitution of t

0

in t , denote d t ( u  t

0

) , is the p artial k -ary

� -tr e e t

00

such that, the no des ar e of the form v , with v no de of t of which u is not a

pr e�x, or of the form uv , with v a no de of t

0

. The lab el t

00

( v ) of v in t

00

is de�ne d as

fol lows: t

00

( v ) =

�

t

0

( w ) if v = uw , for some no de w of t

0

;

t ( v ) otherwise

De�nition 29 (cut). L et K = f d

1

; : : : ; d

k

g b e a set of k dir e ctions, t a p artial k -ary

� -tr e e, and u 2 K

�

a no de of t . The cut in t of the subtr e e at u , or u -cut in t , denote d

c ( u; t ) , is the p artial k -ary � -tr e e t

0

whose no des ar e those no des v of t of which u is

not a strict pr e�x |i.e., such that : s-pfx( u; v ) . The lab el t

0

( v ) of any no de v in t

0

is

the same as t ( v ) , the lab el of the same no de in t .

The last step of our w alk to w ards decidabilit y of the satis�abilit y of an MT ALC ( D

x

)

concept w.r.t. an MT ALC ( D

x

) w eakly cyclic TBo x, is to sho w ho w to handle the

CSP of an f-run , whic h is p oten tially in�nite. F or the purp ose, w e need another kind

of f-run , regular f-run , whic h is based on a function b ack : giv en an f-run � and a no de

u of � , b ack ( � ; u ) consists, in tuitiv ely , of those constrain ts that are still unful�lled at
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1. Input: an accepting f-run � of a w eak alternating automaton A .

2. Output: a �nite represen tation, t , of a regular f-run generated from � .

3. Initialise t to � : t  � ;

4. Initially , no no de of t is mark ed;

5. rep eat while p ossible f

6. Let u b e the smallest no de of t suc h that there exists a non mark ed no de v , so that

<

`

( u; v ) and Y

u

= Y

v

and b ack ( � ; u ) = b ack ( � ; v );

7. c ho ose v as small as p ossible, w.r.t. to the lexicographic order �

`

;

8. if : pfx ( u; v ) f

9. t  c ( v ; t );

10. b ack-no de ( v )  u ;

11. mark v ;

12. g

13. else % pfx ( u; v ) %

14. if no des w b et w een u and v (i.e., so that �

`

( u; w ) ^ �

`

( w ; v )) all v erify Y

w

�

[

F 2F

F

then f

15. t  c ( v ; t );

16. b ack-no de ( v )  u ;

17. mark v ;

18. g

19. else f

20. t

0

 t=v ;

21. t  t ( u  t

0

);

22. g

23. g % end rep eat %

Fig. 6. The order d

1

< : : : < d

k

is assumed on the directions in K .

u , and whic h w ere solicited at no des v that are pre�xes of u . F ormally , the function is

de�ned as follo ws for the case of x b eing binary: b ack ( � ; u ) = b ack

l

( � ; u ) [ b ack

r

( � ; u ),

with

b ack

l

( � ; u ) = f ( n; P ( d

i

1

: : : d

i

n

v

1

g

1

; v

2

g

2

)) : ( 9 u

1

2 K

�

)( u = u

1

d

i

1

: : : d

i

n

^

P ( d

i

1

: : : d

i

n

v

1

g

1

; v

2

g

2

) 2 X

u

1

) g

b ack

r

( � ; u ) = f ( n; P ( v

1

g

1

; d

i

1

: : : d

i

n

v

2

g

2

)) : ( 9 u

1

2 K

�

)( u = u

1

d

i

1

: : : d

i

n

^

P ( v

1

g

1

; d

i

1

: : : d

i

n

v

2

g

2

) 2 X

u

1

) g

De�nition 30 (regular f-run ). L et A b e a we ak alternating automaton on k -ary

� ( x; N

P

; N

cF

) -tr e es, as de�ne d in De�nition 18, and � an f-run of A . � is r e gular

if, for al l no des u and v of � verifying bac k ( � ; u ) = bac k ( � ; v ) , and whose lab els

� ( u ) = ( Y

u

; L

u

; X

u

) and � ( v ) = ( Y

v

; L

v

; X

v

) verify Y

u

= Y

v

, the fol lowing holds:

1. L

u

= L

v

;

2. X

u

= X

v

;

3. for al l d 2 K , u has a d -suc c essor i� v has a d -suc c essor; and

4. for al l d 2 K such that, e ach of u and d has a d -suc c essor, it is the c ase that

Y

ud

= Y

v d

.
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Theorem 3. L et A b e a we ak alternating automaton on k -ary � ( x; N

P

; N

cF

) -tr e es,

and t a k -ary � ( x; N

P

; N

cF

) -tr e e. Ther e exists an ac c epting f-run of A on t i� ther e

exists an ac c epting r e gular f-run of A on t .

Pro of: A regular f-run is a particular f-run , whic h means that the existence of an

accepting regular f-run implies the existence of an accepting f-run . T o sho w the other

direction of the equiv alence, supp ose the existence of an accepting f-run , sa y � . F rom

� , w e �rst build a �nite partial k -ary � (2

H

< 1

; N

P

; x; K ; N

cF

)-tree, t . W e then sho w

ho w to use t to get an accepting regular f-run of A . The tree t is built b y the pro cedure

of Figure 6. The details of the pro cedure are as follo ws:

� u and v are c hosen so that <

`

( u; v ) and Y

u

= Y

v

and b ack ( � ; u ) = b ack ( � ; v ) (line

(6))

� if u is not pre�x of v : giv en that b ack ( � ; u ) = b ack ( � ; v ), w e can substitute the

subtree of t at u to the subtree of t at v , and get a run with all branc hes accept-

ing, and with a global CSP consisten t. The pro cedure, ho w ev er, do es not do the

substitution. Instead, it cuts the subtree at v , and marks u as the successor of v ,

information whic h will b e used in the building of the accepting regular run (lines

(9)-(10)-(11))

� if u is a (strict) pre�x of v then there are t w o p ossibilities:

# if all no des w b et w een u and v are so that Y

w

�

[

F 2F

F (line (14)) then cutting

t at v , and then rep eating the subtree at u of the resulting tree, will lead to an

accepting f-run , again thanks to b ack ( � ; u ) = b ack ( � ; v ). What the pro cedure

do es in this case: it cuts the subtree at v , and sets v as a rep etition of in ternal

no de u (lines (15)-(16)-(17))

# the other p ossibilit y corresp onds to the case when the segmen t [ u; v ] do es

con tain no des w whic h do not ha v e the prop ert y Y

w

�

[

F 2F

F . The pro cedure

shortens the distance to segmen ts [ u; v ] with all no des w v erifying the prop ert y

Y

w

�

[

F 2F

F (lines (20)-(21)).

The output tree t of the pro cedure of Figure 6 is so that, eac h mark ed no de, v , is a leaf

and is so that, there is one and only one in ternal no de, u , of t suc h that Y

u

= Y

v

and

b ack ( � ; u ) = b ack ( � ; v ). F or eac h suc h no de v , w e refer to the corresp onding in ternal

no de u as i

v

, and to the subtree of t at u as t=i

v

. F rom t , w e no w build an accepting

regular f-run , � , whic h, in tuitiv ely , consists of \pasting" in�nitely man y times suc h

subtrees at the matc hing lea v es.

1. Step 0: �

0

 t

2. Step 1:

3. initialise �

1

to �

0

: �

1

 �

0

4. rep eat while p ossible f

5. consider a mark ed no de v

1

of t

6. if �

0

and �

1

ha v e a (same) leaf no de v

2

whic h is mark ed and so that Y

v

2

= Y

v

1

f

7. �

1

 �

1

( v

2

 t=i

v

1

)

8. if a leaf i

v

1

v

3

of t is mark ed then mark the corresp onding leaf v

2

v

3

of �

1

9. g
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10. g

11. Step n ( n � 2):

12. initialise �

n

to �

n � 1

: �

n

 �

n � 1

13. rep eat while p ossible f

14. consider a mark ed no de v

1

of t

15. if �

n � 1

and �

n

ha v e a (same) leaf no de v

2

whic h is mark ed and so that

Y

v

2

= Y

v

1

f

16. �

n

 �

n

( v

2

 t=i

v

1

)

17. if a leaf i

v

1

v

3

of t is mark ed then mark the corresp onding leaf v

2

v

3

of �

n

18. g

19. g

The accepting regular f-run � w e are lo oking for no w, is nothing else than the partial

k -ary � -tree �

n

when n tends to + 1 . By construction, � is an f-run of A . Giv en

that, in t , eac h mark ed no de v v erifying �

`

( i

v

; v ) is so that, the union of all Y

w

, o v er

the no des w b et w een i

v

and v , is a subset of

[

F 2F

F , all branc hes of � are accepting.

And, �nally , giv en that, in t , eac h mark ed no de v v eri�es b ack ( t; v ) = b ack ( t; i

v

), the

CSP of � , CSP ( � ), is consisten t.

The follo wing corollary is a direct consequence of Theorem 3.

Corollary 3. Ther e exists a nondeterministic exp onential-time algorithm de ciding

whether an MT ALC ( D

x

) c onc ept is satis�able w.r.t. an MT ALC ( D

x

) we akly cyclic

TBox.

Pro of: The n um b er of no des of the output tree t of the pro cedure of Figure 6, that

are not mark ed

7

, is b ounded b y 2

j Q j

� `

f c

� 2

n

c

, where Q is the set of states of A , and

`

f c

and n

c

are, resp ectiv ely , the length of the longest K

�

N

cF

- chain and the n um b er

of constrain ts from c onstr ( x; K ; N

cF

) app earing in the transition function � of A . W e

can th us in nondeterministic exp onen tial-time build suc h a tree, if it exists, or rep ort

its inexistence, otherwise.

7.2 Asso ciating a w eak alternating automaton with the satis�abilit y of a

concept w.r.t. a w eakly cyclic TBo x

W e are no w ready to describ e ho w to e�ectiv ely asso ciate with the satis�abilit y , w.r.t.

an MT ALC ( D

x

) w eakly cyclic TBo x T , of an MT ALC ( D

x

) concept C , a w eak

alternating automaton A

C; T

, so that the set of mo dels of C w.r.t. T coincides with

the language accepted b y A

C; T

|in particular, C is insatis�able w.r.t. T i� the

language accepted b y A

C; T

is empt y .

De�nition 31. L et x 2 fRC C 8 ; C D A ; C Y C

t

g , C an MT ALC ( D

x

) c onc ept, T an

MT ALC ( D

x

) we akly cyclic TBox, T � C the TBox T augmente d with C , and B

i

the initial de�ne d c onc ept of T � C . With the satis�ability of C w.r.t. T , we asso-

ciate the we ak alternating automaton A

C; T

= ( L ( L it ( N

P

) [ constr ( x; K ; N

cF

) [ K �

Q ) ; � ( x; N

P

; N

cF

) ; � ; q

0

; F ) on k -ary � ( x; N

P

; N

cF

) -tr e es such that C is satis�able

w.r.t. T i� the language L ( A

C; T

) ac c epte d by A

C; T

is nonempty. The p ar ameters of

the automaton ar e as fol lows:

7

The others are leaf no des, and are rep etitions of unmark ed, in ternal no des.
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1. N

P

= pConcepts( C ; T ) , N

cF

= cF eatures( C ; T ) , Q = dConcepts ( C ; T ) , q

0

= B

i

2. K is the set of c onc epts app e aring as ar guments in the br anching tuple of C w.r.t.

T : K = f d

1

; : : : ; d

n

: ( d

1

; : : : ; d

n

) = bt ( C ; T ) g (De�nition 15)

3. � ( B ) is obtaine d fr om the axiom B

:

= E in ( T � C )

�

de�ning B , as fol lows. E is

of the form f S

1

; : : : ; S

n

g , with S = S

pr op

[ S

csp

[ S

9

, for al l S 2 f S

1

; : : : ; S

n

g . We

tr ansform S

9

into S

0

9

= f ( 9 R :D ; D ) : 9 R :D 2 S

9

\ reConcepts ( C ; T ) g [ f ( f ; D ) :

9 f :D 2 S

9

\ feConcepts( C ; T ) g . We tr ansform S

csp

into S

0

csp

= f P ( u

1

; u

2

) :

u

1

; u

2

2 K

�

N

cF

and 9 ( u

1

)( u

2

) :P 2 S

csp

g , if x binary, and into S

0

csp

= f P ( u

1

; u

2

; u

3

) :

u

1

; u

2

; u

3

2 K

�

N

cF

and 9 ( u

1

)( u

2

)( u

3

) :P 2 S

csp

g , if x ternary. We get S

0

=

S

pr op

[ S

0

csp

[ S

0

9

. Final ly, � ( B ) =

_

S 2 E

^

X 2 S

0

X .

4. The r emaining p art is to determine the right p artition of Q ; the right p artial or der

� on the elements of the p artition; and those elements of the p artition that ar e

ac c epting, i.e., c onstituting the set F (se e De�nition 19). Without loss of gener-

ality, we assume that the axioms of T ar e given in the form B

:

= f S

1

; : : : ; S

n

g ,

with S = S

pr op

[ S

csp

[ S

9

[ S

8

, for al l S 2 f S

1

; : : : ; S

n

g . In other wor ds, we

supp ose that in T � C , e ach of the axioms, B

:

= E , has gone thr ough the pr o c ess

of c omputing the �rst DNF, dnf1 , of the right-hand side, E . Going fr om dnf1 to

dnf2 involves tr ansforming S = S

pr op

[ S

csp

[ S

9

[ S

8

into S

f

= S

pr op

[ S

csp

[ S

f

9

,

with e ach 9 R :C in S

f

9

verifying C = C

1

u : : : u C

m

1

u C

m

1

+1

u : : : u C

m

2

, such that

f9 R :C

1

; : : : ; 9 R :C

m

1

; 8 R :C

m

1

+1

; : : : ; 8 R :C

m

2

g � S

9

[ S

8

( m

1

� 1 , if R is func-

tional, and m

1

= 1 , otherwise). This de cr e asing pr op erty implies that no de�ne d

c onc ept in ( T � C )

�

, other than the ones in T � C , \dir e ctly uses" itself. However,

if in T � C , a de�ne d c onc ept B \uses" (sp e ci�c al ly, \dir e ctly uses") itself, it might

give birth in ( T � C )

�

to a new de�ne d c onc ept which (dir e ctly) \uses" B , le ading

thus to a cycle of length strictly gr e ater than one |al l de�ne d c onc epts of such a

cycle wil l c onstitute one element of the p artition. The right p artition is c ompute d

by the pr o c e dur e of Figur e 7. The right p artial or der, � , is as fol lows: given two

elements Q

i

and Q

j

of the p artition, Q

i

� Q

j

if ther e exist B

1

2 Q

i

and B

2

2 Q

j

,

such that B

1

\uses" B

2

in ( T � C )

�

. The set F of ac c epting subsets of Q is the

set of al l elements Q

i

of the p artition, such that Q

i

c ontains no state c onsisting

of an eventuality de�ne d c onc ept of ( T � C )

�

|in other wor ds, al l states in such

a Q

i

ar e noneventuality de�ne d c onc epts of ( T � C )

�

.

8 Discussion 1

Theorem 3 and Corollary 3 pro vide a tableaux-lik e pro cedure for the satis�abilit y of

an MT ALC ( D

x

) concept w.r.t. an MT ALC ( D

x

) w eakly cyclic TBo x. T o understand

ho w suc h a pro cedure will w ork in practice, supp ose that the RC C 8 -lik e spatial con-

strain ts at the di�eren t no des of the output tree t of the pro cedure of Figure 6, are not

pro cessed while the tree is b eing built. In other w ords, w e supp ose that w e �rst build

the tree, and then pro cess the (global) CSP of the tree, whic h is giv en b y the sets

S

csp

, o v er the sets S lab elling the no des of t . The building of t is clear from Theorem

3 and Corollary 3, whic h, among other things, o�er a b ound on the size of t , as w ell

as what is referred to in standard tableaux-lik e algorithms as a blo c king condition. If

suc h a tree is successfully built, according to Theorem 3, it can b e extended to a full

f-run whic h satis�es the accepting sub condition related to the states in�nitely often
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Input: the closure ( T � C )

�

of a TBo x T augmen ted with a concept C , T � C

Output: partition of the set of de�ned concepts in ( T � C )

�

Initially , no de�ned concept of ( T � C )

�

is mark ed;

k = 1;

while (( T � C )

�

con tains de�ned concepts that are not mark ed) f

consider a non mark ed de�ned concept B

1

from ( T � C )

�

;

mark B

1

;

USES B

1

 

[

B

2

\uses" B

1

f B

2

g ;

if B

1

2 USES B

1

f

P AR TITION [ k ]  USES B

1

;

mark all de�ned concepts of ( T � C )

�

o ccurring in USES B

1

;

g

else P AR TITION [ k ]  f B

1

g ;

k  k + 1;

g

Fig. 7. P artition of the set of de�ned concepts in the closure ( T � C )

�

of a TBo x T augmen ted

with a concept C , T � C .

rep eated in the branc hes. W e no w need to c hec k the other accepting sub condition,

whic h is the consistency of the CSP of t , whose de�nition can b e deriv ed from that

of the (global) CSP of a run, as follo ws:

1. F or all no des of t that are not mark ed, and for all directions d 2 K suc h that u has

a d -successor v in t , the non mark ed d -successor of u in t is v , if v is not a mark ed

no de, and i

v

, otherwise. If u has a d

i

1

: : : d

i

n

-successor in t , n � 2, then the non

mark ed d

i

1

: : : d

i

n

-successor of u in t is the non mark ed d

i

2

: : : d

i

n

-successor of v

in t , where v is the non mark ed d

i

1

-successor of u in t .

2. for all no des v of t , of lab el t ( v ) = ( Y

v

; L

v

; X

v

) 2 2

H

< 1

� c (2

L it ( N

P

)

) � 2

c onstr ( x;K;N

cF

)

,

the argumen t X

v

giv es rise to the CSP of t at v , CSP

v

( t ), whose set of v ariables,

V

v

( t ), and set of constrain ts, C

v

( t ), are de�ned as follo ws:

(a) Initially , V

v

( t ) = ; and C

v

( t ) = ;

(b) for all K

�

N

cF

- chains d

i

1

: : : d

i

n

g app earing in X

v

, create, and add to V

v

( t ), a

v ariable h w ; g i , where w is the non mark ed d

i

1

: : : d

i

n

-successor of v in t

(c) if x binary , for all P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

) in X

v

, add the constrain t

P ( h w

1

; g

1

i ; h w

2

; g

2

i ) to C

v

( t ), where w

1

is the non mark ed d

i

1

: : : d

i

n

-successor

of v in t , and w

2

the non mark ed d

j

1

: : : d

j

m

-successor of v in t

(d) similarly , if x ternary , for all P ( d

i

1

: : : d

i

n

g

1

; d

j

1

: : : d

j

m

g

2

; d

l

1

: : : d

l

p

g

3

) in X

v

,

add the constrain t P ( h w

1

; g

1

i ; h w

2

; g

2

i ; h w

3

; g

3

i ) to C

v

( t ), where w

1

, w

2

and

w

3

are, resp ectiv ely , the non mark ed d

i

1

: : : d

i

n

-successor, the non mark ed

d

j

1

: : : d

j

m

-successor, and the non mark ed d

l

1

: : : d

l

p

-successor of v in t

3. the CSP of t , CSP ( t ), is the CSP whose set of v ariables, V ( t ), and set of constrain ts,

C ( t ), are de�ned as V ( t ) =

[

v no de of t

V

v

( t ) and C ( t ) =

[

v no de of t

C

v

( t ).

Con trary to the CSP of a run, whic h is p oten tially in�nite, the CSP of t is �nite,

and can th us b e c hec k ed for consistency using existing algorithms, as explained in
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Subsection 3.3. In particular, if the constrain ts, of the form P ( u

1

; u

2

), if x binary , or

P ( u

1

; u

2

; u

3

), if x ternary , app earing in the sets X

v

, where v is a no de of t , are x

atomic relations, then the CSP of t can b e solv ed in deterministic p olynomial time in

the n um b er of its v ariables. In general, ho w ev er, one has to use a searc h algorithm,

whic h needs nondeterministic p olynomial time in the n um b er of v ariables (again, the

reader is referred to Subsection 3.3, and to the p oin ters to the appropriate litterature).

The describ ed tableaux-lik e pro cedure can b e made m uc h more e�cien t b y pruning

the searc h space with constrain t propagation during the construction of t , as sk etc hed

at the end of Subsection 1.2. The basic idea is that, w e do not w ait un til the completion

of the construction of t , to pro cess the CSP . Instead, whenev er new constrain ts arise,

resulting from the adding of a new no de to the tree b eing built, w e propagate them to

the constrain ts already existing. In particular, this will p oten tially detect more dead-

ends, and consequen tly shorten the searc h space. The reader is referred to Subsection

1.2 for details.

9 Discussion 2

9.1 The abstract ob jects as time in terv als and the roles as the me ets

relation

Instead of in terpreting the no des of the k -ary structures as time p oin ts, and the roles

as discrete-time immediate-successor relations, w e can in terpret the former as time

in terv als, the latter as the me ets relation of Allen's time in terv al Relation Algebra

(RA) [1]. In particular, the satis�abilit y of a concept w.r.t. a w eakly cyclic TBo x will

remain decidable. W e get then a new family of languages for (con tin uous) spatial

c hange. This new spatio-temp oralisa tio n of ALC ( D ) can b e summarised as follo ws:

1. T emp oralisation of the roles, so that they consist of n + l Allen's me ets rela-

tions m

1

; : : : ; m

n

; m

n +1

; : : : ; m

n + l

, of whic h the m

i

's, with i � n , are general, not

necessarily functional relations, and the m

i

's, with i � n + 1, functional relations.

2. Spatialisation of the concrete domain D , in a similar w a y as w e did for the �rst

family: the concrete domain is is generated b y a spatial RA suc h as the Region-

Connection Calculus R CC8 [67].

In Examples 1, 2, 3 and 4, instead of in terpreting the roles (including the abstract

features) as discrete-time accessibilit y relations, w e can, and do in the rest of the

section, in terpret them as durativ e-time meets relations [1]. In Example 2, for instance,

the abstract features f

1

and f

2

can b e so in terpreted. The motion of the corresp onding

spatial scene (Figure 2(Righ t)), when it reac hes, for instance, Submotion B, remains

in that con�guration for a (durativ e) while, b efore reac hing, without discon tin uing,

Submotion C in whic h it remains another while: in this resp ect, Submotion B \meets"

Submotion C, whic h is indicated with the abstract feature f

1

.

9.2 The prop erties of durativ eness, con tin uit y and densit y of (spatial)

c hange

The discussion is aimed at clarifying cognitiv ely plausible assumptions on spatial

c hange in the ph ysical w orld: dur ativeness , c ontinuity and density . In the particular
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case of motion of a spatial scene, for instance, this in tuitiv ely means that, on the

one hand, once the scene has reac hed a certain con�guration, it remains in that con-

�guration for a (durativ e) while, b efore ev en tually reac hing a distinct con�guration;

and, on the other hand, the transition from a con�guration c to the v ery �rst future

con�guration c' distinct from c, resp ects some con tin uit y condition, so that c' is a

neigh b our of c, in a sense to b e explained shortly . The transition also ful�ls a density

criterion, in the sense that, there is no temp oral gap in the spatial scene, b et w een the

end of con�guration c and the b eginning of con�guration c'. The discussion is related

to con tin uit y as discussed in [28].

The theory of conceptual neigh b ourho o ds is w ell-kno wn in qualitativ e spatial and tem-

p oral reasoning (QSTR) |see, for instance, [24]. QSTR constrain t-based languages

consist mainly of RAs. In the spatial case, for instance, the atoms of suc h an RA, in

�nite n um b er, are built b y de�ning an appropriate partition of the spatial domain at

hand, on whic h the RA is supp osed to represen t kno wledge, as constrain ts on n-tuples

of ob jects, where n is the arit y of the relations. W e sa y appropriate partition, in the

sense that the partition has to ful�l some requiremen ts, suc h as cognitiv e adequacy

criteria, so that the obtained RA re
ects, for instance, the common-sense reasoning,

or the reasoning required b y the task the RA is mean t to b e used for, as m uc h as

p ossible. The regions of the partition are generally con tin uous, and eac h groups to-

gether elemen ts of the univ erse whic h do not need to b e distinguished, b ecause, for

instance, the task at hand do es not need, or Humans do not mak e, suc h a distinction.

Giv en t w o atoms r

1

and r

2

of suc h an RA, r

2

is said to b e a conceptual neigh b our

of r

1

, if the union of the corresp onding regions in the partition is con tin uous, so that

one can mo v e from one to the other without tra v ersing a third region of the partition.

The conceptual neigh b ourho o d of r

1

is nothing else than the set of all its conceptual

neigh b ours, including r

1

itself. The conceptual neigh b ourho o d of a general relation,

whic h is a set of atoms, is the union of the conceptual neigh b ourho o ds of its atoms.

The meets relation in Allen's RA [1], for instance, has t w o conceptual neigh b ours

other than itself, whic h are b efore ( < ) and o v erlaps ( o ); the RC C 8 relation TPP has

PO , EQ and NTPP as conceptual neigh b ours. The conceptual neigh b ourho o ds of the

atoms, e , l , o and r , of the C Y C

b

binary RA of 2-dimensional orien tations in [43] are,

resp ectiv ely , f e; l ; r g , f e; l ; o g , f l ; o; r g and f e; o; r g . Concerning the ternary RA C Y C

t

in [43], an atom b

0

1

b

0

2

b

0

3

is a conceptual neigh b our of an atom b

1

b

2

b

3

, where the b

i

's

and the b

0

i

's are C Y C

b

atoms, if and only if the C Y C

b

atoms b

i

and b

0

i

, i = 1 : : : 3, are

conceptual neigh b ourho o ds of eac h other. In Example 2, for instance, it is the case

that the relation on an y pair of the in v olv ed ob jects (the ob jects o1, o2 and o3 in Sub-

scene 1; and the ob jects q1, q2 and q3 in Subscene 2), when mo ving from the curren t

atomic submotion to the next, either remains the same, or c hanges to a relation that

is a conceptual neigh b our. The transition from Submotion A to Submotion B in v olv es

only the c hange of the RC C 8 relation on the pair (o2,o3) from TPP to its conceptual

neigh b our NTPP; one migh t then argue that, b ecause the distinction b et w een the

TPP and NTPP relations in v olv es only a 0- or 1-dimensional region, it migh t happ en

that the transition from the TPP con�guration to the NTPP con�guration of the

pair (o2,o3) is not durativ e. Nev ertheless, ev en in suc h extreme situations, the time

required for the scene's motion to ac hiev e the transition is considered as an in terv al.

Without loss of generalit y , w e restrict the remainder of the discussion to one mem-

b er of our MT ALC ( D

x

) family of theories for con tin uous spatial c hange, whic h

is MT ALC ( D

RC C 8

), whose concrete domain is generated b y RC C 8. W e denote
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b y M a motion of a spatial scene S comp osed on n ob jects, O

1

; : : : ; O

n

.

8

F or all

i; j 2 f 1 ; : : : ; n g , i < j , w e denote b y S

ij

the subscene of S comp osed of ob jects O

i

and O

j

; b y M

ij

the restriction of motion M to subscene S

ij

; b y M

1

ij

; : : : ; M

n

ij

ij

the

n

ij

� 1 atomic submotions of M

ij

; b y I

k

ij

, k 2 f 1 ; : : : ; n

ij

g , the in terv al during whic h

atomic submotion M

k

ij

tak es place; and b y r

k

ij

, k 2 f 1 ; : : : ; n

ij

g , the RC C 8 relation

of the pair ( O

i

; O

j

) during Submotion M

k

ij

of Subscene S

ij

. Submotions M

k

ij

and

M

k +1

ij

, k 2 f 1 ; : : : ; n

ij

� 1 g , of M

ij

are suc h that M

k +1

ij

immediately follo ws M

k

ij

; in

other w ords, the in terv als during whic h they hold are related b y the me ets relation:

m ( I

k

ij

; I

k +1

ij

).

De�nition 32 (maximal atomic submotion). The atomic submotion M

k

ij

, k 2

f 1 ; : : : ; n

ij

g , of subsc ene S

ij

is said to b e maximal if M

ij

has no atomic submotion

that stricly subsumes M

k

ij

.

De�nition 33 (con tin uous motion of a 2-ob ject subscene). The motion of

Subsc ene S

ij

is said to b e c ontinuous if it c an b e de c omp ose d into n

ij

maximal atomic

submotions M

1

ij

; : : : ; M

n

ij

ij

such that r

k +1

ij

is a c onc eptual neighb ourho o d of r

k

ij

, for al l

k = 1 ; : : : ; n

ij

� 1 .

De�nition 34 (con tin uous motion of scene S ). The motion of Sc ene S is said

to b e c ontinuous if its r estriction to any of its 2-obje ct subsc enes is c ontinuous.

9.3 Qualitativ e probabilistic decision making

The previous discussion clearly suggests that one can design a qualitativ e probablis-

tic decision mak er whic h, giv en a ph ysical system suc h as, for instance, the one in

Example 2, w ould decide whic h Submotion the system should en ter next. The con ti-

n uit y assumption implies that the submotion to en ter next should ful�l the conceptual

neigh b ourho o d condition. If w e assume a uniform probabilit y distribution, then w e

can easily giv e the conditional probabilities go v erning the motion restricted to an y pair

(o1,o2) of the in v olv ed ob jects. F or the purp ose, w e denote b y p ( r

0

( o 1 ; o 2) j r ( o 1 ; o 2))

the probabilit y for the relation on the pair (o1,02), to b e r

0

at the next submotion of

the scene, giv en that it is curren tly r . If n is the n um b er of conceptual neigh b ours of

r , then clearly:

p ( r

0

( o 1 ; o 2) j r ( o 1 ; o 2)) =

�

1

n

; if r

0

is a conceptual neigh b our of r

0 ; otherwise

10 Discussion 3

As explained in Section 8, the construction of the tree t , ouput of the pro cedure of

Figure 6, can b e done in suc h a w a y that, the solving of the CSP of t is en tirely left

un til the end of the construction of the tree itself |a t w o-step construction, with no

constrain t propagation during the �rst step. The CSP of t is a �nite conjunction of

constrain ts of the form P ( x

1

; : : : ; x

n

), P b eing a predicate of the concrete domain, and

8

The ob jects O

1

; : : : ; O

n

are regions of a top ological space.
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x

1

; : : : ; x

n

v ariables. Consistency of the CSP is decidable thanks to the admissibilit y of

the concrete domain. W e restricted the w ork to admissible concrete domains generated

b y RC C 8 -lik e qualitativ e spatial languages [67, 18], for w e w an ted suc h languages to

b e com bined with mo dal temp oral logics in a w a y leading to 
exible domain-sp eci�c

languages for spatial c hange in general, and for motion of spatial scenes in particular.

The reader should easily see that our decidabilit y results (Theorem 3 and Corollary

3) extend to an y admissible concrete domain, in the sense of \concrete domain" and

\admissibili t y" whic h w e ha v e b een using [3] (De�nition 1 and 2).

11 Discussion 4: adding \atemp oral" roles to MT ALC ( D

x

)

Another imp ortan t p oin t to men tion is that, the roles of MT ALC ( D

x

) are temp o-

ral. The dnf 2 of a concept C is of the form dnf 2( C ) = S

pr op

[ S

csp

[ S

9

, where, in

particular, S

pr op

is a set of primitiv e concepts and negated primitiv e concepts (liter-

als), represen ting a conjunction of prop ositional kno wledge. It is kno wn that ALC ( D )

with an admissible concrete domain and an acyclic TBo x is decidable [3]; i.e., if the

concrete domain D is admissible then, satis�abilit y of an ALC ( D ) concept w.r.t. an

acyclic TBo x is decidable. If w e denote b y ALC F the DL ALC [73] augmen ted with

abstract features, then clearly ALC F is a sublanguage of ALC ( D ), and th us satis-

�abilit y of an ALC F concept with resp ect to an ALC F acyclic TBo x is decidable.

ALC F is particularly imp ortan t for the represen tation of structured data, suc h as

data in XML do cumen ts (see, e.g., [12, 21]), thanks, among other things, to its ab-

stract features, whic h allo w it to access sp eci�c paths. W e can add \atemp oral" roles

to MT ALC ( D

x

), so that ALC F gets subsumed, again without compromising our de-

cidabilit y results. Suc h an extension w ould o�er a represen tational to ol for the history

of structured data in general, and of data in XML do cumen ts in particular. It w ould

also o�er a represen tational to ol for ev en t mo dels in high-lev el computer vision (see,

e.g., [4, 62]), whic h are \a represen tation of classes of ev en ts and a to ol to recognise

ev en ts in a giv en scene [62]". The concepts of suc h a language are the atemp oral

concepts and the temp oral concepts, as giv en b y the de�nition b elo w:

De�nition 35. L et x b e an RA fr om the set fRC C 8 ; C D A ; C Y C

t

g . L et N

C

, N

a

R

, N

t

R

and N

cF

b e mutual ly disjoint and c ountably in�nite sets of c onc ept names, atemp or al

r ole names, temp or al r ole names, and c oncr ete fe atur es, r esp e ctively; N

a

aF

a c ount-

ably in�nite subset of N

a

R

whose elements ar e atemp or al abstr act fe atur es; and N

t

aF

a

c ountably in�nite subset of N

t

R

whose elements ar e temp or al abstr act fe atur es. A tem-

p or al (c oncr ete) fe atur e chain is any �nite c omp osition f

t

1

: : : f

t

n

g of n � 0 temp or al

abstr act fe atur es f

t

1

; : : : ; f

t

n

and one c oncr ete fe atur e g . The set of atemp or al c onc epts

and the set of temp or al c onc epts ar e the smal lest sets such that:

1. > and ? ar e atemp or al c onc epts

2. a c onc ept name is an atemp or al c onc ept

3. if C

a

and D

a

ar e atemp or al c onc epts; C

t

and D

t

ar e temp or al c onc epts; R

a

is an

atemp or al r ole (in gener al, and an atemp or al abstr act fe atur e in p articular); R

t

is

a temp or al r ole (in gener al, and a temp or al abstr act fe atur e in p articular); g is a

c oncr ete fe atur e; u

t

1

, u

t

2

and u

t

3

ar e temp or al fe atur e chains; and P is a pr e dic ate,

then:

(a) : C

a

, C

a

u D

a

, C

a

t D

a

, 9 R

a

:C

a

, 8 R

a

:C

a

ar e atemp or al c onc epts;
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(b) : C

t

, C

t

u D

t

, C

t

t D

t

, 9 R

t

:C

t

, 8 R

t

:C

t

ar e temp or al c onc epts;

(c) C

a

u C

t

, C

a

t C

t

, 9 R

t

:C

a

, 8 R

t

:C

a

ar e temp or al c onc epts; and

(d) 9 ( u

t

1

)( u

t

2

) :P , if x binary, 9 ( u

t

1

)( u

t

2

)( u

t

3

) :P , if x ternary, ar e temp or al c onc epts.

A TBo x T is no w w eakly cyclic if it satis�es the follo wing t w o conditions:

1. Whenev er A uses B and B uses A , w e ha v e B = A .

2. All p ossible o ccurrences of a de�ned concept B in the righ t hand side of the axiom

de�ning B itself, are within sub concepts of C of the form 9 R :D or 8 R :D , C b eing

the righ t hand side of the axiom, B

:

= C , de�ning B , with R b eing a temp oral

role |in other w ords, w e do not allo w an y cyclicit y in an y atemp oral part of the

TBo x.

12 Conclusion

W e ha v e describ ed ho w to enhance the expressiv eness of mo dal temp oral logics with

qualitativ e spatial constrain ts. The theoretical framew ork consists of a spatio-temp oralisa tio n

of the ALC ( D ) family of description logics with a concrete domain [3], obtained b y

temp oralising the roles, so that they consist of m + n immediate-successor (accessi-

bilit y) relations, the �rst m b eing general, not necessarily functional roles, the other

n abstract features; and spatialising the concrete domain, whic h is generated b y an

RC C 8 -lik e qualitativ e spatial language [67, 18]. The result is a family MT ALC ( D

x

)

of languages for qualitativ e spatial c hange in general, and for motion of spatial scenes

in particular. W e considered MT ALC ( D

x

) w eakly cyclic TBo xes, expressiv e enough

to capture most of existing mo dal temp oral logics -whic h w as sho wn for Prop ositional

Linear T emp oral Logic P LT L , and for the C T L v ersion of the full branc hing mo dal

temp oral logic C T L

�

[19]. W e pro v ed that satis�abilit y of a concept w.r.t. suc h a TBo x

is decidable, b y reducing it to the emptiness problem of a w eak alternating automaton

[58] augmen ted with qualitativ e spatial constrain ts. The accepting condition of a run

of suc h an augmen ted w eak alternating automaton in v olv es, additionally to the states

in�nitely often rep eated, consistency of a CSP (Constrain t Satisfaction Problem) p o-

ten tially in�nite. Nev ertheless, the emptiness problem w as sho wn to remain decidable.

A tableaux-lik e pro cedure for the satis�abilit y of an MT ALC ( D

x

) concept w.r.t. an

MT ALC ( D

x

) w eakly cyclic TBo x, whic h w e ha v e discussed, is straigh tforw ardly ob-

tainable from our results.

W e also discussed v arious extensions of the w ork. In particular, w e discussed that,

if, instead of in terpreting the no des of the k -ary structures as time p oin ts, and the

roles as immediate-successor relations, w e in terpreted the former as time in terv als,

the latter as the me ets relation of Allen's time in terv al Relation Algebra (RA) [1], the

satis�abilit y of a concept w.r.t. a w eakly cyclic TBo x remained decidable. This led to

a new family of languages for con tin uous spatial c hange.

Ac kno wledgemen t

I had discussions with Bernd Neumann on issues related to the presen ted w ork.
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